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Preface

The importance of formal education is diversified. The prime goal of modern education
is not to impart knowledge only but to build a prosperous nation by developing skilled
human resources. At the same time, education is the best means of developing a society
free from superstitions and adheres to science and facts. To stand as a developed nation
in the science and technology-driven world of the 21st century, we need to ensure
quality education. A well-planned education is essential for enabling our new
generation to face the challenges of the age and to motivate them with the strength of
patriotism, values, and ethics. In this context, the government is determined to ensure
education as per the demand of the age.

Education is the backbone of a nation and a curriculum provides the essence of formal
education. Again, the most important tool for implementing a curriculum is the
textbook. The National Curriculum 2012 has been adopted to achieve the goals of the
National Education Policy 2010, In light of this, the National Curriculum and Textbook
Board (NCTB) has been persistently working on developing, printing, and distributing
quality textbooks. This organization also reviews and revises the curriculum, textbhook,
and assessment methods according to needs and realities.

Secondary education 15 a vital stage in our education system. This textbook is catered
to the age, aptitude, and endless inquisitiveness of the students at this level, as well as
to achieve the aims and objectives of the curriculum. It is believed that the book written
and meticulously edited by experienced and skilled teachers and experts will be
conducive to a joyful experience for the students. It is hoped that the book will play a
significant role in promoting creative and aesthetic spirits among students along with
subject knowledge and skills,

In mathematics studies, Higher Mathematics as a powerful component. plays an
important role in developing students' thinking skills and connecting abstract concepts
to reality. Due to the development of science and information technology, the use and
application of Higher Mathematics 1s now widespread and everywhere. Considening all
these aspects. the Higher Mathematics Textbook of Class IX and X has been
developed.

It may be mentioned here that due to the changing situation in 2024 and as per the
needs the textbook has been reviewed and revised for the academic year 2025. It is
mentionable here that the last version of the textbook developed according to the
curriculum 2012 has been taken as the basis. Meticulous attention has been paid to the
textbook to make it more learmer-friendly and error-free. However, any suggestions for
further improvement of this book will be appreciated.

Finally, | would like to thank all of those who have contributed to the book as writers,
editors. reviewers, illustrators and graphic designers.

October, 2024 Prof. Dr. A K M Reazul Hassan

Chairman
National Curriculum and Textbook Board, Bangladesh
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Chapter 1

Set and Function

The concept and use of set are especially important in mathematies. For this
reason set has been discussed in Mathematics book of class VIIT and [X-X.In this

chapter, we go bevond the materials covered there,

After completing the chapter, the students will be able to -
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Set

form nniversal sets, subsets, complement of a set, power sets;

form union, intersection and difference of sets;

prove the properties of set operations;

describe equivalent sets and explain the concept of infinite set:

explain the formula for determining the union set, power set and verify it
with the help of Venn dingram and examples;

solve real life problems by using set operations and formulas:

explain the concept of relations and funetions by using sets:

determine the domain and range of functions;

explain one-one function, onto function, one-one and onto [unctions with
examples;

explain inverse function:

verify whether a relation is a function or not with the help of graphs;

draw the graphs of relations and funetions.

Any well-defined collection of objects of the real world or of the conceptual realm
15 called Set. For example, S={1,4, 9. 16, 23, 36, 49, 64, 81, 100} denotes the set of
souare of natural numbers which are less than 100 The proeess of expressing set in
this method is called Tabular Method. Each of the ohjects forming a set is called
Element of that sei. If & is an element of a set A then we write & € A and il

Forma-1, Higher Mathe, Class-9-10



2 Higher Mathematics Classes IX-X

7 is not an element of a set A then we write 7 € A. The aforementioned set S is
written as S5 = {» : » is square number not greater than 100 }. This method is

callod Set Builder Method.

Activity: In the above discussion 1) Explain that S is a set. 2) Express S in
another way.

Universal Set

Sappaose,

S = {x: r is a positive integer and 5r < 16}
T = {7 : 7 is a positive integer and 7% < 20}
P = {x: 2 is a positive integer and /i < 2}

The elements of these three sets are formed by the set I/ = {z : x is a positive
integer}. U7 can be considered as the universal set for sets S, T, P,

If all the sets under discussion are ineluded in a partieular set, that particular set
is called the universal set.
Some Special Number Sets
N={1,2,3,---}, that is the set of all natural numbers or positive integers.
Z={--,-2,-1,0,1,23, -}, that is the set of all integers.
(g = g e = ij Where p is any integer and ¢ is any positive integers} that is
the set of ::11!1 rational numhbers,

R = {r :ris a real number} So the set of all real numbers.

Subset

If A and B are sets then A will he called the subset of B if and only if every
element of A are elements of B and it will be expressed as A € B, For example,
A = {2,3} is the subset of B = {2.3,5,7}. If A isnot the subset of B then A € B
is written. For example, 4 = {1,3} is not the subset of & = {2.3,5,7}.
Example 1. If A = {&: x is a positive integer }, B = {0} and X = {r: x is
an integer}, then what is the relationship between A, B and X7

Solution: Here, AC X, BC X, B & A

2025
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Chapter 1. Set and Function a

Activity: Suppose X = {x : v integer}.
1) Considering X as universal set, describe three subsets of X.

2} Describe two subsets of X where none of them are subsets of one
another,

Empty Set

Sometimes such a set 5 considered which has no element. This kind of set is
regarded as empty set and expressed as @ or {1}

Example 2. {7 : 7 is a real number and 2% < 0} is an empty set, hecanse the

square of any real number can never be negative,

Example 3. F = {r :r, African countries who won the FIFA world cup till
20014} is an empty set, because no African country has ever won the FIFA world
cup till 2014,

Equality of Sets

If A and B sets have the same elements then (A and B are regarded to be equal and
it is expressed as 4 = B. For example, A = {1,2,3.4}, B = {1,2.2,3,4,4,4}).
It is to be noted that even though one element appears in a set repeatedly, it is
considered same as appearing once. A = Bifandonlvif A € B and B € A. This
information is extremely important to prove the equality of sets,

Proper Subset

A is the proper subset of B if and only if A € B and A # B. That means, every
element of 4 is also an element of B and B has at least one element which
15 not an element of A. For example, A = {1,2}, B = {1,2.3}. To express A as
a proper subset of B, A C B is written.

1) Foranyset A, A C A. Thisis hecause 1 € A = r € A.

2) For any set A, @ C A. This is because if @ C A do not happen, @ will
have one element 2 that A will not have, But this is never troe because @
is an empty set. So. @ C A, It should be menticned that empty set or @ is a
proper subset of any set.

Difference of Sets
If Aand B are sets, A\ Bis {xr:2 € Aand » € B}.



4 Higher Mathematics Classes IX-X

AN B s called A delete B and the elements of A that are present in B are
discarded from A to form A\ B. A\ B C A

Example 4. If A={0.1,2,3,4,5,6,7,% 90} and B = {0, 2, 4, 6, 8, 10} then
A\ B ={1,3,5,7.9}

Complementary Set
If I7 is an universal set and A C U7, then the complementary set of A is 7\ A.
So.U\A={r:x el and 2 ¢ A}.

If the elements of A is discarded from the universal set, then we get the
complementary sel of A and it will be expressed as A" or A°,

Example 5. If universal set 7 is the set of all integers and A is the set of all
negative integers, then (with respect to 1), the complementary set of A will be

Alor A"=1{0,1,2,3,++}

Fower Set

The set of all subsets of A is called the power set of A and it is expressed as
F{A). Tt is to be noted that @ © A, For this reason, @ is also an element of
PA).
A Set P({A) Power Sel
A= P{A) = {@&}
A= {-::} P(A) = {2, A}
A={ab} | P{A)={2 {a} {b} A}
4 = {({JJ,I:} _P{*’lll = {E‘ {n} {l’r} {(. {EJ LI} {rl -‘:} {l’; L} ‘”

Activity:

1) IfU ={1,2.3.4.5,6,7.8, 9,10}, write down the following sets in tabular
method:
(1) A={r:xelU, 5r> 3T} (2) —-{-r“rEUT+5-=~:l:?}
() C=fzieell 6<2e <17} (4) D={x:xcla*<37}

2) U {raxe Z% 1 < & < 20}, write down the following sets in
tabular method:
(1) A={z:z is a multiple of 2} (2) B = {z:z, is a multiple of 5}
(3) € ={w:r isa multiple of 10}

225
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Chapter 1. Set and Function 5

In the light of your work, ascertain whichamong C C A, Bc A, CC B
are true or false?!

3) If A={a.bec.d e}, then lind out P{A).

Example 6. If A ={a. b} and B = {h ¢}. show that P(A)U P(B) C P(AURB).

Solution: Here, P(A) = {@, {a}, {b} {a,b}}, P(B) = {@ {b}. {c}, {bc}}.
. PAAYU P(B) = {2, {a}. {8}, {c}, {a,b}. {b.c}}.

AUB = {a. b c}, PAUB) = {@, {a}, {b}. {c}, {a, b}, {a.c}, {b.c}, {a.b.c}}.
So, P(A)U P(B) € P(AUB).

Activity:
1) ¥A=1{1,23}.B = {1.2},C = {2,3} and D = {1,3}, then prove,
P{A)={A B, C D, {1},{2}. {3}, &}

If A={1,2} and B = {2,5}, then prove,
(1) P(AINP(B)=P(ANB), (2) P{A)UP(B)# P(AuU B).

b

Venn Diagram

Sometimes expressing sel related information in diagrams is quite convenient.
These diagrams are named Venn diagram after the name of John Venn (1834
1923). This has been disecussed briefly in the Mathematies hook.

Example 7. The Venn diagram of A’, which is the complementary set of A

with respect to the universal set U

) Lllr
/ B

A ( A |

o A

Union of Sets

If A and B are sets then their union of sets is AUL = {x 1 ax € A or
i ﬂ}

S0, the set formed by the elements of both A and B is called AU B.
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Intersection of Sets

If A and B are sets, their intersection of sets is A NGB ={r:x e A and
x € B}.

That means, the set formed by all common elements of A and B is called AN BG.

Example 8.  Two subsets ol universal set £/ = {0,1,2,3,1,5,6,7, %, 9} are
A = {a: x prime number } and B = {x : r odd number}.

So A= {2,357} and B ={1,3,5,7,9}.

Therefore, AUB = {1,2,3,5,7.9}, AnB=1{3,5T}
A'=10,1,4,6,89}, B'={0,2,4,6,8},
A'UB ={0.1,2.4.6,8,9}. 4N B = {0.4.6, 8},
(AN BY = {0,1,2.4,6,8,9}, (AU B) = {0.4,6,8).

Activity: Show the examples mentioned above in Venn Diagram.

Disjoint Set

If Aand B are such sets that AN B = @, then A and B are called disjoint
sets.

Example 9. I A = {r : » positive inleger} and B = {& : & negative real
namber} then A and B are disjoint sets, AN B = @.

Example 10. HA={r:rc Rand 0 <ux <2} and B={r:x € N and
N<r<2}then BC A AUB=A4,ANB=B={1,2}.

Example 11. IfA={r:x€ Rand1 < ax <2} and B={r:r € R and
Dzr<l}, AUB={r:reRand <7 <2} and ANB =@, 50,4 and B are
disjoint sets,

Cartesian Product Set

The Cartesian Produet Set of twosets Aand Bis Ax B = {(z,y):x € Aand y €
B}

Example 12. A ={1,2}, B = {a,b,c} are two sets. So the Cartesian Produet
of these two sets is A x B = {(1.a).(1,b),(1,¢),(2,a),(2,b), (2.¢}}.

(25
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Chapter 1, Set and Function

Some Propositions of Set
Here in everv case [7 is the universal set and sets A B, are the subsets of
Ir:
1) Commutative Law
(1) AUB=BUA {(2) AnNB=BnA
2)  Associative Law
(1) (AuB)uC =AU (BuCO) (2) (AnB)NC=An(BnC)
3) Distributive Law
(1) Au(BNC)=(AuB)N{AUC)
(2) AN(BUC)=(ANB)U{ANT)
4) De Morgan's Law

(1Y (AUBY =A'"NnB (2) (AnBY=ALE

5) Other Formulas
(1) AUA=4, ANA=4 (2) Aug=4, Ang=¢g
(3) AuU=U ANnU=A (4 ACB = B'CA
(5) ACB = AUB=BE8 {6) ACTB = ANB=4
(7) ACAUB (8) ANBC A
(9) A\B=AnB

Verification of the Two Propositions of the Commutative Law

The shaded area of the following left diagram denotes both A U B and
BU A, Soin this case, we see that AUE = BU A, On the other hand, the shaded
area of the right sided diagramn shows both AN B and 8 M A, So in this ease, it
is seen that AN B =HBnNnA

_p U 7

Here the verification shown above is done with the help of Venn Diagram. Now
let's see this with a definite example.

Suppose, A= {1.2.4} and B = {2,1,5} are two sets.
So, AUB = {1,2,4} U {2,3,5} = {1.2,3,4,5}.
Again, BU A= {2,3,5} U {1,2,4} = {1,2,3,4,5}.
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So in this case, AUB = BUA.

On the ather hand, A1 B = {1,2,4} n{2.3.5} = {2}
and BN A = {2,3,5} n{1,2,4} = {2}.

So here, ANEB =BMA.

Verification of the Two Propositions of the Associative Law

The shaded area of the following left diagram denotes both A U (B U C})
and (AU BYUC. Soin this case AU(BUC) = (AU B)UC. The shaded area of
the right sided diagram shows AN (BN C) and (AN BYNC. So here we can say

that (AN BYNEC=AN(BNC).
A

N

Here the verification shown above is done with the help of Venu Diagram. Now
let's see this with a definite example.

Suppose, A ={a. b, d}, B ={bc. f} and C = {c.d, g}.

So, BUC = {be, f}U{e.d.g} = {bc.d, [, g}

and AU (BUC) = {a,be.d} U{b,e,d [ g} ={abed f g}
Again, AUB = {a,b, e, d} U {b, ¢, f} = {a,b,e.d, f}

and (AUBYUC ={a.b.ed f}U{cd g} ={ab.ecd f g}
So in this case, (AUB)UC =AU (BUC).

Again, BNC = {be. f}N{e.d. g} = {c}

and AN (BNC) = {ab e d}n{e} = {c}.

Again, AN B ={a.b.c,d} i {b.e. [} = {b c}

and (AN B)NC = {bhc}n{ed g} = {c}.

So here, AN(BNC) = (AN B)NC.

2025



Chapter 1. Set and Function f

Aetivity: Verity  the  distributive  laws  for  the sets
A=1{1,2,3,6}, B=1{2,3,4,5} and C = {3,5.6,7}. Show the proof in Venn
diagrams for each set.

Observation: Each of the operations of union and intersection of sets is
distributive with respect to one another,

Proposition 1 (De Morgan's Law).  For any subset A and B of a universal set
U,

1) (AuB)Y=A'NnB 2) (AnB)Y=A'up

Proof:(The proof of only the first part is shown below, Prove the second
one vourself.)

Suppose, v € (AUBY, So, r £ AUB.
= re&Aandrgll = reAandrel = reANE
L (AUBYC A NB.
Again, suppose, x € A'N B’ So, r € A' and x € B
=% g Aand o d B = s g AUL = € (AU L)
~ ANB Cc(AuUB).
Therefore, (AU B) = A'n B'.

Proposition 2. For any subset A and B of a universal set U, A\ B =An B’

Proof: Suppose, # € A\ B. So, r € A and » ¢ B.
—» € Aandz € B' = € ANB’

s AVBECANDE.

Again suppose, r € AN B So, r & Aand x € B,
— e Aandz ¢ B —= ze A\ B

. ANB' C A\ B.

So, A\ B=AnNAE.

Proposition 3. For any set A, B, " we have,

1) Ax(BNC)=(Ax B)n(AxC)
Forma-2, Higher Mathe, Class-9-10



10 Higher Mathematies Classes IX-X
2) Ax(BUC)=(Ax B)U(AxC)
Proof: ( The proof of only the first part is shown below, Prove the next
one vourself)
According to the definition. A x (BN C)
Hao,y):re A, ye BN}
={{wp)izxed yeBand y e C}
= {{x,4) : (x,4) € A x B and (r,y) € A x C}
={{r.p) :wy) e (Ax B)n(Ax C)}
S Ax (BNC)C(AxB)n(Ax C)
Again, (A x B)n (A x C)
= {(z,y) : (z,y) € A x B and (z.y4) € A x C}
={{z,y):zxeA yeBandrec A yel}
={(z,y):x€ A, ye Bn C}
= {(x,y) : (z.y) € Ax (BNC)}
S AxBInAx)c Ax(Bng)
So,. Ax(BNC)=(AxB)N(AxC).

Some More Propositions of the Method of Sets
1) HAisanyset ASA
2) The emply set @ is the subset of any set A,

II' 4 and B are any sets, A = B provided if and only if A C Band B C A.

L

ki

IfAC &, then A = @&

i |

Foranyset Aand B. ANBC Aand ANBC B

—

)

)

)

) HAC B and BC C then, ACC.

)

7) Foranyset Aand BLAC AU Band BC AUE

Proof: Only proofs of twa propositions are given. Do the others,

4) Given, A C @, also we know. @ C A, Therefore A = @.

2023
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Chapter 1. Set and Function 11

7) According to the definition of union of sets, AU B consists of the common
elements and all elements of 4. 50 as per the definition of subset, A € AUB.
By the same logic 5 C AU B.

Activity: All of the tollowing sets ean be considered as the subset of universal
set U,

1) Show that, AN (BNC)={AnB)N(ANC).

2} Show that, A C B if and only if any of the conditions below is fulfilled:

(1) AnB=A4A (2) AUB=8 (3) BcA
(4) ANB' =@ () BUA'=U
3) Show that,
(1) A\Bc AuB (2) A\ B'=8B\A
(3) ANBcCA (4) fAc B, AU(B\A)=B

(5) ANB=2, AcB andANB' =Aand AUB' =5

4) Show that,
(1) (ANBY = A'UB' (2) (AUBUQ) =A'NBNC
(3) (AnBnCYy=4A'uB'ucr

One-One Correspondence

Suppose, 4 = {a. b, ¢} is a set of three persons and B = {30,40,50} is the set of
their ages. Moreover, suppose, the age of a is 30 vears, the age of b is 40 vears and
the age of ¢ is 50 years. So it can he said that, there is an one-one correspondence
hetween the sets 4 and B,

Definition 1 (One-One Correspondence),  If the matching of an element of
B with every element of A and an element of A with every element of B are
established. such matehing i called an one-one correspondence, The one-one
correspondence between sets A and B is nsnally expressed as A < B and if any
element & of the set A corresponds to the element i of the set B, we write & < y.

Equivalent Set

let, A = {1,2 3} and B = {a, b c} are two sets. An one - one
correspondence between the sets A and 7 is shown in the figure below:;
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Definition 2 (Equivalent Set).  Any sets 4 and B are regarded as equivalent
sets if one can establish an one-one correspondence A 4+ B hetween them, A ~ B
is written to indicate that A and B are equivalent. If A ~ B, one of them is called
equivalent to the other. Notice that, for sets A, B and '

1) A~A
2) IfA~ B then B~ A

3) A~ Band B~CC, then A~ (',

Example 13. Show that, A = {1,2,3,--- .0} and B = {1.4,5,--- ,2n — 1}
are equivalent sets, where n is a natural number.

Solution: A and B are equivalent, because the two sets have an one-one
correspondence as shown below:

71 . 1
/ 2 f—3 )
A III 3 JI. I ‘3 B
\M J'r*./jr \\‘21!;—
. - S

Remarks: The one-one correspondence indicated above can be deseribed by
Ae B b2k —1. ke A

Example 14. Show that, the set of natural numbers N and the set of even
natural numbers A = {2, 4, 6, ---, 2n, - -+ }, are equivalent.

Solution: N = {1,2.3,--- .n,---} and A are equivalent sets, because an one-
one correspondence between the sets N and A4 can be established, which is shown

helow,

2625
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Chapter 1. Set and Function 13

Remarks: The one-one correspondence indicated above, can be deseribed by
NeaA:ner2nneN,

Observation: Empty set @ is supposed to be equivalent to itself. So, @ ~
o,

Proposition 4. Every set A is equivalent to itself. That means, 4 ~ A.

Proof: It 4 = @, it is taken A ~ A. On the other hand, if A # 2, every
element makes a one-one correspondence with r by itselt to establish 4 one-one
correspondence A <+ A:r e x, re A So A~ A

i+ ~,I ¥
A h l Il\ )f A
- R

/
Proposition 5. If A and B are equivalent sets and B and € equivalent sets,
then A and C are equivalent too.

Proof: As A ~ B, we can associate every element @ of A with a unique element
y of B, Apain, since B ~ (', we can associate with that element y of B a unigque
element = of €. So we can associate the element i of A with the unique elements
z of €. This assoviation of the elements of A with the elements of ' is a one-one
correspondence between them. So, A ~ C.

Interwval

If ¢ and b are real numbers and a < b,
1} (a.b)={re R:a<ax < b}is called open interval.
2) [a.b)={x € R:a <z < b} is called closed interval.

3) (ab] ={reR:iacxr<bland [g.h) = {x €R:q < x < b}are
respectively called open-closed interval and closed-open interval.
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Finite and Infinite Sets

Counting the elements of the set 4 = {15,16,17, 18, 19, 20,21, 22}, we see that
A has 8 elements,  This counting is completed by establishing a one-one
correspondence of the set A with the set B = {1,2,3.4,5,6,7.8}. as shown

Lielow
7N\ /Fi\

/15 1\
[ 16— —2 |
| 17+ '1| I| -+ 3 |I
I‘Iﬁ [ : -3 4
"rl‘l 19 1 [I 4 5 ||B
20 +— — G
\ 5t ] T

 a——

Definition 3 (Finite and Infinite Sets). A sel whose clements can be fixed by

counting, is called a finite set. If any set A is not a finite set, then it is ecalled
infinite set.

1) Empty set @ is a finite set, whose number of elements is ().

2) If any set A and J,, = {1.2.3,-++ ,m} are equivalent, where m € N, then
A is a finite get and the number of elements of A is m.

3) I Aisa bnite set, the mumber of elements of A is denoted by n(A).

Note:

1)y Sy =A1l}, S =112}, .05 ={1,2 3} is the finite subset of N and n(.J;)
1, n(Js) = 2. n(J3) =3 ete. In real sense. J,, ~ J,, and n(.f;) =m.

2) Only the number of elments in a finite set can be fixed. So notation n(A)
implies that A is a finite set.

3) I A and B are equivalent sets and if one of them is finite, then the other
set must be finite and n(A) = n(B) will hold,

Proposition 6. If A is a finite set and B is a proper subset of A, then 5 will
he a finite set and there will be n(B) < n(A).

Proposition 7.  Set A is infinite if and only if there exists A and a proper

(25
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Chapter 1. Set and Function 15

Observation: Set of natural numbers N is an infinite set.

Number of Elements of Finite Sets

Elements of finite set A is denoted by n(A) and how to determine n(A) is
explained. Now, suppose n(Ad) =p >0, n{B) =4 > 0 where AN B =@.

A B
(::FT ™ . ™ D (':__ﬂ:_ . ™ ™ D
T V- P < 1 2 5 . ¢
1 2 3 . p p+lp+2p+3 v pty

From the above wmentioned one-one  correspondence,  we  see  that
AU B ~ Jypp.

So, nfAU B) = p+q = nlA) + n(B). From this we can say the following
proposition.

Proposition 8. If A and B are disjoint finite set to each other, then n(AUB)=
n(A) +n{B).

Expanding the propesition, we can say, n(AU BUC) = n(A) + nl(B) + n(C).
Similarly n{ALUBUC U D)=n(A)+n(B)+n(C) + n(D} ete,

where A, B, ', D sets are disjoint finite set to one another.

Proposition 9. For any finite set A and B, n(AUB) = n(A)+n(B) —n(ANB).

Proof: Here, A\ B. AN P and B\ A are disjoint sets to each other[See Venn

Diagram)].
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o o
- << B
% \
\\ '|
AnB bh A

So, A= (A\ BYU(ANB) and B = (B\ A)U(AN B)
Therefore, AUB =(A\B)U (AN B)u(B\ A)

on(A)=a(A\NB) 4 (AN B)oe (1)
. (B)=n(B\A)+n{ANB)------ (2)
nAUB)=n(A\B)+n(ANB)+n(B\A) - (3)

So, from (1) we get, n(A\ B)=n{d) —n(ANH)

and from (2) we get, n(B\ A) = n(B)—n{AN B)

Now, putting n{A\ B) and n(5 Y\ A) in (3), we get
n(AUB)=n(A)=n(ANB)+n(B)=n(ANB)+n(AN B)
. (AU B) = n(A4) + n(B) — n(An B)

Activity:
1} In each of the following cases, describe all possible one-one

correspondence between A and 5
(1) A={a,b}, B={1,2} (2) A={a.bhe}, B={ab.c}

2} For each one-one correspondence deseribed in the above question,
describe the set F = {{r.y) 7 € A,y € B} and & y in the tabular
method.

3) Suppose, A = {a, b, e,d} and B = {1, 2, 3, 4}. Describe a subset F
of A = B in such a way that associating the second component of each
ordered pair in that subset with its first component vields a one-one
correspondence between A and B where, a ++ 3,

4) Show that, sets A = {1,2.3,+++ ,n} and B = {1,2,2% -+ ;2" '} are
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equivalent.

oy
L

Show that, set § = {3" :n =0 or n € N} is equivalent to V.
6) Deseribe a proper subset of the S which is equivalent to S.

7) Show that, the set of all odd natural numbers A = {1,3,5,7,--- } is an
infinite set.

Set in Solving Heal-Life Problems

Venn diagrams are used to solve real-life problems, Here it is noted that the
elements of each set which will be written down in Venn diagram, is shown through
some examples.

Example 15. Out of 50 persons, 35 can speak English, 25 can speak both
English and Bangla and every one can speak at least one ol these two languages.
How many persons can speak Bangla? How many persons can speak only Bangla?

Solution: Let, § be the set of the 50 persons, E be the set of persons among them
who can speak in English. B be the set of persons who can speak in Bangla.

P— S 50
E'Su;f’ 2 "“?J-f‘f E‘“H '

F‘U% Lng| mFl

N

So according to the question, n(5) = 50, n(E) = 35, n(ENB) = 25 and &5 =
£ U B Suppose, n(B) =

Then from, n(S) = n(E'UB) =ulE) +n(B) —n(E N B}, we get
50 =35+ 3 =25 or, xr = 50— 35+ 25 = 4 So, n(B) =40

M) persons can speak in Bangla.
Now, the set of those who can speak in only Bangla is (B E).
Let, n(B\ E) =y,

As the sets EN B and (B E) are disjoint and B = (ENB)U (B\ E) [See Venn
Diagram|
Forma-3, Higher Mathe. Class-9-10
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Therefore, n(B) =n(EN B) +n(B\ E).
A =254yor,y=40-25=15 50, n(B\ E) =15
*. 15 persons ean speak in only Bangla,

So, 40 persons can speak in Bangla and 15 persons can speak in only Bangla.

Example 16. Each of the 35 girls in a class likes at least one aetivity among
running, swimming and dancing. Among them 15 girls like running, 4 like all three
of swimming, running and dancing, 2 like just running, 7 like both running and
swimming but not dancing. # like both swimming and dancing but not running,
2x like only dancing, while 2 girls like only swimming,

1} Show these mformation in a Venn Diagram,

2) Find z.

3) Express the set of the girls who like both running and dancing, but not
swilnimning,

4) What is the number of girls who like both running and dancing but not
swimming'!

Solution:

1) Suppose, set J = those who like runming, 5 = those who like swimming, D=
those who like dancing. Now let's look at the Venn Diagram shown above,

2) From the Venn Diagram J' = {the girls who do not like running}.
So, n(J)V=3-15=20r,2r+r+2=200r, Jr=18 or ¥ =6,

3) Set of the girls who like both runming and dancing but not swimming: J N
bng.

4) n(JNDNS) =y is shown in the Venn Diagram and given that n(.J) = 15.

2023
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L Y+4+T+2=150ry==2
Therefore, only 2 girls like running and daneing but not swimming,

Example 17. Out of 24 students, 18 like to play basketball, 12 like to play
vollevhall, Given that 7 = the set of the students, B = the set of students
who like to play baskethall, V' = the set of students who like to play volleyhall.
Suppose, n{B M V) = x and explain the data below in Venn diagram:

I} Desecribe the set B UV and express n{ B U V) in terms of .
2) Find the possible minimum value of x.

3) Find the possible maximum value of r.

Solution:

1) BUYV is the set of the students who like to play basketball or vollyball.

U
/f\
K{?M" BOV |V 11;|

T lE—J/'

o

nBUV)i=(18—z)+e+(12—2)=30—=x
xor n(B V) is the smallest, when BuV =1/
So,n(BUV)=n(lU}or30—r=24orr==6

()
e

*. The possible minimum value of + = 6.
3) n(BNV)is the largest when V' C B
Then, m{ BN V) =n(V) or = 12

. Possible maximum value of 2 = 12.

Activity:

1) Out of 30 students of a elass, 20 students like [oothall and 15 like chess,
Every student likes at least one of the two games. How many students
like hoth of the games?!
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2) Among a certain number of persons, 50 can speak Bangla, 20 can speak
English, and 10 can speak both Bangla and English, How many of these
persons can speak at least one of the two languages?

3) Out of 100 students of the Iustitute of Modern Languages of the
University of Dhaka, 42 have taken French, 30 have taken German, 28
have taken Spanish, 10 have taken both French and Spanish, 8 have
taken hoth German and Spanish, 5 have taken both German and
French. while 3 students have taken all three Languages.

{1} How many students have taken none of the three languages?
(2) How many students have taken just one of the three langnages?
{(3) How many students have taken only two of the three languages?

4) Out of 50 students of class nine of the science section of a school, 29
have taken Biology, 24 have taken Higher Mathematics, 11 have taken
both Biology and Higher Mathematics. How many students have taken
neither Biology nor Higher Mathematics?

Exercises 1.1

1. (i) If any set has 2n elements, the number of its subsets will be 47,
(#2) Set of all rational numbers Q = {g P pgEZL }

(#t) a,b € Ry{ab)={r:2 € Randa <x < b}
Which combination of these statements is correct based on the information
stated above?
1) & and & 2} i and i 3) ¢ and #i 4} i, i and a6
If A, = {n.2n,3n,---} for every n € N, answer the questions(2 - 4):
2. Which one of the following is the value of 4; N A7
3. Which one of the following denotes the value of As M Ag?

1} A-'..i 2]‘ A;{ '3:| ,4_1 -_fl_} ';‘iti

4. Which one of the following is to he written down instead of A 1 Ay?
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14

16.

1) Ag 2) Ay 3) Aj 1) Ay

Given that, U ={r: 1 <2 <20, r € Z}, A= {r : 7 is an odd number}
and B = {2 ! zis a prime nmumber}. List the following sets in tabular
method:

1) A 2 B

3) C={r:2€ Aand r € B} 4) D={r:re Aorzxe B}

The number of elements of A and B are shown in the Venn Diagram below.
If n(A) = n(B), then find out the value of 1) = 2) n(AUB) 3) n(B\ A).

SaiE L
R
J'\ e
)

If U7 = {&: @ isa positive integer}, A={r:x 25} CclUand B={r:5x <
12} < U then find the value of n{A N B) and n(A'U B).

U ={a:axisan even integer}, A={r:3x 226} CclUand B = {a:
Sr < 12} C U, then find n(A N B) and n{A' N B).

Show that, 1) A\A=@, 2) A\(A\ A)=A.
Show that, A x (BUC)=(Ax B)uU (A x ).
If Ac B and €' < D, then show that, (A x C') c (B = 1),
Show that, sets A = {1,2,3,+++ ,n} and B = {1,2,2% -+ ,2"1} are
equivalent.
Show that, set of square of natural numbers {1,4,9,16,25,36,---} is an
infinite set,
Prove that, if n(A) =p, n(B)=qand ANB =@, then n(AUB)=p+y.
Prove that. if A, B, C are finite sets, n{ AU BLUC) = n{A)+n(B)+n{C) —
n(ANB)—n(BNC)—n(CNA)+nAnBNC).
A = {abz} and B = {cy} are subsets ol the universal set
U={ab.c zu 2}

1) Verify that, (i) A C B (i) AU B' = B' (iii) A'N B = B.
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2) Find out: (ANB)U (AN B).

Out of 30 students of a class. 19 have taken Economics, 17 have taken
Geography, 11 have taken Civies, 12 have taken both Economics and
Geography, 4 have taken both Civies and Geography, 7 have taken both
Economics and Civies, while 3 have taken all three subjects. How many
stndents have taken none of the three subjects?

In the following Venn Diagram, universal set [ = AU B U

J:'J O '-L;II u ]
W X X
= -

1) Ifn(AnB)=n(BnC), then find the value of @,

2) Hn(BNC)=n(A'NC), then find the value of y.
3) Find the value of n(L7).

In the following Venn Diagram, U/ = AU B U C and n(U7) = 50.

1) Find the value of x.
2) Find the value of n{ B N C") and n(A' N B).
3) Find the value of n(AN BN C')

Three sets A, B and C are given in such a way that, ANB =@, ANC =@
and ' B. Describe the sets by drawing a Venn Diagram.
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21

8

22.

24.

B3
Loy |

26.

27

Given that, A ={r:2<z <5, v € R}, B={r:1 <2< 3;r € R} and
("= {2.4.5}. Express the following sets in set builder methaod:

1) AnB 2) AAnB 3) A'UB

Given that, U = {22 < 10,2 e R}, A={2:1<r <4} amul B={2:
3 << 6}, Express the following sets in set builder method:

1) AnB 2) AnB 3 AnB 4 A'nB

Sets A and I are given below for ¢ach case. Find AU B and verify that
Ac(AuB)and Bc (AU B).

1) A={-2.-1.0,1,2} and B = {-3.0,3}

2) A={r:x €N, r < 10 and r is the multiple of 2} and B={r: 2 €

N, » < 10 and v is the multiple of 3}

Find out A B in everv case below and verify that, (A1 B) © A and
(AN BYc B.

1} A=40,123} B={=1.02} ) A={a.becd}. B={bx.cy}

Among the female students of Begum Rokeva College, a survey was
conducted about their reading habits of the magazines the Bichitra, the
Sandhani and the Purbani, It was found that 60% of the girls read the
Bichitra, 50% read the Sandhani, 50% read the Pubani, 30% read the
Bichitra and the Sandhani, 30% read the Bichitra and the Purbani. 20%
read the Sandhani and the Purbani, while 10% read all three magazines.
1) What percentage of the girls do not read any of the three magazines?
2} What percentage of the girls read just two of the above magazines?
A={r:r€ Rand 7* — (a + b} +ab=0}, B={1,2} and C = {2,4, 5}
1) Find out the elelments of set 4,

2) Show that, P(BNC) = P{B)N P(C).

3) Prove that, Ax(BUC) =({Ax B)U (A =),
Out of 100 students of a class, 42 students play football, 46 play cricket and
39 play chess. Among them 13 play football and ericket, 14 play ericket and
chess and 12 play foothall and chess. Besides, 7 students are notl expert in
any of these games,

1) Show the set of students who are expert in the above three games and
expert in none of the games in Venn diagrram.
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2} Find how many students are expert in all three games.

3) How many students are expert in at least one game? How many are
pxpert in just two of the games?

28, Find out the set P(@), P({&}).

29, Once there was a mason in a village, He only built houses for those who did

not construct their own house. Who bailt the house of the mason?

30. A={r:xg&A}. Describe briefly about the set A.

Function

Relation

We often consider different types of relations among the elements of set X or
among the elements of set X and set Y. For example, greater-lesser relation in
the set of natural numbers, brother-sister relation in a family, relation of age with
vour classmates in your recent birthday, For further information regarding this
context, please refer to the Mathematics book of ¢lass 910,

Example 18. Suppose A = {0.1,2,3} is a set. The r < 3 relation existing
between the elements of the set A can be described by subset of 4 x A which is
S ={{(0,1),(0,2),(0,3),(1,2),(1,3),(2,3)}, where for ordered pairs included under
5 (first entry) < (second entry). Here S is the < relation deseribed under A.

Example 19, Suppose, a is the father, b is the mother, ¢ is the elder son, o
1 the younger son, e 15 the daughter, f 15 the wife of the elder son in o family,
Assuming the set of members of the family as F, we get F = {a.he.d e, f}.
The brother relation in set F. which means the brother relation between o and y
can be described by B = {(e,d), (e, e), (d, ¢}, (d, e)}, where the first entry of the
ordered pairs under set B is the brother of the second entry of the same ordered
pair. The set B denotes the hrother relation of set F,

Definition 4 {Relation), if two sets are X and Y, any subset of their cartesian

product set X x Y is called relation from X to Y. So, R € X % Y is a relation
from X te ¥,
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Activity: Describe the relation "r is the square of " in a set Z in the form of
st of ovdered pairs.

Function

The idea of function is as important as sets in mathematics. In practical need.

relations between two variables or two sels are considered.

Example 20. Relation between the radius and circumference of a circle is
oxpressed as p = 2mr where variables r and p denote the radins and the
circumference of the circle respectively. Here for every possible value of », one
and only one value of p i3 definite,  We say that, variable p is a function of
variable v which is written as p = f(r), fir}) = 27r, In this functional relation
the tunction has been assumed to be defined with values of v taken from set X
and values of p from set Y, This function treated as relating X to ¥V
flrp):reXand pe ¥, p=2ar} The idea of relations has been explained in
the Mathematics book of class 9-10.

Definition 5 (Function). If X and ¥ are sets and under any male, every element
of set X is associated with one and only one element of set ¥, that rule is
called a function deseribed from X to Y. These types of functions are indicated

with symbols such as f, g, F, G ete,

Definition 6 ( Domain and Codomain ). If f is a function from set X to set
Y, then this is expressed as f 1+ X —= V. X set is called domain of function
f:X =Y, while set Y is called codomain.

Definition 7 (Image and Preimage). If under function f : X = Y., 2 € X is
associated with y € Y. then y is called image of & and 2 is called preimage of
y under this funetion and it is expressed as y = f(r).

Definition 8 (Range). Under function f : X — Y, the set of the elements of
Y which are the images of any element of X is regarded as range of function f and
it is expressed as “range f" So, range f = {y:y = f(r) where v € X} = {f(2) :
x € X} Tobe noted that range [ is the subset of codomain Y

Function can be deseribed in different wavs, Let's take a look at the following
exanples,

Example 21. f : »r —= 20+ 1, r £ Z; describes a hanetion from the set
of integers Z to Z. Under this function image of = is y = flr) = 2r + 1;
Forma-4, Higher Mathe, Class-9-10



2 Higher Mathematics (lasses IX-X

the domain of the function, domain f = Z and range of the function, range
f={w:y=2r+1, r € Z} is the set of all odd integers.

Example 22. A set of ordered pairs
F={{0,0), (1,1}, (—-1,1), (2. 4), (—-2,4), (3.9). (—3,9)} describes a function,
whose domain is a set of first entries of the ordered pairs under F and range is set
of second entries of the ordered pairs nnder F.

So, domain F = {0,1,—-1,2, -2 3, —3} and range F' = {0, 1,4, 9}

If you look closely you will see in this case that under F. o € dom of F, F(r) =
x*. To be noted that. set of an ordered pair will only define a function when first
entries of ditferent ordered pairs will be different.

Example 23. Considering the domain and range of the fanction F' deseribed
below as A and B respectively, the function can be deseribed with a diagram,
where one and only one arrow sign started from every point of set 4 and ends
at one and only one point of set B(left sided diagram), To be noted that, a set Y can
be regarded as the codomain of the tunetion. whose subset can be drawn with

Biright sided diagram),
/- 0\
g2 g
- 3

~J

D00 =] Ty O G

Inverse Function

Three functions are described below in the following three diagrams.
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1) Under the left sided diagram drawn above, a =+ 1.5 =+ 2,¢ = 4. This
function is one-one but not onto since there exists no preimage of 3.

2) Under the diagram drawn in the middle above, a = 1,b — 2,0 — 2. This
function is onto but not one-one sinee 2 is the image of b and e

3) Under the right sided diagram drawn above @ — 2.6 — 1,¢ — 3. This
function is one-on and onto. In the last case, for every element of codomain
D, domam A has one and only one element which 13 definite. As a result,
a lunction is described [rom ) to A, which is called the inverse function of
given function.

Definition 9 (Inverse Function). Suppose. f: A —» B is a one-one and onto
fumetion. If a funetion g : B — A is deseribed where for everv b € B, g(b) = a
if and only if f{a) = b, that function g is defined as the inverse function of f.
This is indicated as ' s0, g = [,

If the funetion is f in the right-sided diagram drawn above, f~' : D — 4 and
FH1) =6, f7(2) = a, f'(3) = e. However, in case of the other two diagrams,
an inverse function is not possible,

Example 24. Suppose, A = {2.3,5, 7} and B ={1,2.4,7, 10}. Those elements
of & which are divisible by the elements of A are shown below by drawing a
diagram using arrow signs:

Here we now form the set D = {(2.2),(2.4).(2,10), (5. 10), (7.7)} of all ordered
pairs which describe the relation of disivility. In the set D, the first entries of the
inchided ordered pairs belongs to A while the second entries belong to B and are
divisible by the first entries. So, D C Ax Band D = {{a,y) :x € A,y € B and
y is divisible by @ }, Here the set D is a relation from set A to set 3,

Example 25. Let's consider the set of ordered pairs of real numbers L = {{z.y) :
x € R ye Rand » < y}. a < b for two real munbers o, b if and only if it is
(a,b) € L. Therefore, the set L describes the relation of lesser or greater,
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Example 26. Which one of the following relations is not a function? Give
TeHs0ILs.

Solution: The relation shown in upper left is not a function hecanse 2 — 4,
2 - 5and 3 = 4. 3 = 5. On the other hand, all other three relations are
functions.

Example 27. Find the range of the function [ : & — 20 + 1 where the domain is
X ={1.2,3)

Solution: f(r) = 22%+ 1 where r € X,

FI =21 +1=3f(2)=2(2"+1=9and f(3) =2(3)*+1 =19,

corange set of {1,2,3} = {3,9,19}.

Example 28. For the function f ; ¥ — mx + c. the images of 2 and 4 are
respectively 7 and —1. So find ont:

1) The values of mr and e,
2) The image of 5 under f.

4) The preimage of 3 under f,

Solution:
1) According to flr) = mx+ e,
f:2=78q fi2)=Tor.2m+c=7------ (1)
fi4——180, f(A)=—lor, dm+c=—1+vees (2)
From (1) and (2) we get m = —4 and ¢ = 15
2} Under f, image of 5is f(5) = =4 x5+15=-5H

3) Uz is the preimage of 3, then f(¢) =3 S0, 4 +15=3o0rz =3

Activity: Is the relation F' = {(—=2.4), (=1, 1).(0,0), (1, 1), (2,4)} a function?

Find its domain and range, [f possible, ind oul a formula that delines F,
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Remarks: A function F can be determined if its domain is defined and its image
is uniquely specified for each element » of the domain. Sometimes the domain
i kept implied, In such cases we take that specific set as domain, whose F(r)
rernains fixed for its each element.

Example 29. Find the domain of the function F'(x) = +/1 — &. Find whichever
is defined among £(—3), F(0). F (%) . F(1), F[i‘}.

Solution: Fir) =1 —r € Rifand omnly if 1 — 7 > () or 1 > r Therefore,
r=1

So. Dom. F={r:re Randx <1}

Here F(—=3)=/1—(-3) =4 =2
(l}}=\fl—{:=v*'_=i

1 L /T 1
F(2)=V1-2=V2-
Flly=+v1-1=1
F'(2) undefined, becanse 2 & Dom. F.

Activity:

1) Which one of the following relations is not function? Give reasons.

_,_{[T\ | //_\ /\i’vf—\ :
s 2 s J
—_ n'
Y \J = \J
2} f e = x4+ 2 deseribes a function whose domain D = {-1,3,5}. Find

its range set.

3) Describe the given relation 5 in tabular method and find which of these
are function. Find dom § and range S, where 4 ={-2,-1.0,1,2}.

(1) §={(a.1
(2) 8= {(z.y
(3) §={(x
(4) S={(x

€A yeAand x + y=1}
reA yeAandr—y=1}

'l-t

)
)
Jix €A yeAand y= 2"}
) rae A ye Aand i = x}
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4} For the function defined by F{a) = 2 — 1,
(1) Find F(=2), F/(0). and F(2).

|
(2) Find F (%) where a € 1.

(3) If F(z) =5, find .
(4) Find r if F(x) =y, where y € R.

One-One Function

The images of different elements under the function f in the Venn diagram below
are always dillerent.

Definition 10 (One-One Function). A function [ is ealled one-one funetion
if images of the elements in its domain always are distinet under that function,

So, 1f
ay. ey € dom f and xy £ @y then fag) £ flas).

)H

J'

I-\.],.._._,..Jlm

'I'.Lrt\.Jl-—-

From the abaove definition we see that, a function f: A — B is called one-one
funetion, if and only if fir,) = f(za) then xy = xy, where xy,r: € A,

Example 30. Is the function f(r) =3z 45, = € i a one-one function?

Solution: Let, a,b € R and f(a) = f(b).
Soda+5=3b+50r, 3a=3bor, n=>"L
So function [ is one-one.

Example 31. Show that the function, F: B — K, F(x) = 27 is not one-one,

Solution: Taking x; = —1.x; = 1 we see that, ¥ € dom. F,r2 € dom. F awd
A ?é T
But F(a)) = F(—1) = (=1 = 1, F(x3) = F(1) = (1)* = 1.

So, F(r)) = F(ra). . F is not one-one. 7
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Observation: Inverse relation of a function may not be a function.

Example 32. Find out for the function f(x) = %, i S
1) f(5) 2) F(2)"
Solution:
T
1 A= LSRR
) fla) = 5. #
5 5 2
A= =51
2) Let,a= f~'(2) 8o f(a) =2
=+ — =3 =% g=2%—4 = =4
in— 2
a5 2 =4

Example 33. f(a)=3:+1, 0<0r <2
1) Determine the range of [
2} Show that f is a one-one function.

3) Determine f~1 and draw the graph of fand f~1.

Solution:
1} From flr)=3r + 1, 0 <7 <2 we get the vertices ((), 1) and (2, 7)
. Range f: R={y:1<y<T]}

2) Since for every y € R. only the image y of @ € {0 < 2 < 2} is shown, so f
is a one-one function.
3) Let, y = f(x), is the image of 1.

So,y=3x+1 = = %[.r,r -1) t{’

[nverse funection f~! : _u‘ —+ & where, r = 6

1 i

zlw—=1) 1 5

or, f~' iy — EEU — 1) which is shown in the 4

diagram. 3 /’

Replacing 2 in the place of y, f7' 10 —+ 2 / =
1

b 1 1 L=

3“ c ..q.-:,"f_',ﬁﬁj:,i

—

Dravmn line of f--l where 4 = éu_._ 1), 1< ( 1 2 3 4 5 6 7X

r =< T is shown.
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Unto Function

In the diagram we consider the sets 4 = {1,2,3} and 8 = {5,7,9} under the
funetion f where 1 =5, 2 = 7 and 3 = 9. So, every element of B is an image of
an element of set A, This type of function is called onto function.

A
frl/ A
|

Definition 11 (Onto Function). A function f: A — B will be called the onto
function if for every b € B, there exists a4 € 4 such that f(a) = b S0, B = range
I
Example 34. It two functions f: B =+ Rand g ¢ B — I are defined hy
fle) = v+ 5 and glx) = & — 5 respectively, then show that, [ is an inverse
funetion of g.
Solution: The funetion f is one-ome, since

If f(x;) = flxg), then xy + 5 =29+ b or, 1) = =
Again, function f is onto, since

fy=flr)thenr+5=yor, e =y—5¢€ A
So, there is an inverse [unction f1.
If f~Yx)=wythen fiz) =xor,y+5=aor,y=a—"5
Again, f7H ) =2 —5=g(x)

As domains of hoth f~' and g are same, f~! =g
Activity:
1} For each one-one function below, find the related [~ if there is any
(1) flg) = 25, e #1 () f5) ==, v #2
3) 1 M T
2q —

2) If there is f~' in case of the function f{r) = I:__; r# 2, then

(1) Find f'(=1) and f(1).

2025



Chapter 1. Set and Function a3

(2) Find the value of r such that 4f~(x) = &
3) If there is [~ for the function f(x) = a8 +]2,_ x # 1, then

L i

(1) Find f~'(3).
(2) If f~Y(p) = kp, express k in terms of p.

1) Ascertain whether each given relation F below is a function, If F is
a function then hind its domain and range. and ascertain whether it is
one-one:

(1) F={{z.y) € R*1y=2x} 2 F=Hx) € B2z y=42)
@) F={lry)e Ryt =2} () F={(x,y)€ R :y= 7}

5) If the function f : {-2 —1,0,1,2} — {—8,—1.0,1,8} i5 defined by
fla) = & then show that, f is one-one and onto,

G) [:{1.2.3.4} = R is a function which is defined by f{z) = 20 + L.
Show that, f is a one-one function but not an onto funetion,

Graphs of Relations and Functions

Graphs are useful geometrical presentations of functions. To draw the graph of
y = flr), we draw a pair of perpendicular bisectors XOX' and YOY' through a
point €, (7 is called the origin, XOX' is called the x-axis while YOY' is called
Lhe y -axis.

For drawing the graph of y = flx), pairs of values of independent variable
and dependent variable y need to be tabulated between an interval o < 2 < b,
Then the limited amount of points of the tabulation are placed on the plane xy.
By joining the obtained points with a straight line or a curved line, we ean get
the graph of function y = f(z). In the Mathematics book of class 9-10, the
initial concepts about graphs have been imparted. Here, the linear function, the
quadratic function and the construction of the graphs of the circle have been
idiscussed.

Linear Functions

The general form of linear function is f(x) = ma + b where, m and b are real
numbers. The graph of this function is a line whose slope is m and the intercept
of ¢ axis is b

Forma-5, Higher Mathe, Class-9-10
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Here, let m = 3 and b = 2 So, we can
have the function f{x)} = 3z + 2

From the described function, we get
following related values of & and y:

|x|-2]-1[0]1]2
ly|[-4]|-1]2[5]8

. The graph of the function 1s shown aside.

Cluadratic Function

A quadratic function s a function which can be described by the equation y =
az® + b +cwhere a, band c are real numbers and a # (). Suppose, in this function
a=1 b=—4, ¢=—1. Soy=ar’+br+ccan bewritten as y = »* —4r—1. We
can get the related values of o and g from the deseribed funetion which is shown
in the following table.

v | r—dr—1 |y
—1 [ (-1)F=4(-1) =1 | 4

(} (0)% — 4(0) — 1 —1
1 (1)* —4(1) - —4
2 | (2 -4(2) - 1’ | =5
3 (3 —4(3) -1 | —4
4 (4)* — 4{4) — 1 -1
g (5)* — 4(5) — 4

1)
(2, =5)

This is the required graph of the quadratic function. Let’s observe some general
properties of this quadratic Tunction.

1) The graph is paraboloid shaped.
2) Symmetric point may be found about y axis or parallel to the y axis.

3) The value of the function will be maximum or minimum at a certain point.

2023
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Graph of a Circle

Noted that p, ¢ and r are constants and if v # 0 then in £, the graph of a relation
7 = {({x,y) : (& — p)* + (y — q)* = r*} is a circle whose centre is the point (p, ¢)
and radius is r (see the Mathematics book of class 9-10). In the graph paper.
hy plotting the point (p.g) as centre and taking r as radius we can draw a circle

which will make the graph.

Remark: If the solution set of a relation is infinite, the known system of drawing
its araph is to plot sufficient numbers of representative points of solution in the
eraph paper and then to join them, so that the graph of the relation can be clear.
But if the graph of relation is a circle, using compass will make the wark easier
and Leautiful, so we use the latter means,

Example 35. S = {(z,y): +* + y* = 16}

Therefore, the graph of S is a circle 2% 4+ y* = 42, with centre (0,0) and rading
r=d.

Graph of 5 is shown below:

Activity:

1) In the following cases, express y as a function of & from the given
equations,
(1) y—2=3(r-35) (2) y—5=—-2(x+1)

1 4

(3) y—2=zlw+3) (4) y—b=zlz-3g)

2) Draw the graphs:
(1) y=3r—1 (2) o+y=3
(3) * +y*=9 (4) y=gz+1
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Escifple 36, 'Given that £ = = 1

243
) 1(-2)

2} Determine whether the function is one-one.

3) U 2f Ya) =, lind the value of x,

Solution:
i 2p—1
siven that, f:r — . refore, flr) =
1} Given that, f:x Y Therefore, f(r) 573
: 1 9 5
2| —= 1 2 5
f(l)_ (3) i~ =3 &8 &
3) T 71 2 . T 37 1
2| —= : —=d —
2 1 2r—1
2} Sinee, f:x— Ei—i-:i' flz)= 2;_'_3
Here, if 2 + 3 = () then ¥ = —g,_ and therefore the function hecomes
undefinerd.
o B g,ﬂndnm _,I"=R"|.,{ g}
Let, &y € dom: [ and 23 € dom f
2;{'] —1 2.‘!'-2 —1
- flr i and flzs) =
flry) T flaa) 20, 13
Now. f(r) = f(ry) will happen, if and only if
2&'1 — 1 2:!12 — 1 2.‘!'] —1 ?..i‘-‘g -1
= or, -1= -1
2r; +3 doy + 3 2o+ 3 dag + 3

2.1'1 —1 —2.!‘1 — 4 2.‘1.5-2—1 —E.Lg—r_{

or,
2."!‘] + 3 2;('3 + 3
—4 —4
or, . = : or, 2z +3 =28 4+ 3
L 2y + 3 210 + 3 ' : ‘
ar, 2ry = 24 or Xy, = i'a

*. The lhuuetion is one-one.
2r—1 2 —1

3} Given that, f o —» - .5 ) =
) J 243

Let, fizx)=u nz=Ff"(%)

2625
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2o —1 2! =l
Now, flr) = —— v
s ﬂ'ﬁ'l 2r -3 R Thao 3

or, 2y + 3y = 2r — 1 o, EJy —Zir=—3y— 1
or, —2x(1 —y) = —(1 + 3y}

— 14 3y
S 2(1 —y)
23 1+ 3y "
N S |
or, f {'U}_:?.H - j[. @ ()]
or, FXz) = :: Ho¥ [r wnging the variable]
l 3
|
or, 24\ () =
1+3'*.. =1t i .
or, &= = [ 97 Mg) = o]
2

or, l+3r=x—7 or, *4+3r—z+1=0
or, 22 4+2r+1=10 or, (w4+1)* =
or, £+ 1=10 or, & =—1

. Determined walue ¢ = —1

Exercises 1.2

. Which one is the domain of the relation {(2,2), (4,2). (2. 10),
1) {2.4,5,7) 2y {2,2,10,7)
3) {2,4,10,7} 4) {2,4.7}

2. Given, S={(r.y) : r€ A, y€Aandy =1} and A= {
which of the following is a member of the relation 57

1) (2.4) 2) (-2,4)
3} (—1.1) 4) (1,-1)
3. IF 5 ={(1,4),(2,1),(3.0), (4,1}, (5,4)} then,

(#) The range of the relation S is {4.1,0}

37

(7, 717

~2,—1,0,1.2)

(it) The inverse relation of S is, 7' = {(4.1), (1, 2), (0,3),(1,4), (4,5)}

(#¢1) The relation S is a function
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Which combination of these statements is correct’

1) 7 and iz 2y 41 and i 3) ¢ and i 4) 4, 11 and ¥
If Flo)=+x—1,then F(10) =
1) 9 2) 3 3] —3 4) 1)

IfS={{e.y):a*+y*—25=0and x>0},
(¢) The relation is not a function.
(t7) The graph of the relation is a half-circle.
(##7) The graph of the relation will be on upper half plane of the r axis.

Which one of the following is true?

1) &, # 2) i, i 3) i, dii 4) 4, i and i
If Flx)=+/r—1=2, what is the value of &7

1) 5 2) 24 3) 25 4) 26
Which one below is the domain of the [unction F{z) = yx i

1) Dom, F={re R:r#1} 2] Dom. F={reR:r=1}

3) Dom, F={xefl:x<1} 4) Dom. F={re fi:x>1}

(i) Find the domain, range and inverse relation of the given relation S.
(i) Ascertain whether relations S or S~' are functions.
(#71) Are the functions among these relations one-one?
1) §={(l, .‘T:], (2,10), (3,15}, (4,20) }
2) §={(—3.8),(-2.3).(—-1,0),(0,—1),(1,0),(2,3). (3. 8)}

s o= {(2) o039 (-9)

4) §={(-3,-3),(-1,-1),(0,0),(L,1),(3.39)}
5) §={(2,1),(2,2),(2.3)}
For the described [unction F(2) = v — 1,
1) Find F(1), F(5) and F(10).
) Find F(a?+ 1) where a € R.
3) If F{r) =5, find 2.
4)

(25

If F(z) =y, find 7 where y = (). =
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1.

11,

13.

14.

For the function F: R = R, Flr)= i
1) Find dom. F and range F. 2) Show that F'is a one-one function.
3) Find F-L 4) Show that F~! is a function.

1) Iff: R— Risa lunction which is defined by f(x) = ax +ba,b € R,

az={); show that f is one-one and onto.

©

I [0,1] — [0, 1] is a funetion which is defined by f(x) = V1 — a2,
show that f is one-one and onto.
1) If functions f : R = R and g : R = R are defined by f(z) = 2" +5
and glx) = (x — 5)7 then show that, g = f~1.
2) If funetion f : B — Risdefined by f{x) = 5r—4, then, find y = f~'{x).
Draw the graph of the relation § and determine from the graph whether

Lhe relation = a function,
1) S={{e,y): 20 —y+5=10} 2) S={{r.y):x+y=1}
3 S5={{zy):3x+y=4} 1) S={({r.y) 1 z= -2}

Draw the graph of the relation § and determine (from the graph) whether
the relation is function.

1) 8= {(r,y):a?+y? =25} 2 S={{ry):*4+y=19}
Given that, Fi(x) = 2¢ — L

: 1
1) Find the values of F(x+ 1) and F (E) :

2} Verifv whether the function F'(x) is one-one, when x,y € R.

3) I Flx) = gy, determine the values of y for three nnmerical values of @«

and draw the graph of the equation y = 2r - L.
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16. Two functions f: B — R and ¢ : K — R are defined by f(x) = 32 + 3 and

i
glr) = 3 respectively.

1) Find the value of g7'(-3).
21 Determine whether f(ax) is an onto function.
3) Show that, g = f~.
17. Given that, f(a) = & — 4.
1) Find the domain of f(r).

2) Determine whether f(a) isa one -one function.

3) Determine whether () is a lunction with the help of graph.

2025



Chapter 2

Algebraic Expression

We are familiar with various types of algebraic expressions. When one or more
numbers and symbols representing numbers are combined meaningfully by one
or more than one of 4, —, %, +, power or rational sign, a new symbol
representing numbers is created. It is called an algebraic expression or in
brief expression. For example, each of 2, 20 + 3ay, 62 +49° + a + /% efe, is
an algebraic expression.

At the end of this chapter, students will be able to -

»  explain the concept of a polynomial;

» explain with example the concept of a polynomial with one variable;
» explain multiplication and division of polynomials;
|

explain the remainder theorem and the factor theorem and apply to factorize
a polynomial;

Y

explain  homogeneous expressions, syvmmetric expressions and cvelic
EXpressions;

» factorize homogeneous expression, symmefric expressions and cyelic
expression: and

» resolve rational fractions into partial fractions,

Variable, Constant and Polynomial

In any discussion, a literal svinbol representing a mumber may be a variable or
a constant. If such a symbol denotes anv unscheduled element of the number
set consisting of more than one elements we call the symbol a variable and the
gel s called the domains. I the svmbol denotes a definite number, it is ealled a
constant., In any discussion a variable can take any value from its domain, but
the value of a constant remains fixed all through, A polynomial is a special type
of algebraic expression. In a polynomial there are one or more terms and each

Forma-6, Higher Mathe, Class-9-10
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term is a pmduct of a constant and a non-negative integral power of one or more

variahles.

Polynomial of One Variable

Let,  be a varinhle. Then, (i} a, (#7) ar+b, (#ii) ar*+br+e, (i) ar?+-br* e +d
s expressions are polynomials of the variable @; where a, b e, d are fixed numbers
constants. Generally, the terms of a polynomial of the variable & have the form
e, where O (independent of ) is a fixed number (which may be zero) and p is
a non-negative integer. If p is zero, the term becomes ', and if €' is zero, the
term is suppressed in the polynomial. ' is called the coefficient of 4" in the
term ex? and pis called the degree of the term. The largest of the degrees of the
terms appearing in a polynomial is called the degree of the polynomial. The
term having the largest degree is called the leading term and the coeflicient of
the term having the largest degree is called the leading coefficient; the term
with degree (), that s, the term independent of variable @, is called the constant
term. For example, 20% — 32° — 2 + 20 — 5 is a polynomial of the variable .
its degree is G, its leading term is 2:% leading coefficient is 2 and constant is 5.
If a # 0, the aforesaid (1) degree of the polvnomial is 0, (i1) degree of
the polynomial is 1, (#i) degree of the polynomial is 2, and (iv) degree of
polynomial is 3. Any non zero constant (a # (0) is a 0 degree polynomial of the
variable (consider @ = ax"). The number 0 is considered a zero-polynomial and
the degree of a zero-polynomial is considered undefined

A polynomial of the variable x is usually arranged in descending order of the
degrees & of its terms (the leading term appearing first and the constant term
appearing last), This arrangement of a polynominl is called its standard form.
For convenience of using, polynomials of the variable r are denoted by symhbols
like P(a), Q(x) et catern. For example, P(r) = 22* + Tr + 5. Such symbol P(x)
indicates that the values of a polynomial depend on the values of & I[ & apecilic
number a is substituted for o in the polynomial. the value of the polynomial for
that value of > is denoted hy P(a).

Example 1. if P(r) = 3x* + 20" — Te + 8§, then find the value of P(2), P(-2),
and P (%)

Solution: Replacing r successively with 2, =2, - we get-

b | =

P(2)=3(2%) +2(2%) - 7(2) + 8 =26

2023
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P(=2) =3(-2)* + 2(~2)2 = T(-2) +8 =6

(3)=2() () -1(3) ++-3

Polynomials of Two Variables

The polynomials listed below are of the variables » and i
2r+3y -1
g . I
o —4dry+y —de+Ty+1
829 4 o 4 L02%y + 6ry® — 6 + 2

The terms of such polynomials have the form cry? where ' is a definite number
{constant) and p, q are non-negative integers. In the term ey, the coetficient of
2Py? is €' and the degree of the term is p+q. In such polynomial, the mentioned
largest of the degrees of the terms is called the degree of the polvnomial. Such
polynomials are denoted by Pr.y). For example, the polynomial P(r, y) =
8% + o — 49?2 4 Taey + 2y — 5 has degree 3 and P(1,0) =8 -4 —-5=—1.

Polynomial of Three Variables

The terms of a polynomial of the variable r,y and z have the form exfy9:z"
where €' (constant) is the coefficient of the term and non-negative integers are
p. q. v i p+q+ris the degree of this term and in the mentioned terms of the
polvnomial. the largest of the degrees is called the degree of the polynomial.
Such polynomial is denoted by the symbol Pla, iy, 2}, For example, the polvnomial
P(x, y, z2) =27 +4° + z° — 3xyz has degree 3, and P(1, 1, —2)=1+1—-8+6=
0.

Activity:
1) Determine the polynomial from below:
(1) 2? (2) 7—3a* (3) #¥+a72
2
(4) “3 E4 (6) B2 —2xy+3y* (6) Ga+3b
a* —a
. = ;
(7) ¢ +-—3 (%) Iib/n. — 4 {9) 2;&{,:"1' + 3]
8
(10} 3e — (29 +4z) (11) —+ 2y (12) roas 2y
¥ :
2} Determine the variables and degrees from the polynomials listed helow:
(1) &%+ 10xr+5 (2) 3a+2b (3) dryz
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(4) 2m*n — mn® () Ta+b-—2 (6) Ga?h*c?
3) Express each of the given polynomials

(¢) as a polynomial of the variable » in its standard form, and
ascertain its degree, leading coeflicient. and constant term:

(1) as a polynomial of the variable y in its standard form, and
ascortain its as a polynomial in y degree, leading coefficient and
If_‘(}ll‘it-'rll]f term.

(1) 3 —u“+u- 3 (@) #* = -ﬁ+;-4+3
(3) 5.£ y— daty 2 (4) @+ 22% 4 3°
(5) 3a* rf+”ry'

4) if P(x) = 22* + 3, then determine the value of P(5), P(6), P {%}

Multiplication and Division of Polynomial

Addition , Subtraction and Multiplication of two polynomial is always polynomial,
but division uf polynomial may or may not be polynomial, For example, if we
divide @ by x?, take the answer as »~2, then it is not a polynomial but if we take
T asa rmnmmlm and result as (), it is a polynomial.

Example 2.  What is the result of the multiplication of (2*+2) and (& + 1)7

Here, the result of multiplication of (x* + 2) and (z + 1) is («? + 2)(x + 1) =
%+ #? + 2 + 2, which is a polynomial with a degree 2 + 1 = 3 and leading
co-efficient is 1 x 1 = 1

Example 3. What is the guotient when (7% + 1)(z — 6) is divided by 22% + 37

Here, Dividend P(z) = (72 + 1){2 — 6) = 2° — 622 + 7 — 6 with a degree 3 and
leading co-efficient 1.

And Divisor Q(r) = 27* + 3 with a degree 2 and leading co-eflicient 2.

. 1
Dividing £ () by Q(ir), we get Quotient, Fx) = 3¢ 3, and Remainder, R(r) =

—% + 4. Hence, Quotient, F'(r), is a polynomial with a degree 3 — 2 = 1 and

1
leading co-efficient 7

Note:  The following rules hold true for multiplication and division of two
pobrnomials.

225
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1) Multiplication of polynomial of P(r) and ¢(x) of variable r vields a
polynomial. whose degree = Degree of Plr) + Degree of Q(r) leading
co-ellicient = Leading co-efficient of P{x)x Leading Co-eflicient of Q(x)

2} If we divide polvnomial P(xr) by Q(x) of variable & and the quotient F{z) =
P(x)
Q)

of Q(r) and Leading Co-efficient =

is also a polynomial then, Degree of R{x) = Degree of P(x) — Degree

leading co-efficient of Plr)
leading co-efficient of Q)

Division Algorithm

If both P(x) and Q{x) are the polynomials of the variable x and if degree of
) < degree of Plr), we can divide Plx) by Q(x) in usual manner and we

abtain a gquotient F'(x) and a remainder R{x), where,
1) Both F{x) and R{x) are the polynomial of the variable x
2} degree of Fla) = degree of Plae)— degree of Q(x)
3) either R(x) = 0 or degree of R{x) < degree of Q(x)
1) Pla) = Flx)Qx) + Blx) holds for all x,

Equality Rule of Polynomials
1) If ar+b = pr+q holds for all x, putting » = () and » = 1| we get respectively,
b=gqand a+bh=p-+q, from whence it isfounda=p, b=gq

2) If ar®+br+¢ = pr* + qr++ holds for z, putting r =0, 7 =1 and r = -1
we et respectively e=v. a4+ bh4+e=p+gt+randa-bt+ec=p—-qg+r
from whence it is found that a =p, b=¢q, ¢ =r.

3) Ingeneral if ags™ 4+ @izt fdpr® 4 b aaoir g, =P FpiEt 4
pat™ 2 4o s g g+ holds for all @, a0 = P a1 = Priveey Bis
Pr—17 fp = Py

i.e., the two coeflicients of # with the same power are equal in both sides of an
equal sign,

Remarks: It is convenient to denote the coeflicients of a polynomial of degree n

by agla sub-zero), a; (a sub - one) ete.

Identity

If the two polynomials Pz}, Q{z) for all 2 are equal. their equality is called the
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referred to as identity of the polyvnomials: sometimes this is indicated by writing
P(r) = Q(x). In this case the two polynomials P(x) and Q(2) are the same, The
sign = is called the identity sign, Generally, the eguality of the two algebraic
expressions is called the identity, if the domain of any variable of the two
expressions is the same and for the values included in the demain of the variables,
the values of the two expressions are equal. For example, z(r + 2) = 7* + 2r,
(r+ )% = 2 + 2ry + y* are identities.

Remainder and Factor Theorems

In this seetion we shall deal with polynomials of one variable only. First, we
consider the two examples.
Example 4. If P(x) = &% — b + 6 divide P(x) by (¢ — 4) and show that the
remainder is equal to P({4).

Solution: Let's divide P{x) by (o — 4) like the following and the remainder is
2.

r—4)r* — 5r + 6(x — 1

o —dp
—ir+6
x+ 4
2
Since P(4) = 4% — G{ ) + 6 = 2, remainder is equal to P(4).
Example 5. () = + br + ¢, divide P{zx) by # — m and show that the

remainder is ¢ q]lr'tll fo F[m}

Solution: Divide ) by & — m like the following and the remainder is am® +
bm + ¢.

x —m)ar + bx + elar® +ame +am® + b

rr..r'J = f.f.TH.'I"'

ama® + br + ¢
amr® — am’r
(am® + b)a + ¢
(am* + b)a — (am® + bim

am? + b+ e

(25

oy
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Again, P(m) = am® + bm + ¢. So when P(r) is divided by m remainder is equal

to P(m).
These two examples sugpest the following propositions.

Proposition 1 (Remainder Theorem),  If Plo) is a polynomial of positive
degree and a is any definite number, the remainder of the division of P(x) hy
x —a will be P(a).

Proof: If we divide P{x) by »—a the remainder is either () or a non-zero constant.
Suppose, the remainder is /£ and the quotient is Q(x), then by law of division, for
all .

Ple)=(z—a)Q(x)+ R

Putting z = a in (i) we get, P(a) = (- Q(a) + t = R. Therefore, the remainder
of Plx) upon division by r—a is Pla).

Example 6. Divide P(x) = 2" — 8¢* + 6 + 60 by o+ 2 and find the remainder.
Solution: Since, » +2 = — (—2) = (¢ — a) where n = -2,

Hence, remainder = £{—2) = (—2)* —8(-2)2 +6{—=2) + 60 = 8

it is proved by following Proposition 1,

Proposition 2. If P(r) is a polynomial of poesitive degree and a # (), the

! b
remainder of the division of P(r) by ar + b will he P (__I) :
[
Example 7. Divide P(x) = 362* — 8o+ 5 by (2o — 1) and find the remainder.
— e ulAN G FIRS g s
Solution: The remainderis £ [ - ) = 306 = —8 3 +5 =9-4+5=10

Example 8. If dividing P(«) = 523 +6r® —ax+06 by & — 2 results the remainder

6 then find the value of a.

Solution: Dividing P{x) by & — 2, we will get the remainder
P(2)=5(2"+6i(2) —a(2) +6=40+24—2a+ 6 =T0 — 2a

By the given condition, 70 — 2a = 6 or, 20 = 70 — 6 = 64 hence, a = 32

Example 9. Il Pz} = «® + 5r* + 6o + 8 yields the same remainder upon

division by & —a and & — b where a # b, show that, a® + 8 +ab+ba+5b+6 = ().

Solution: Dividing P(z) by r—a yields remainder, P(a) = o’ +5a"+6a+8,
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and dividing P(x) by x = b vields remainder, P{b) = b* + 56 + 6b + 8.
by the given condition, a® + Ha® + 6a +8 = b* + 5b* L 6h + 8
or, a* = +5(a* = )+ 6la—b) =10
o, (@ —b)la? + ¥ +ab+5a+5b+6) =0
et + 0+ ab+ bda+ b+ G =0, since a £ b
Proposition 3 (Factor Theorem).  If P(x) is a polynomial of positive degree

and if Pla) =10, so 2 — a is a factor of P(x).

Proof: The remainder of P(x) upon division by x—a is P(a) = 0 [given|. This
means, the polynomial P(r) is divisible by # —a. . ¥ — a 15 a factor of the
polynomial P{r).

Converse of Factor Theorem

Proposition 4. If & —a is a [actor of the polynomial P{x), show that P(a) = (.

Proof: Since ¢ — a is a factor of P(r). there exists a polynomial (Q(r) that
Pla) = (r —a)Q(x). Putting & = a we get, Pla) = (a — a)Q(a) = 0- Qla) = 0.

Example 10. Show that » — 1 will e a factor of P(x) = aa® + be? + e + d, if
and only ifa+b+ec+d = (0.

Solution: Suppose, a+b+c+d=10

then, P(1) = e+ b+ ¢+ d =0 [by conditions]

Therefore, » — 1 is a fuctor of P{x). [by factor theorem]

Now let’s assume 7 — 1 is a factor of P(r).

Sa, by the converse of factor theorem we get, Pll)=0ie.a+bt+ec+d=
(0

Remarks: In general, & — | will be a factor of a polynomial of positive degree if
and only if the sum of the coefficient of the polynomial is 0.

Example 11.  Suppose, P(ix) = ax® + ha? + e + d is a polynomial with integer
coetficients, a # 0, d # 0; suppose & — r is a factor of P{r) show that,

1} If v is an integer, v will be factor of the constant tern.

2025
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: B, . i 5 g ! .
2) If r = = is a rational number in its reduced form, p will be a factor of d,

and g will be a factor of a.

Solution:
1) From factor theorem, we get, P(r) = art + I +or +d = 0 or, (ar® +
br + ¢)r = —d Since (ar® + b +¢), r and d are integers, this implies, r isa

factor of d.
2} From the converse of factor theorem we get,

Piri=ar* +br2+er +d=10

g L2
or, P(E) =r?('||—j) +F:-(E) +r:(E) +d=1)
i q q i

ar, 4'1',1r]|“s + hpzq + opg’ + dqﬁ = [eiieis (1)
From (1) we get (ap® + bpg + eq?)p = —dg* -~ (2)
atil {-hj.l:"l + opeg 4 rﬂrjl'l}r‘; = —ripa R o |:'_],:|

Now, ap® + bpg +eq®, bp® +epg+dg®, p, g, d, a are integers.

From (2) we get that pis a [actor of dg*; from (3) we get that g is a [actor
of ap®. But p and ¢ have no common factor except +1. Therefore, p is a
factor of d, and ¢ is a factor of a.

Note: From the above example we see that to determine the factor of integer
coefficient of the polynomial P(z) by factor theorem first we can test P{r) and
then P (E) where r is the factor with (r = 1) the constant of polynomial and
s is the fefc:t-nr with(s = £1) leading coefficient of the polynomial.

Example 12, Resolve the polynomial Pla) =27 — 607 + 11l — 6 into factors,
Solution: All coefficients of the given polvnomial are integers and constant =
—0, leading coefficient= 1

Now il r is an integer and P(a) any factor of the form @ —r then, r will be the factor
of the constant terin —6. So possible values of r is either of £1, £2, £+3. 46.
Now for these values of r verify values of P(z).

Pl)=1=64+11=06=0. ;.2 =1, is a factor of P(x).

P(-1)=-1—-6-11-6G#40, ... a4 1, isnot a factor of P{x).

P2)=8-24422-6=0, . r—2, isa factor of P(z)
Forma-7, Higher Mathe, Class-9-10
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P(=2)=—8-24=-22-6+0, ...+ 2, is not a factor of P(r).
P3)=2T-54+33-06=0, ..« — 3, is a factor of P(x).

As degree of P(x) is 3 and we have found three factors of degree 1.so if P(x) has
another factor it will be a constant.

oo P(a) = k(x — 1)(x — 2)(x — 3) where k is a constant.

Equating the coeflicients of the highest power of & appearing on both sides. we
got, k=1

Therefore, Plx) = (2 — 1)(x — 2)(z — 3)

Note: To resolve into factor of the polynomial P(r) first we determine the factor
of type (x — r) and then divide directly P{x) by (& —r) or rearrange the terms
of P(x) in the form P(r) = (o — r)@Q(x). Where the degree of (J(r) is less than
degree of P(r) by 1. Then process by determining factors of ()

Example 13. Resolve into factors: 187* + 152% — 7 — 2

Solution: Let, P{x) = 182" + 152" — i — 2

Here, constant  terms of FPlz) is —2 and the set of its  [factors
=41 =4 2. =2

The set of factors of leading co-efficient of 18 is

Fa={1, =1, 2, —2.3; —3,6..—6, 9 =9, 18, —18}
Now consider Pa) where, n = % andre Fy, s F,
it a=1 then, P{1)= 18415 —Ll —2£0
ifa=—1then, P(-1)=—-18+4+16+1-2#10

Ifa= —é. then P (—é) = 18 (—é) + 15 (il) + % —2=1)
= él{?rr + 1) 1e., (224 1), is a factor of P(x).
Now, 182" +152° —x—2 =182+ 9zt + B+ 3w —dx —2

- 00% (20 + 1)+ 3220 + 1) — 2020 + 1) = (2¢ + D(92* + 30 — 2)
And 92+ 32 -2 = 9" +6r—32-2 = 32(3x+2) = 1(32+4+2) = (324+2)(3x—1)
SoP(r) = (20 4+ 1) (37 + 2)(3r — 1)

Example 14. Resolve —32% — 2oy + 8y* + 11z — 8y — 6 into factors.

| S

therefore, o+

2023



2025

Chapter 2. Algehraic Expression al

Solution: Comsidering only the terms of r and constant, we get =377 + 11z —

6

combining factors of above (1) and (2) factors of the given polynomial can be
found, but the constants +2, —3 or —2, 43 must he same in both equations just
like the coeficients of @ and y.

sofactors are (—3w + 4y + 200+ 2y —3) or (30 — 4y — 2)(—x — 2y + 3).

To verify the factors we can check the co-efficient of xy —3 -24+4-1 = -2 or
gl s =gl

Activity:
1) if P(x) = 22" — 62° + 55 — 2, then determine the remainder by dividing
FPax) by the following polyuoimials.
(1) x—1 (2) -2 (3) x+2
(4) x+3 (5) 22—1 (6) 2¢+1

2) Find the remainder by using the Remainder Theorem.
(1) Dividend : 44* — T + 10, Divisor: @ — 2
(2) Dividend: 52% — 112* — 3z + 4, Divisor: 2+ 1
{(3) Dividend: 23* — y* — y — 4, Divisor: y+ 3
(4) Dividend: 20* 4 2* — 18z + 10, Divisor: 2x + 1
3) Show that (x — 1) is a factor of 32® — 42* + 40 — 3.

4) if  + 3 is a factor of polynomial 20" + 2% + ar — 9, then find the value
of a.

5) Show that & — 3 is a factor of polynomial #* — 402 + 4r — 3.

6) If P(x) = 24° — 502 + Ta — 8 is a polynomial, find the remainder by
using the Remainder Theorem when P(r) is divided by @ — 2.

7) Show that, @ + 1 and x — 1 are two common factors of polynomial
494 — 5% 4 Ha — 4,
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8)  Resolve into [actors:
(1) #* 4+ 22 —5r —6 (2) o+ 42 +7—6
(3) @’ —a*=10a -8 (4) '+ 32 + 50 + Br 45
(5) —2o* 46y Ly By — 2y —8

Homogeneous, Symmetric and Cyclic Expressions

Homogeneous Polynomial: If cach term of a polvnomial has the same degree,
it is calledd homogeneous polynomial. The expression @ + 2oy + 5y Is a
homogeneous polynomial of the variable &, g with two degree (each term having
degree 2},

It is a special case of the homogeneous polynomial ar® + 2hay +by® of degree two in
two variables . y where, a, b, b are detinite nnmbers, Considering &, », a, h, b
the variables,ar® + 2hay + by is homogeneous polynomial of degree 3. 227y +
iz + 9%y — Sryz is a homogeneous polynomial of the variables o, 4, = each term
having degree 3.

(Symmetric Expression): Aun expression with more than ene variable, which
remains unchanged when any two of its variables are interchanged is called
symmetric expression.

The expression « + I+ ¢ is symmetric expression of the variables, a, b, ¢ becanse
the expression remains unchanged when any two of the variables are
interchanged.Similarly, ab + be 4+ ea of the varables a, b ¢ and
a2 oyt 4 2 4+ ay + yr 4+ zr are symmetric expression of the wvariables

e | R

But 22 +5ry+6y° is not a symmetric expression of the variables o and y Becanse
interchanging o and y it becomes 2y* + 5oy + Gx® which is different from former
CXpression.

(Cyclic Expression): An expression with three variables, which remain
unchanged when the first variable is replaced by the second, the second variable
is replaced by the third and the third variable is replaced by the first variable is
called (cyclically symmetric expression). If the replacing of the variables is
done eycle-wise like the adjacent figure, it i3 called cyclieally symmetrie
EXPression.

225
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\ /
N /

= 2nd*

2+ 9?4 22 4wy + 2+ ozr s a evelic expression of the variables T, 3, = because
replacing & by gy, y by = and = by & the expression remains the same Similarly
the expression oy + y°2 + z%x is a cyelic expression of variable x, y, z.

The expression 7@ — ¢ + 27 is not cyelic because replacing o by . ¥ by = and
= hy 7 the expression becomes 3* — z* + r* which is different from the former

expression.

Clearly, every symumetric expression in three variables is cyclic,. But not every
cyelic expression is symmetric. For example, the expression, x*(y — ) + y*(z —
x) + z*(x — y) is cyvelic, not symmetric. For interchanging o and g it becomes
g —2)+a*(z—y)+ 2%y — ), which is different from the former expression.

Observation: For the convenience of description. the expression of variable =, 3 is
indexed by F(x,y) and that of variable 2, y. = is indexed by F(r. y. 2)

€I [ - ; s
Activity: Show that, = + i + — is eyclie but not symmetric.
f x

Resolve into factors of cyclic polynomials

There is no hard and fast rule for factorizing polynomials, Often a factor can
he found by suitable rearranging the terms, Sometimes assuming the expression
as polynomial of the variable, we determine one or more than one factors by
the factor theorem and considering the cyclic and symmetric properties of the
expression, we determine the remaining factors.

In this regard, it mav be noted that, of the variable, a, b, ¢

1) If (¢ —b) be the factor of a eyelic polynomial then, (b —¢) and (¢ —a) will
he the factor of that polynomial.
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2) E({a+b+c)and
F(a* +b* + %) 4+ m{ab+be + ca) are the homogeneous and cyclic polynomial
of degree 1 and 2 where k and m are constant.

3 If the values of two polynomials are equal for all values of the variables, the
coeflicient of the corresponding tweo terms of the polynomial will be equal.

Example 15. Resolve into factors be(b — ¢) + ca(c — a) + abla — b)

Solution: Here two methods are shown,
First Method: be(b = ¢) 4 eale — a) + abla — h)
= be(b — ¢) + c*a — ca® + a’h — ab?
= he(b — ¢) + a®h — ca® — al® + c*a
f:(l’ h —e) + a®(b—¢) —alb* — *)
[t’;—c}+u2{h—t}—u b+ e)(b—e)
(Jv-r: {be + a® —a(b+ )}
= (b —c}{bc + a* — ab — ac}
= (bh—e}{be — ab — ac + a*}
- (b—e{ble —a) —ale — a)}
= {b—c)ic— a)(b— a)
—(a —bj{b —¢c}c—a)
Second method: Considering the given expression as a polvnomial P(a) in a, we
substitute & for a,

P(b) = belh =) +ebe = h} + hz[b =bh)=10

So (a — b) is a factor of given expression. Similarly (b — ¢) and (¢ — a) are
factors of given expression.

The product of these three factors is a eyvelic homogeneous polynomial of
degree 3, as is the given expression. So, any remaining factor must be a
constant.

vy belb—e) + eale —a) + abla = b) = kla = bB)(b—c)lc—a)----+ (1)
where £ is a constant. (1) is true for all values of a, b, ¢
Puttingpa=0, b= 1, ¢ =2 in (1},

1:9(=1) = K(-1)(-1)(2) o k=-1
cobelb— ) + cale — a) + abla — b) = —(a — B)(h —c){c— a)

Example 16. Resolve into factor a®(b — ) + b*(¢ — a) + ¢*(a — b).
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Solution: Considering given expression a polynomial Pla) in a, we substitute
bfor a, P(b) = B¥b—c)+ ' (c=b)+Abh—=b) = 0. So (a—1b)is a factor of
given expression, As it is a cyelic polynomial both(b—e)and (¢ — a)are also the [actors of
given expression. Again the given expression is a cyclic homogeneous polynomial
of degree 4 and (a — b){(h — ¢}{c — o) eyelic homogeneous polynomial of degree
3. So the remaining factor must he a eyelic homogeneous polynomial of degree 1
kla + b+ ¢), where k is a constant.

St b—e)+ P e—a)+eHa—b) = kla—b)(b—¢)c—a){a+b+e)----- (1)
For all values of a. b, ¢ (1) is true.
Soin (1) putting a =0, =1, ¢ = 2, we get
2+8(—1) = k(-1)(-1)(2)(3) ork=-1
In (1) putting k = —1. we get
a*lb =) + b e —a) +ctla=b) = —=(a = b)(b— c)(e— a)la +b+c)
Example 17. Factorize (b+ ¢){e+ alla + b) + abe

Solution: Considering the expression Fla) in o substituting —b — ¢ for a,
P{—b—c) = (bt+e)e=b—c)(—bh—c+b)+ (—b—clbe = be(b+c) — be(b+e) =0

so (@ + b+ ¢) is a factor of the expression. The given expression having a cyvelic
homeogeneous polynomial of degree 3 and one factor of degree 1 have heen found.
S0, the remaining factor will be evelic homogeneous polynomial of degree two. 1.6,
will be of the form k(a* 4 b +¢*) + m(be 4 ca 4 ab) where k and m are coustant,

o (breleta)a+b)+abe = (a+b+e{ k(o -+ +c ) +mlbetca+ab)} -+ (1)
(1} is true for all value of a,b. c.

Putting in (1) first a = 0,b = 0,c = 1 and then a = 1, 6 = 1, ¢ = 0, we get
respectively,

O0=Fkand %24+ m) k=0 m=1

Now, putting the value of k and m, we get(b+ el{c +a)la+b) +abe = (a + b+ ¢)
(b + ca + ab)

By using the similar method of solving Example 15, the expression described in
Example 16 and Example 17 can be factorized.
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An Important Algebraic Formula: For all values of a. b, ¢
a + b + % — Babe = (a + b+ ¢)(a® + B + 2 — ab — be — ca)
Proof: Two prools of the formula are given below,
First method (Direet applving algebraie method)
a* + b + ¢! — 3abe
= (a + by* — Jabla + b) + & = Jabe
= {a+b)* +c* —3abla+b+c)
(a+b+eM(e+8)2—(a+be+ A} —3abla+bh+¢)
= (a+b+e)(a® + 2ab+ b* — ae — be + ) — 3ahia+ b+ ¢)
= (a+b+c)(a® + b + ¢ — ab— bc— ca)

Second method (nsing properties of homogeneous evelic expressions)
Considering the expression a® + b + ¢ — 3abe a polynomial Pla) of variable
a and putting in it, a = —(b+ ¢) we get,

Pl{=(h+ellt ==+ + b0+ +3(b+cihe=(h+c)' = (b+rc)' =0
Therefore, a + b + ¢ 15 a factor of the expression under consideration, As
a' + b 4+ ¢ = Jabe is a homogeneous cyclic polynomial of degree 3.
the other factor will have the form k{e® + &% + ¢*) + m{ab + be + ca) where
koand m constant, Therefore, for all values of a, b and ¢

a* + B + ¢* = 3abe = (a + b+ e){k(a® + I* + ) + m(ab + be + ca))
Here first puttinga=1, =0, e=0and thena=1, b= 1, e =10 we get,
k=1land2=2(k x2+m)ie b=land 1 =24+m = m=-—1

LA+t —3abe=(a+b+e)(aP LB+ cF —ab—be—tca)
Corollary 1. o + 8 4 ¢* = 3abe = S(a + b+ e){(a — b)* + (b — ¢)* + (¢ — a)*}

Proof: o + b +¢* —ab—be — ca

=}

= 1(2a® + 207 + 2¢% — 2ab — 2be — 2ca)

{{a* — 2ab + ¥*) + (B* — 2be + &*) + (& — 2ca + a*®)}

fla= b2+ (b— P + (c—a)?)

Lat+ b et —3abe = Zla+b+c){ia—b +(b—e)? + (c—a)}

[ R

T |=

1
]
Corollary 2. ifa+b+¢c=1, then o' 4+ & + c* = Jabe

Corollary 3. ife*+b +e'=3abr, soa+b+e=0ora=b=c
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Example 18. Factorize (a — b)* + (b — ¢)* + (¢ — a)?,

Solution: Let A=a—b, B=b—¢, C=c—a

then, A4+ B+0C=a-=-b+b—c+e—a=10

Therefore, A* + B* + €% = 3ABC

e (@—b)*+ (b— ¢ + (¢ —a)® = 3(a— b)(b — c)(c —a)

Activity: Factorize:
1) (1) a(t?— )+ b2 — a?) + c(a® —12)
(2) a*(h—¢)+ b c—a)+Fla—b)
(3) a(b—e)* +ble—a)* +ola — b)
(4) be(b? — %) + ealc® — a®) + ab{a® — b*)
(5) al(b—¢)+b'(e—a)+ca—b)
(6) a(b— e + b e —a) + Fla—b)°
(7) 2'(® —2%) +yt (e — o)+ 202 — 1)
(8) a*(b—¢)+W(c—a)+ P {a—0b)
it —yz yr—zx F-—m
2 it ”,,-* Y i = ¥ 5
show that, (a +b+e)r +y +z2) =ar + by + ez
3) il (a+ b+ e)(ab+ be+ en) = abe, show that, (a+ b+ ) = a® + ¥ + &

Rational Fractions

Fractiom formed with a polynomial as denominator and a polynomial as numerator
T

. . . . xr i +a+ 1

iz called the rational fraction. For example, and

(o —a)le—10) (i —b)a—e)

is a rational fraction.
il I.l i

(a—b)la—c) + (b —e)(bh—a) i (¢ —alfe—"H)

Example 19. Simphfy;

i h _ £
{a—b)la—rx) L (b—ec)b—a) N (e—a)(c—b)
B i fi S
T fa-bc—a) (h-ca—-b) (c—a)b-rec)
Forma-8, Higher Mathe, Class-9-10

Solution:
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alb—c)+ble—a)+ecla—10)
- —(a —=b)(b—¢c)le—a)
0
T —{a=b)b—c)lc—a)
a*—(b—e)* b —(c—a) ' —(a—0b)?*
l[a+e)* =8  (a+b) -2 (b4+e)?—n?

=1

Example 20, Simplify:

(a+b=ela=bb+c¢c) a+b—¢
f_f.r-l-l"a—|—r:]{u—h+('}:f;+f:+c
la+b—c)b—a+c¢c) b+c—a
(a+b+c)atb t.']lzulr'alé
(e+a—blle—a+b) c+a—=b
(a+b+ellb+ec—a) a+b+e
n-l—‘b—rth.—_n—n{r-l—_m—.h
a+b+e a+b+e a+b+e
a+b—c+bte—n+e+a—-b a+b+e
a+b+c T a+b+e
(ar + 1)? (ay + 1)? (nz+ 1)*
(r—ylz=z) (r-pu-2) W-2)lz-7)
Solution: Given expression
(ax +1)* {ru,r +1)* (az + 1)
(* —yHz—7) ly—2)  (y—2)=z—m)
_l{tu:+1} [,t,r—z}+[ny+lj3{a—1] (az + 1)z —y)

(@ — )y — 2)(z — x)
Here numerator of (1)

Solution: st fraction =

ond fraction =

Ard fraction -

L glven expression

Example 21. 5Simplify:

(a*x® + 2ax+1)(y— 2) + (@*y* + 2ay + 1)z —2) + (a2 + 2az + 1) (x —y)
= a* {7 (y—2)+yf(z—w)+ 2 (a—y) )+ 2afa(y—2) +ylz—x) +2(r—y)}
FH{y — 2) + (2 — 2} + (& — y)}
But #*(y —z2) + 9z —a) + Pla —y) = —(r —y)y — 2)(z — x)
and, a(y —z)+ylz —z) +z(zr—y) =0and (y —2) +(z—a)+ (x—y) =0
- numerator of (1) —a®*(x — gy — 2)(z — )

—a*(r—y)ly—z)z—=x
S0 given expression = L wly I ) = —n?

(r —u)ly — 2)[z —a)
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2 A3 S’

- - ‘
rdg  peddgdt gttt g — 18

Example 22. Simplifv:

Solution: The sum of the given 3rd and 4th terms
47t s’ 4? 81’

+ ==
4 4+ad gt =28

= -+ '
i+ at ' (at +ad)(at — ad)
4z? - 22t 4z " at — z* + 224
b 4ot al —at ) 4 al e
4 . al 4+ o da?
#tat el -t @t — 2t
. the sum of a 2nd, 3rd and 4th terms
2 443 2 2u2
1+

Arar @it 2t =g
o ; a* —at 4+ 25 I e
T a4 at a? — gt pta?r e — gt gt -
-, the given expression = + I N 1 PR
o B R = 2 +a at—ux? @-ar  at-x? a-x
Activity: simplify:
R h+e " ¢+ a W i+ b
(fa—bla—c) (b—c)b—a) (c—a)lc—0)
- | [l'}:i - _i -
9) a " " & 1
(a=bla—c) (h—c)b—a) (c—a)ie—"H)
3) bela + ) G, m{if' +d) & ablc+d)
{fe—0{la—¢) (b—clb—a) (e—al{c—1H
a® +a* + 1 R | Attt
1) U + .
(a—=Wa—¢e) ([(b=e)b—a) (c—a)le—=D)
a*t + be 1 -+ ot +ab
5)

(a=b)la=r¢c) N (h=¢)(b—a) N (e —a)(e—b)

Partial Fractions
It a given fraction is expressed as a sum of two or more fractions, then each of
the latter fractions is said to be a partial fraction of the given fraction.

3r—8
S - can he written down:
g - el

2025
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3r—8  2r—-3+(r-2) 2 l

22 —5r+6  (r—3)(r—2) “r-2 23

Here the given fraction is expressed as the sum of the two fractions ie., the
fraction has been divided into two partial fractions.

If both N{x) and D{x) are the polynomials of the variable r and if the degree
of mumerator N () is less than the denominator D(z), then, the fraction is called
proper fraction. The degree of numerator N{u) is greater than or equal to that

of the denominator2(a) the fraction is called improper fraction. For example,

2 o B4 92 4
; +Jl is a proper fraction. Bul i and 2 o hoth are
(r+1)(x+2)(x—13) T+ 1 T+ 2

improper fractions. We mention that munerator divided by the denominator of

the improper fraction in general rule or the terms of the numerator rearranged in
i convenient way, the fraction as 4 polynomial (quotient) and as the sum of the

3 L
: i Cos a4 T+ 2 .
improper fraction can be expressed. For example, S (r*+x—2)+
r
6
r42

How to convert the proper rational fraction into the partial [raction in different
ways is shown below.

1) The denominator is, or can be expressed as a product of distinet linear
factors but no factor is repeated.

2) When the degree of the numerator is greater than or equal to that of the
denominator, then degree of numerator is lessen by dividing the numerator
by the denominator,

3) The denominator is, or can be expressed as a product of linear factors, some
of which are repeated.

4} The denominator is or can be expressed as a product of linear and quadratic
factor, none of which is repeated.

3) The denominator is. or can be expressed as a product of linear and guadratic
factors, some of which are repeated.

The denominator is, or can be expressed as a product of distinet linear
factors but no factor is repeated
hr =T

(¥ — 1)z —2)

Example 23. Resolve into partial fraction

225
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. Be—T7 A B
Solution: Let, G-D@—2) 11 e (1)
On both sides of (1) multiplying (x — 1}{x — 2},
Sy —T=Alr -2+ B(r—1)------ (2)

which is true for all values of .

Now, on both sides of (2) putting » =1 we get, 53—T=A(1 -2} + B(1-1)
or, —2=—A, ;, A=2

Again, on both sides of (2) putting » = 2 we get, 10-7 = A(2-2)+ B{2-1)
or,3=H, »» B=3

Now putting values of A and B in (1) we get,

ey = 2 + S thus the gi fraction i ted int
=== i Lhh] 2 ETVET ACT10N 15 CONVETrTed 1050
(z— 1){x —2) =1 -2 v

partial fractions.

Remarks: That the given fraction is converted into the partial fraction properly,
can be examined,

2 3  ar—-2)+3(x—-1) =T B
R = 1t 2~ G-De-3 —GE-DE-2 o=
++5 . , —
Example 24. Express =D =z =3 into partial fraction.
T+ 5 A B C

Solution: Let, - =
oo e - Da -3 a-1 a-2 z-3

on hath sides of (1) multiplying (z — 1)(x — 2)(x = 3),
t+S=Ala—-2)(r—3)+Blr—-1)(z=-3)+Clz—1)(x—2) - (2}
(2} 18 true for all values of &
On both sides of (2) putting @ = 1,

1+65=A(—-1}(-2) = 6=24 = A=3
Again, on both sides of (2) putting z = 2 we get,

24+565=B{1)-1) = T=-8B; ». B=-T
And on both sides of (2) putting r = 3 we get,

3+5=0C(2)(1) or, 8=2C or, C' = 4.

Now, the values of A, B and (', putting in (1), we get,



62 Higher Mathematics Classes IX-X

r+ 5 3 s I 4
(g=1{z—-2)(z—-3) =z-1 =x-2 =x-3
When the degree of the numerator is greater than or equal to that of the
denominator, then degree of numerator is lessen by dividing the numerator

by the denominator.

Example 25. Express E‘ : into partial fraction.

Solution: Here dividing numerator by denominator, we get 1.
(£ — 1)(x —5) A b

Let, [LL'—EH-I—”Et+££f—2+1i'—'l ...... (1)
Multiplying (r — 2){x — 4) on hoth sides of (1)
{z—=1){z—5)=(r—2)(r—4)+A(x—4) + Blz— 2) =+~ (2)

O both sides of (2) putting .« = 2, 4 respectively
3
(2—1)(2—5)=A(2—4) or, A= 5

3 ; -3

And (4—-1){4—-3)=B{4—-2) or, B= -

Now putting values of A and B in (1} we get,

#—1)(x—5 3 3
Ei_ziij _i; = 1+ e 3 e —4) which is the desired partial
fraction.
2;;.,'5

Example 26. Express into partial fraction.

[ — 1){e — 2)(a —3)
Solution: Dividing numerator by denominator, we get 2
2 A B [ .
T =4k e 1 1
(r— D)[x—2)x—3) r—1 .':‘—2+:r—3 W)
On both sides of (1) multiplying (@ — 1)(r — 2)(2 — 3) we get,
2t =2(r=Dr ==+ Alr =27 =3) + Blz = 1}{(x = 3)

FO[r = 1){5 =) wwsw (2)

Let,

On both sides of (2) putting x = 1, 2, 3 we get,

2=A(-1){-2)or, A=1; 16 = B(1)(—1) or, B = —16

54
and 51 = C(2)(1) or, €' = = =27

(i) §

(25
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Now putting the values of A, B, ' in (1) we get,
.l ) l i 27 L ) )
T p— 24 g R | P which is desired partial

fraction.

The denominator is. or can be expressed as a product of linear factors,
some of which are repeated.

-.i

-1z -2)

Example 27. Express as partial fraction.

T _ 4 N B " C
(—12z—2) -1 (-1 zx-2
on hoth sides of (1) multiplying (# — 1)*(x — 2), we get

= A(e—=1)(x—2)+ B(xr —2)+C(z— 1)Feeeees (1)

Solution: Let

on both sides of (2) putting o = 1. 2 respectively, we get
1=B(1-2)or,B=-1land 2=C(2-1}*or,2=0C = C=2

Again, Equating the coefficients of 22 on both sides of (2), we get
0=A+Cor, A=—-C=-2

Now putting the values of A, B and C in (1), we get

- S + - + . which is the desired partial
= hich is the desired partia
(r —1)2(r —2) r—1 (r=1#  x-2

fraction.

The denominator is or can be expressed as a product of linear and

quadratic factor, none of which is repeated.:
nr

(x—1)(z* +4)
- e B PO
(@ —1He2+4) ~ -1 a*+4

On both sides multiplying by ( — 1)(a? +4), we get

Example 28. Express as partial fraction.

Solution: Let,

(1)

i =A@+ 4) + (Ba+C) e —1) -0 (2)
in (2) putting a2 = 1, we get
1= A(5) == A==
]

Equating coefficients of 2* and r,
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A+B=0(3)and € = B=1:-+(4)

1 1
in (3) putting A = £ e get, B=—

5

. . 1 4
in (4) putling B = — we get, € = -

i o
Now putting the values of A, B and € in (1), we get

1 ro 4

T _ 5 5§ 1 B r—4d

fr—1)(x2+4)  x—1  22+4  5Slx—1) 5(x?+4)

which is the desired partial fraction,

The denominator is. or can be expressed as a product of linear and
quadratic factors, some of which are repeated.

| .
Example 29. Express m as partial fraction,
. 1 A Bi+C Dr+E
Solution: Let, R E + o + TR (1)

Multiplying both sides of (1) by w(x® + 1)7, we get
1= A{z* + )¢+ (Bzr + C)z* + 1)x + (Dz + E)z
= Al + 20 + )+ (Br+ CYa? +2) + Da” + Ex
or, | = A+ 24 + A+ B+ B+ O+ Cao+ Dt + B oo - (2)

on hoth sides of (2) equating the co-efficients of 21, 2%, r% » and the constant
wi get,

A+B=0.C=0,2A4+8B+D=0,C+FE=10 A=1

in C'+ E = putting ¢ =), we get £ =10

in A+ B =0 putting A =1, we get B=—1

in2A4+ B+ D=0putting A=1and B=—-1,weget D=-—1
cA=1 B=-1,C=0,D=—1lamdl E=10

in (1) putting values of A, B, C. D and E we git
1 1 @ s

.'!'{.'!.'Iz + 1}2 o 4] (a4 ]}2
[raection.

which is the desired partial
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1)

Activity: Express in partial fraction:
;IE"‘! e 1 2) £ 3) _JJH,,
at + ? — G gt + 72— 9 zt + 322+ 2
" @ 5) 1 4 2r
i o) —_—
) (o — 1)3r—2) 1—a3 ) (& 4+ 1)(x* 4 1)

Exercise 2

b

wn

6.

Which one of the following expression is symmetric?
1) a+b+¢ 2) xy—yz+zx 3) 12—y +2* 4 2a° —5be—¢*
it P(x;3,2) =a" +y* + 2* — 3ayz then
(#) Pla,y,z) eyelic
(¢i) Pla,y. z) syimmetric
(#d) P(1,-2,1) =10
which one of the following is correct?
LY %4 2) i, wid 3} i, i d) i, i, i
If one of the factor of 2* + pr? — & — 7 polynomial is x + 7 then answer the

following 3 and 4.

What is the value of p?

) =7 2) 7 3) %‘1 4) 477

What is the produet of the other factors of the polynomial?
1) (a—1)(x—1) 2) (e+1)(x—2) 3) (a—1)(x+3) 4) (z+1)(x—1)
If a factor of polynomial #* — 52 + Ta? —a is & — 2 then, show that, a = 4

Suppose, Plx) = ar® + b’ + ca? + ex? + b + a where a, b, ¢ are constant and
a # (. Show that, if  — r is a [actor of P(a), then another [actor of P(x)
will be (re—1)

Resalve into factors:
1) 2!+ Tat + 172 + 172 + 6
2) 4da'+ 120" + Ta® — 30 — 2
3) 2+ 20+ 1

Forma-9, Higher Mathe, Class-9-10
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) w(y? +2%) + (2 + 2?) + 2(r + ) + 3ryz

B) a4+ 1%y — 2) + (g + 1%z — &) + {2 + 1)*(x — )
) BB =) +2a?(? — a?) + a?bP{a® - 1)

TV 150* 4+ 2y — 24° — 0 + 24y — 6

:54} 1522 — 2497 — 62% + Jey — oz + 24yz

5 f i : 1 i 1 that, be 4 ea +ab =0 [}
3 I — i —_ sows T i (N it = ar, a4 = =i
f C3 ﬂ-EN." 1 !

9. 1f r=b+¢—a, y=c+a—b and z = a+ b— ¢ show that,
VP Gy = e B = dabe)
10, Simplify:

a h2 o2
b (@ — b){a—c) ¥ {h—eclh—a) L (e—a)lc—1b)
2) (a+b—ab (b+e))—be (c+n):—ca
b—aa—0)  e-a)b-n)  @-HE-b
) a b ¢
3) (r—=h){n—e)(r—an) * (b=e)(bh—a)(z—h) " (e—a)e=b)(r—rc)
1 2 4 8 16
1) 5 +

(1+4.r) + (1+2%)  (1+2Y) (1425 w (18 —1)

11. Express as partial fraction:

ox+ 4 , r4 2
b x4+ 2) 2 ¥t —Tr+12
T2 -6 s oy
3) O 4 g 4:rl 7
Lr—lj(r+3) {x+ L) +4)
2

5) Ty
(2¢ + 1)(x+3)*
12, The polynomial of x, ¥, z, Flx,yp.2) = 2 + 4 + 2% — 3ayz
1} Show that, Flx,y,2) 1s a cyclie expression.

2) Factorize F(x,y,z) and if Fa.y,2) =0, (¢ +y+ 2) # 0 show that,
a4+ yg foxt = Ty 4+ yr+zx

3) e =h+c—a), y=(c+n—>=0)and 2 = (a + b — ¢} show that.
Fla,bye) : Flz,y,2) =1:4

13, Plabhe)=(a+b+e)lab+be+ea) and @ =a + 67 +¢7* — a1

1} Express with proper reason whether Pla, b, ¢) evelic or symmetric.

2023
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2) ifQ=0provethat, a=b=corab+bec+ca=1
| | 1 1
Tl
| A

3) if Pla,b. ) = abe show that, m =25

14, Plia)=1823 4+ be*— 2 —2and Q) =404 4+ 1203 4+ T2 —Ju — 2
Qlx)

1} Determine the degree of the goutient
) g 1 Plz)

2) il Jr 4 2 is a factor of Px), ind the value of b,
2 _

Rr
3 Express as partial fraction.
Qix)

Ta® — 3z + dxt — a + 120% and

Two polynomials of variable r are P(r) =
Q) =67+ 1* —09r 4+ 26

1) Expressing Pla) ideally determine leading co-eflicient,

15.

2) A factor of P(z) is (r + 2) then find the value of a.
3) Show that there is a ecommon factor of Plax) and QQ(x).

2025



Chapter 3

Geometry

In the Geometry section of the Mathematics book of class 8 and class 9-10, the
theorem of Pythagoras and its converse have been discussed in detail, In learning
mathematics, the subjects related to this play a very important role. So, in the light
of the theorem of Pythagoras, more diseussion is necessary in Secondary Higher
Mathematics. For this discussion, one needs to have a clear conception of
orthogonal projection. With this objective in mind, the theorem of Pythagoras is
discussed in briefly the first part of this stage, while at the second stage the
conception of orthogonal projection and the corollary of the Pythagoras theorem
will be discussed. Tn the conchuding part of the discussion, some problems will be
inchuded for logical discnssion and proof on the basis of theorem of Pythagoras

and its extended conception .

At the end of this chapter, the students will he able to

B cxplain the conception of orthogonal projection:
prove and apply the theorems on the basis of the theorem of Pythagoras:

>
> prove and apply the theorems of the cireumeentre, centroid and orthocenter;
» prove and apply the theorems of Brahmaguptas

>

prove and apply the theorems of Ptolemy,

Review of the Theorem of Pythagoras

About 600 vears before the hirth of the Christ, the renowned Greek scholar
Pythagoras (570-495 BC) described an extremely important theorem about
right angled triangles. This theorem was named after him and so known as the
theorem of Pyvthagoras. But it was known even around 1000 years before
Pythagoras,  Egyptian surveyors had possessed the knowledge about the
theorem, The theorem of Pythagoras can be proved in many ways. Two of its

225
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proofs have been taught in lower secondary level. So we will skip its proof.
Herein it will contain only its explanation and some hrief discussion,

Theorem 1 (Theorem of Pythagoras). In a right angled triangle the area of
the sgquare drawn on the hypotenuse is equal to the sum of the areas of the two
squares drawn on the other two sides.

B
o a : :,
; ats
C” r Y b B B"
. ¢ |
L i) i
[ 8 [ i
8 e |
ci b 1A Al
E li [
" b .

In the figure above ABC is a right angled triangle. ZBAC is a right angle and
BC is hypotenuse, If any square is drawn on the hypotenuse BC, its area is equal
to the sum of the areas of the squares drawn on the sides adjacent to the right
angle which are AB and AC'.

Here BC® = the area of the square BB'C"C = a*, AB® = the area of the square
AA'B"B = ¢*, and C'A? = the area of the square C'C'AYA = K.

Therefore, BC? = AB%+ AC? or a® = b* + 2.

For example, if the lengths of the two sides adjacent to the right angle of a right
angled triangle are b = 8 amn, and ¢ = 6 em, it can be said as per the theorem of
Pythagoras that the length of the hypotenuse will be a = 10 em.

Similarly, it is possible to know the length of the third side by the lengths of any
two sides.

Theorem 2 (Converse of the Theorem of Pythagoras).  If the area of the square
on one side of a triangle is equal to the sum of areas of the squares drawn on the
other two sides, the angle ineluded by the latter two sides is a right angle,
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B
)
L'L
|
i f A

In the figure shown above, three sides of the AABC are AB, BC and AC. The
area of the square drawn on the side BC is equal to the sum of the area of the
seuares drawn on sides AR and AC. Therefore, BC* = AB*+AC” or. a® = P42
So, £BAC is a right angle, For example, we can say that if the lengths AB, B¢
and CA of AABC are 6 em., 10 em. and 8 em. respectively, ZBAC must he a
right angle.

Since, AB? = 67 square em, = 36 square cm.,

BC* = W square em. = 100 square em.,

AC? = 82 square em. = 64 square cn.,
, BO?* =100 =36 + 64 = AB* + AC*?
S EBAC = 90° = right angle.
Orthogonal Projection of a Point: We call the orthogonal projection of any
point on any delinite straight line when it signilies the foot of the perpendicular
drawn from that point on the definite straight line. Suppose, XY is a definite
straight line and P is any point (Hgure below). We draw the perpendicular PP’
from the point P on the straight line XY and P is the foot of this perpendicular.

So, the point P is the orthogonal of P on the line XY, The orthogonal projection
of any point on any definite straight line is a point.

P ==
A= C
X P A B Y

Orthogonal Projection of a Line; Let, the end points of the line segment
AR are A and B (hgure above), Now the perpendiculars AA" and BB are drawn

(25
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Chapter 3. Geomelry 71

from the points A and B respectively on the line XY. The end points of the
perpendiculars AA" and BB" are A" and B’ respectively. This line segment A'B’
is the orthogonal projection of the line segment A58 on XY, Therefore, it is seen
that the orthogonal projection is determined by drawing a perpendicular, So, it
i said that the line segment A'B’ is the orthogonal projection of the line segment
AB on XY. In the figure above, if the line segment AB is parallel to XV,
then AB = A'B’'. From this conception, we can say that the perpendicular of
the orthogonal projection on any line is a point. In that case, the length of the
orthogonal projection is zero.

Note:

1. The foot of the perpendienlar drawn from any point on any line is the
orthogonal projection of that point.

2. The perpendicular of the orthogonal projection on any line is a point, whose
length is zevo,

3. Any definite line parallel to the line segment of the orthogonal projection
will be equal to that line segment.

Some Important Theorems

We shall now present the logical proof of some important theorems on the basis
ol the theorem of Pvthagoras and by the conception of the orthogonal
projection.

Theorem 3. The area of the square drawn on the opposite side of the obtuse
angle of an obtuse angled triangle is equal to the total sum of the two squares
drawn on the other two sides and product of twice the area of the rectangle
included by either of the two other sides and the orthogonal projection of the
other side.

Special Nomination: Suppose, in the triangle ABC, ZBC A is an obtuse angle,
AR is the opposite side of the obtuse angle and the sides adjacent to obtuse angle
are BC and AC respectively,

C'D is the orthogonal projection of the side AC on the extended side BC (Hgure
helow), Tt is to be proved that, AB* = A(™ + BC* +2. BC - C'D
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|
/’/
.
A
s Fid |
B & 0

Proof: As C'D is the orthogonal projection of the side AC on the extended side
BC, AABD is a right angled triangle and ZADB is a right angle.

So, according to the theorem of Pythagoras

AB* = AD* 4+ BD*
= AD? + (BC + CD)* [ BD = BC +CD]
= AD* + BC* +O0D*4+2-BC-CD

CARP=ADR £ CDP+ BCt 42 -BO - CD - .- (1)
Agnin & is a right angled triangle and £ADC is right angle.
F AR =AD*+CD* . (2)

From the equation (2), putting the value AD? + C'D* = AC* in equation (1), we

gl'_‘tq
AB*= AC? + BC?+2.BC-CD  [Proved|

Theorem 4.  In any triangle, the area of the square drawn on the opposite side
of an acute angle is equal to the squares drawn on the other two sides diminished
by twice the area of the rectangle included by anv one of the other sides and the
orthogonal projection of the other side on that side.

Special Nomination: In the triangle AABC, ZACE is an acute angle and the
opposite side of the acute angle is AB. The other two sides are AC' and B(.
Suppose, AD is a perpendicular on the side BOC (left sided figure helow) and
the extended side of BC (right sided fgure below). So, C'D is the orthogonal
projection of the side AC' on the side BC in the case of hoth triangles. It is to be
proved that AB* = AC®* + BC? - 2. BC' - CD.

[It is to be noted that here the perpendicular is drawn from A to BC'. DBut
similarly, the theoremn can be proved by drawing a perpendicular from the point
B to AC']

2025
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¢ D B B D

Proof: AADE is a right angled triangle and £ADB isthe right angle.
According to the theorem of Pythagoras, AB* = AD* + BID¢

In the lett sided figure above BD = BC — CD.
S BD*=(BC -CDy=BC*+CD*-2.BC.CD
In the right sided figure above BO = C'D — B,
S BDF=(CD—-BCF=CD*+ BC*-2-CDBC
Therefore, in bath figures, BD? = BC* +CD* -2.BC - CD--.+.. (2)
Now from equation (1) and (2}, we ged
AB* = AD* + BC*+CD* —-2: BC-CD
Or, AB* = ADP +CD?* + BC* - 2. BC . CD .+ (3)
Again, AADC is a right angled triangle and ZADC is the right angle.
. According to the theorem of Pythagoras AC? = AD?24CD?-..- .. (4)
from equation (3) and (4) we get,
AB*=AC*+BC*-2-BC-CD [Proved]
Remark:

1. In the case of the right angled triangle, the sides adjacent to the right angle
are mutually perpendiculars, so each of their orthogonal projection is zero,
If ZACDE is a right angle then the orthogonal projection of AC on BC is
CD =10 8o BC.CD =10, therelore AB* = AC®+ BC*

ey

Theorem 3 and Theorem 4. are based on Theoremn 1. That is why Theorem 3
and Theorem 4 are called extensions of Theorem 1. therefore they can be ealled
extensions of the theorem of Pythagoras.

Forma- 10, Higher Mathe, Class-9-10
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The decisions made on the basis of the explanation above: in the case of
AABC,

1) If ZACB is an obtuse angle, AB? > AC? + BC*? [Theorem 3]

2) If ZACB is a right angle, AB? = AC? + BC? [Theorem 1]

3) 1 ZACRB is an acute angle, AB* < AC? + BC® [Theorem 4]

The following theorem is known as the theorem of Apollonius as this theorem was
stated by Apollonins(240- 190 AD). It is established on the basis of the extensions
of the theorem of Pythagoras(Theorem 3 and Theorem 4).

Theorem 5 (Theorem of Apollonius).  The sum of the areas of the squares
drawn on any two sides of a triangle is equal to twice the sum of area of the
squares drawn on the median of the third side and on either half of that side.

Special Nomination: AD. Median of triangle AABC, hisects the side BC. It
is to be proved that, AB* + AC* = 2(AD*® + BD?).

// \\
/ L

A
B n £ C B

A

—

/

/|
/ ]
b

E

Proof: We draw a perpendicular AE on the side BC (left sided figure above) and
on the extended side of BC' (right sided figure above). In both figures £ADB is
the obtuse angle of AABL and DF is the orthogonal projection of the line AD
on the extended 51D

As per the extension of the theorem of Pythagoras in the case of the obtuse angle
[Theorem 3] we get,

AB*= AD? + BD*+2.BD DE--+ (1)
Here, £ZADC is an acute angle of AACD and DC (left sided figure above) and

DE is the orthogonal projection of the line AD on extended DC (right sided
fignure above).

As per the extension of the theorem of Pythagoras in the case of the acute angle
[Theorem 4] we get,

223
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AP =AD* +CD*=2.CD.DE -+ (2)
Now adding the equations (1) and (2) we get,
AB* 4+ AC* =2AD* + BD* 4+ CD*+2.-BD DE-2.0D-DE
=24D*+2BD* [:BD=(D]
o AB*+ AC? = 2{AD? + BD?) [Proved]
Determination of the relation between the side of the triangle and the
median by the theorem of Apollonius.

Let. length of the sides of BC, CA and AB of the AABC are a, b and ¢
respectively, AD, BE and CF are the medians drawn on sides BC, CA and AB
and their lengths are d, € and [ respectively.

Then from Apolloninss Theorem we get,

AB* 4+ AC? = 2{AD?* + BD?)

2
Or, ¢ + b =2 (;F - (ém) ) |- BD %;IJ

. . . L.,

Or, B +c?=24*+2. En.‘*

e

2

2(0P -+ &) — a®
1

Or, b +¢* = 24° +

Or, d2 =

2(c* +a*) — b . et + 84—
{ '} ?Lﬂ."l fj = t-' :I
1 1
Therefore we can say that if the lengths of the sides of any triangle are known,
the length of the medians can alzo be known.

Similarly we can get, ¢ =
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20 +e*) —a” = 2(c* +a®) — I* 3 2a® + ) —*
4 4 al
3, 4
So,d®+e+ f2 = i + 8+ )
3t R ) = AP+ et 1+ )

Sa, we can say that in a triangle, thrice the sum of the area of the squares drawn
on the three sides is equal to four times the sum of the areas of the squares drawn

Again, # +¢2+ f2 =

on the three medians.

If it is a right angled triangle i.e. ZACHE is a right angle and AB is hypotenuse,
then

ot =a* + b

Or, a® + 0 +¢8 = 2¢°

Or, %fﬂﬂ +e?+ f2) =2e2
Or, 2(d* + ¢* + f*) = 3¢

Therefore, we can say that twice the sum of the area of the squares drawn on the
medians of a right angled triangle is equal to thrice the area of the square drawn
on the hypotenuse,

Exercises 3.1

. In AABC, ZB = 60°. Prove that, AC* = AB* 4+ BC* - AB. BC
2. In AABC, /B = 120°. Prove that, AC? = AB? + BC*+ AB- BC

In HABC, 20 = 90° and midpoint of BC is 1. Prove that,
AB*= AD® 4+ 3B[*

4. In AABC, AD is the perpendicular on the side BC, while BE i1s the
perpendicular on the side AC. Prove that, BC - CD = AC - CE

[

5. In AABC, the side BC is trisected at the point P and (). Prove that,
AB? + AC? = AP+ AQ" + 4P()?

Hints: BF = PQ = QC; AP is a median of AABQ
AB* + AQ? = 2(BFP? + AP?) = 2P@Q* + 2AFP*
AQ is a median of AAPC.  AP* + AC* = 2PQ* + 2AQ" ]
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6. In AABC, AB = AC, P is a point on BC', Prove that,
AB?* — AP* = BP - P(C [Hints: Draw a perpendicular AD on BC. Then,
AB* = BD? 4+ AD? and AP? = PD? 4 AD?]

If the three medians of AABC meet at (7, prove that,
AB? + BC* + AC? = 3(GA* + GB* + GC7)

[Hints: See the corollaries taken in the light of the theorem of Apollonins

=4

i.e. the relation hetween the sides and the medians of the triangle needs to
be used.|

Theorems about Circles and Triangles

In this section some important theorems abiout cireles and triangles will he
presented logically. It is mandatory for the students to know the similarity
of two triangles before proving the theorems. Similarity of triangles is
discussed thoroughly in Secondary Geometry. Tor the convenience of the
students, we will brielly recapitulate the similarity of triangles,
Equiangularity: Two polygons having the same number of sides with successive
equal angles arve said to be equiangular polygons.
Similarity: Two polvegons having the same number of sides are said to he similar
if one ean establish a one-one corresponidence among their vertices such that

1} The corresponding angles are equal and

2) The corresponding sides are proportional.

In this case the two polygons are called similar polygons.

e 2 [ I i 5 L & M
/ !
i r T r T ./ ..'fl T
_ | [ i
A 2r D E x H K x N

If vou take a look at the figure above, vou will see that,

1) The rectangular ABC D and square EFGH are equiangular but not similar,
All of their corresponding angles are right angle, but their ecorresponding
sides are not proportional.
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2) The square EFGH and rhombus KLAMN are not similar. since their
corresponding sides are proportional because of any suceessive matching of
their vertex but their corresponding angles are not equal.

However, it is not the same in the the case of two triangles. If one condition of the
mentioned two recarding the matehing of the angles of the vertices of two triangles
is true, the other one will be true as well and the two triangles will become similar.
It should be mentioned in this regard that,

1) If two triangles are equiangular. each pair of egual angles are called
corresponding angles and the sides opposite to the corresponding angles
are called corresponding sides.

2) If the three sides of a triangle are proportional to the sides of another
triangle. each pair of proportional sides are called corresponding sides,
and the angles opposite the corresponding sides are called corresponding
angles.

3) In both cases the triangles are described by matching a one-one
correspondence among their vertices of the angles.  For example, the
corresponding  angles are £A and ZD, £Z8B and £FE, ZC and ZF; the
corresponding sides are AR and DE, AC and DF, BC and FF, in case of
AABC and ADEF.

Some theorems about the similarvity of the two triangle are briefly deseribed
helow.

Theorem 6. [If two triangles are equiangular, their corresponding sides are
proportional.

A C D F

In the figure above, AABC and ADEF equiangular triangles,
AB A BC

Therefore. sinee £4 = 2D, 2B = £F and ZC = ZF then DE—DF —EF

2023
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That is. the eorresponding sides will bhe proportional.

Corollary 1. if two triangles are equiangular, they will be similar,

Remarks: If the two angles of one triangle are equal to the two angles of the
other, the two triangles are equiangular, hence similar, This is becanse. the sumn
of the three angles of any triangle is two right angles.

Theorem 7. If the sides of the two trnangles are proportional, the opposite
angles of the corresponding sides are mutually equal.

B

In the figure above, KABC and ADEF are such that their correaponding sides are

AiGnal s AB AC BC

Ml L. — —. '

proportional 1.¢., as "= DBF _ EF
LA=/LD. LB=/F and Z0 = £LF.

the angles are mutually equal, Therefore,

Theorem 6 is called the converse proposition of the theorem Theorem 7,

Theorem 8. [f one angle of one triangle is equal to an angle of another triangle
and the side adjoining the equal angles are proportional, the two triangles will he

similar,

In the figure below, AABC and ADEF are such that £ 4 = 2D and the sides AB,
AB  AC

DE  DF’

AC and DE, DF adjoining the equal angles are proportional i.e., as
AABC and ADEF are similar,
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Theorem 9.  The ratio of the areas of the two similar triangles is equal to the
ratio of the areas of the squares drawn on their two corresponding sides.

In the figure below AABC and ADEF are similar triangles. BC and EF are

the corresponding sides of the two triangles, In this eondition, the ratio of the

fwo triangles is equal to the ratio of the squares drawn on the two sides BC and
: MNABC  BC* : -

F'F. Therefore, = Similarly if AR and DFE and AC and DF are

ADEF — EFY
the corresponding sides of two triangles LABE = AB? = AC?
e ITrespiiding siles y iriangles, ADEF ——= DE? = D2

B

The Circumcenter, Centroid and Orthocenter of a Triangle

Here it should be mentioned that, the distance between the orthocenter and a
vertex of a triangle is twice the perpendicular distance from the circumcenter to
the opposite side of that vertex,

Circumcenter of a Triangle: The circumeenter of a triangle is the point
of intersection of two perpendicular bisectors of that triangle, Noted that, the
perpendieular hiseetor of the third side of the triangle would pass through the
circumeenter too.

Centroid of a Triangle: The centroid of a triangle is the point of intersection
of three medians of that triangle. The centroid of a triangle divides each median

2023
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into the ratio 2:1,

Orthocenter of a Triangle: The orthocenter of a triangle is the point of
intersection of the perpendiculars drawn from each vertex to their respective
opposite side.

Theorem 10. The circwmeenter, the centroid and the orthocenter of any
triangle are collinear.

Special Nomination: Suppose, (0 is the orthocenter, 5 is the cirenmeenter and
AF is a median of the triangle AABC, The line between orthocenter O and the
circumeenter S intersect the median AP at point G, If we join S and P, the line
SP s a perpendicular on BC. So, it is enough to prove that the point (¢ is the
centroid of AABC

Proof: (OA is the distance hetween the vertex A from the orthocentre O and SP is
the distance between the opposite side BC of the vertex A from the circumeentre

Sof AABC. ", OA=25P.----(1)

Now since AD and SP both are perpendiculars on BC so AD || §P. Now
AD || 5P and AP is their intersecting line, So £ PAD = ZAPS, as they are hoth
alternate angles. Therefore, ZOAG = £5PG.

Now in between AAGO and APGS,
ZAGO = ZPGS [Vertical opposite angle]
ZOAG = Z8PC [Alternate angles]

. remaining £ AOG = remaining £ PSG
Forma-11, Higher Mathe, Class-9-10
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o AAGO and APGS equiangular,

A (1A Ad 25F
So. op=5p therfore, CP = 5P [from the equation (1)]
AG 2 :
Therefore, ap 1 Or, A :GP=2:1

So, the point (¢ divides the median AP into the ratio 2 : 1.
oG s the centroid of AABC. [Proved]
Note:

1} Nine Point Cirele: The total nine points including the middle points of
three sides, feet ol the three perpendiculars drawn from each vertex to the
opposite side and the middle points of the three line segments joining the
orthocenter to the vertices of any triangle lie on one cirele. This eircle is
called the nine point circle.

The center of the nine point circle is the middle point of the line segment
joining the orthocenter and the cirenmeentre.

[ B

3] The radins of the nine point cirele is half of the cirenmradius of the triangle.
Theorem 11 (The Theorem of Brahmagupta),  If any cyelic quadrilateral has

perpendicular diagonals, then the perpendicular to a side from the point of
intersection of the diagonals always bisects the opposite side.

Special Nomination: ABCD is a quadrilateral inseribed in a cirele with
perpendicular diagonals AC and BID intersecting at point M. ME is a
perpendicular on the side BC from the point M and extended EM intersects
the opposite side AD at point F. It is to be proved that AF = FD.

— B o

= rdk
e ;‘s\\
ey T

A\
y ¥ |

!
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Proof: Because they are inscribed angles that intercept the same are C'D of the

cirele, ZOBD = ACAD

So, LZUBM = dMAF
Again, Z/CBM = ZCME [Both complementary to the ZB0M E|

So, ZMAF = LFMA

Therefore, in AAFM, AF = FM
Similarly it can he shown that, Y/FDM = /ABCM = A BME = /DMF

So,in ADFM, FD=FM

So, AF = FD  [Proved|
Theorem 12 (Ptolemy’s Theorem). In any evelic quadrilateral the area of the
rectangle contained by the two diagonals is equal to the sum of the area of the
two rectangles contained by the two pairs of opposite sides,

A

T A
T %
/ "|

/ |

I / F Iy

Special Nomination: Suppose ABCD is a cyelic quadrilateral whose two pairs
of opposite sides are AB, CD and BC, AD. AC' and B are its diagonals. It is
to be proved that, AC . BD = AB.CD+ BC -« AD.

Proof: (Without loss of generality) we can assume that ZBAC is smaller than
LDAC. Then we draw ZDAP at point A with line segment AL, making it equal
to ZBAC so that AP intersects the diagonal BD at point P.

According to the construction, ZBAC = ZADAP,
Adding ZC AP in both sides, we get

LBAC + LCAP = LDAP + LO AP Therefore, ZBAP = LCAD
Now between SAABP and AACD
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LBAP = ZCAD and £ABD = ZACD [angles on the same segment of the
cirele|
and remaining £ APEB = remaining S ADC,
SASABP and AACD equiangular,

. BP _AB
D - AC
So, AC-BP=AB-CD ++ (1)

Again, between AABC and AAPD
£BAC = £PAD |by construction)
LADP = ZACB [angles on the same segment of the circle]
and remaining LABC = remaining ZAPD

S OAABC and AAPD equiangular.

AD_ D
“AC  BC
Theretore, AC - PD = BC' - AD ------ (2)

Now adding equations (1) and (2), we get
AC-BP+ AC-PD=AB-CD+ BC +AD
Or, AC(BP + PD)=AB-CD+ BC - AD
But BP+PD=EBD
So AC-BD =AB . CD+ BC - AD [Proved|

Example 1. In APQR, ZPQR = 90° and midpoints of the three sides P().
(R and PR are [, E and F respectively.

1) Draw the igure according to the given information and identifv the centroid.
2) Prove that, PR* = PE* + QFE® + 2RE"
3) If QF L PR prove that, QF? = PF - RF

Solution:
1) In the following figure, as the midpoints of P, QK and PR are D, E and
F respectively, the medians are PE, QF and DR who interseet at point (7.
. Point (7 is the centroid.

2625
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L e

—

@ E i

2} ZPQR =9%° and midpoint of QR in APQR is E. P and E is joined. It is
tor be proved that, PR® = PE® + QE* + 2RE",

IJ

0 3 "R

Proof: In APQE. ZPQE = 9F and PE hypotenuse
+ PEV= PP 4 QE*- s (1)
Again, in APOR, ZPOR = 90° and PR hypotenuse
- PR*= PQ* + QR*
Or, PR* = PQ* + (QFE + RE)*
Or, PR? = PQ? + QFE* + RE? + 2QF - RE
Or, PR? = PQ? + QF? + QE? + 2RE - RE |- QF = RE|
Or, PR* = PE? + QF? + 2RFE* |using (1}]
o PR* = PE? + QF? + 2RE*? [Proved|

3) In APQR, £ZPQR = 90° und QF L PR. It is to be proved that, QF® =
PF . RF,
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@

F F R

Proof: APQR =9
LELPQF 4+ LZFQR=90°-. .. (1)
Again, as QF L PR, ZPFQ = £QFR = 90°
In APQF, LPFQ+ ZPQF + AQPF = 180°
Or, 90° + ZPQF + LQPF = 180°
5 LPOF +EQPF = J)° - (2)
From (1) and (2) we get,
LPQIF + LFQR = LPQF + £QPF
r AR QR =L0PF
In APQF and AQF R,
LPFQ = ZOQFR, LOQPF = LFQR
retnaining £ PQF = remaining £ FRQ

SCAPQF and AQF R are similar
PQ _QF PF

"R FR F(Q

Hence, Q—F i

RF ~ QF
Or, QF? = PF - RF [Proved]

Exercise 3.2

L. In the left sided figure below, which is the orthogonal projection of the line
segment AB on XY

(25
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1) ARB 2) BC 3) AC 4y XY
A A

/- 1

X B C Y B D (&

2. Inthe right sided figure above, which point is the orthocentre of the triangle?

1) D 2) E 3 F 1) O

3. Length of each of the three medians of an equilateral triangle is 3 cm. What
is the length of each side?
1y 4.5 cm. 2) 346 cm. 3) 4.24 em. 4)  2.59 cm,

In the figure above, D, E, F are midpoints of BC', AC and AB respectively.
In the light of this, answer the questions 4-6:

4. What is the name of the point (7
1) Orthocenter 3) Centroid

2) Incenter 4} Cireumeenter
5. What is the name of the circle drawn using the three vertices of AABCY
1) Circumeirele 3) Execircle

2} Incircle 4) Nine Point Circle
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Which statement of the followings is consistent with the Theorem of Apollonius
applied to the AABC?

1) AB?+ AC* = BC* 2) AB®+ AC? =2(AD® + BD?)
3) AB*+ AC? = 2(AGP+ GD?)  4) AB* 4+ AC? = 2(BD? + CD?)

From any point P lyving on the circumcircle of the triangle AABC,
perpendiculars PD and PE are drawn on BC and CA respectively. 11 the
line segment E0 intersects AB at the point O, then prove that, PO is
perpendicular to AB, 1.e; PO L AB

ZC of AABC 15 a right angle. If ¢'D is the perpendicular drawn from the
vertex € on the hvpotenuse, prove that, CD* = AD - BD

AD, BE and 'F are the perpendiculars drawn from the vertex of AABC to
the opposite sides and they intersect at the point (. Prove that, AO-0OD =
BO - OFE =00 - OF

[Hints; ABOF and ACQE are similar. -, BO : CO = OF : OF]

A semicirele is drawn on the diameter AB. Two of its chords AC and 512
intersect at point P. Prove that, AB* = AC - AP+ BD - BP

The radius of the circumeirele of an equilateral triangle is 3 em. Find the
length of the side of that triangle.

In the isosceles triangle ABC, AD is the perpendicular from vertex A to the
hase BC'. Tf the circumradius of the triangle is K prove that, AB* = 2R-AD

The bisector of the angle £A of the triangle ABC intersects BC' at point [
and intersects circumcirele ABC at point £, Show that, AD®* = AB - AC —
BD.-DC

[n the triangle ABC, BE and CF are perpendiculars on the sides AC and
AB respectively, Show that,
MNABC : AAEF = AB* : AE®
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15, In APQR, medians PM, QN and RS intersect al the point 0.

1) What is the name of the point 7 In what ratio does point (0 divide
PM?
2) Establish the relation PQ? + PR? = 2(PM? 4+ QM?) from APQR.

3) Show that, the sum of squares of the three sides of APQR is three
times the sum of square of distance of the three vertices from point O,

16. In the figure below, S and O are cirenmeentre and orthocentre of the of
the triangle AABC respectively, AP is a median, BC' = a, AC = b and

AB =c¢,

' 0%7%' \

g
B ‘*\ P D / !

",

¥ oy
-

1} Establish a relation between QA and SF.

2) Show that, S, G, O are collinear.
3) If £C is an acute angle, establish the equation a- CD = - CFE

Forma-12, Higher Mathe, Class-9-10
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Geometric Constructions

The figure drawn by using compass and ruler according to definite conditions is
geometric construction. Geometric figures drawn for proving the theorems need
not be accurate, Bul in geometric construction, figure necds to be accurate,

After completing the chapter, the students will be able to
» construct the triangles on the basis of given data and information and justify
construction;

» construct the eireles on the basis of given data and information and justify
constrizetion.

Some constructions Involving Triangles

Construction 1. The base. an angle adjoining the base and height to the triangle
are given. Draw the triangle.

-

e B on the base B Cut BM =

AT
i h e fi from BP,

Suppose, the base a, the height kb and

an angle r adjoining the base are given. P
The triangle needs to be drawn.,

M
Drawing: T
Step 1. Cut the part BC' = a from any }F;J_B\I a

ray BD, B Li, D
a
b c D
Step 3. Draw through the point M, the

Step 2. Draw at B the perpendicular line MN || BC.

20123
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:“:' i J.xlr Jl l:l J!mllr
I A

. i T -
B c D B ¢ D

Step 5. Join A and €. Then ABC is

the desired triangle,

Step 4. Again construet £ZCBE equal
to the given Zr at the point B.
The line segment BE intersects
MN at A,

Proof: As MN || BC (As per the construction). .. The height of AABC is
BM = h, Again BC = a and ZABC = L. . AABC is the desired triangle.

Analysis: The base and an angle adjoining the base are given. So we need to
cut ol a portion from a rav egual to the base and atl an end-point we draw an
angle equal to the given angle. Then we draw the perpendicular at that end point
of the base and eut off a portion equal to the height. The point where the other
arm of thiz angle intersects the line parallel to the base as the given height, is the
third vertex of the desired triangle.

Construction 2.  The base, the vertical angle and the sum of the lengths of
the other two sides of a triangle are given, The triangle needs to be constructed.

/ Drawing:

4 i
W L Step 1. Cut the segment 353 = s from

any ray DE.
Let a be the base, s be the sun ,
af the other two sides and = be the L s B E
vertical angle, The triangle needs to be
constructed. Step 2. At D of the line DB, draw
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SBOE — l_ﬂ.‘ Step 4. At the point C. draw ZBDF
2

Step 3. Taking B as centre, draw a
segment of cirele of radius a; let
it intersect DF at €' and €', Join
B, C and B, C",

equal to ZDCA and at ¢V, draw
ZBDF equal to ZDC'A', Let CA
and A" intersect BD at A and
A" respectively,  Then both the
trisngles ABC and A'BC" are the
required triangle.

1 .
Proof: Since FACD = ZADC = ZA'C'D = —q—;{r (hy construction)

1 1

2 EBAC = ZADC - ZACDE = iisr + ii.‘r: = A

SAEBAC = FADC + LACD = é.ﬁ;{' + %ZJ-‘ =¥

and AC' = AD, A'C"' = A'D

So, in the triangle ABC,

ZBAC =24, BC=aand CA+ AB=DA+ AB=DB =35

S AABC is the required triangle.

Again, in the triangle A'BC",

LBAC = /o, BC"=0and A"+ AB=DA'+ AB=DB=3

2L OAA BCY is the other required triangle,

2625
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Construction 3. The base. the vertical angle and the difference of the
lengths of the other two sides of the triangle are given. The triangle needs to be

Let a he the base. Given that d is the difference of the other two sides and 7 is

construeted,

tha vertical angle. The triangle needs to be constructed.

Drawing: C'. Join B and (.
Step 1. Cut the segment BFP = d from P M
f
any ray BD. ){
g i
B dp D /
a .
Step 2. At P, draw ZDPM, equal to ﬁ
the halt of the supplementary B d p D

ngle of L. ; ,
Lalg Step 4. Again, at the point (7, draw

LDPC = ZPCA so that the

M
/ i e :, line segment C'A intersect B at
X 2 A, Then ABC is the required
?‘[’\ triangle.
\'I. i J'\»‘f

B dp D
S

.

.

L d 2 AD

atep 3. Taking B as centre, all are with 4
the radius a of the circele; let the /“"f
arc equal to the radius intersect
the straight line PAM at the point

Pan

Prooft LAPC = LACP

sulP = AC

;AB—AC=AB - AP =4

Again ZAPC = ZACE is half of the supplementary angle of 2.

cZAPC + ZACP = Supplementary of Za = external ZC0AD = supplementary
angle of Z00AB
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L ZA=SCAR =7
2 ABC is the required triangle.,

Construction 4.  The height, the median on the base and an angle adjoining
to the base of the triangle are given. The triangle needs to be constructed.

il h T / :

Let h he the height, d he the median on the base and £ be an angle adjoining
to the base of the triangle. The triangle neads to he constructed.

Drawing:

Step 1. Draw BE and draw ZEBFP equal to Zr at 3.

Step 2. At the point £, draw B¢} perpendicular on the hine BE,
Step 3. From BQ, cut BM equal to the height fi.

Step 4. At the point M, draw the line MN || BE which intersects BP at the
point A.

Step 5. Taking A as centre, draw an arc with the radins equal to the median d;
let the are intersect BE at the point D,

Step 6. From BE, cut the segment DC' = BD. Join A and (.

Then AABC is the required triangle.

Proof: 5D = DC -, 1} is the middle point of BC.

Join A 1. . A = d = the median drawn on the hase. i.e., the hase BC.

MN and BE are parallel line, Therefore the height of the AABC s BM =
h. g

(25
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Again, ZABC = Zr = adjacent to the given length of the median.
S ABC s the required triangle.

Remark: We can get two triangle in many cases depending on 22, Besides, the
triangle can not be drawn if the length of the median is lees then height.

Example 1.  Given that the length of the base of a triangle is 5 cm., angle
adjoining the base is 607 and the sum of the lengths of the two other sides is 7
cm. Construct the triangle,

Solution: It is given that the base BC = § em., the sum of the lengths of the
two other sides AB + AC =7 cm. and ZABC = 60°. Construct HABC,

Step 1. From any ray BX, cut off BC' =5 em.

Step 2. Draw ZX BY = G0°.

Step 3. From the ray BY, cut BD =7 cm.

sStep 4. Join 7, D.

Step 5. Draw the perpendicular bisector of C'D, let it intersect BD at the point
A

Step 6, Join A", Then ABC is the required triangle.

I 5 cm. C X
Note: Since AL is the perpendicular hisector of C'D, AD = AC,
Then BD) = BA+ AD = BA+ AC =7 cm.

Example 2. The length of the base of a triangle is 7.5 cm., an angle adjoining
the base is 45° and the difference of the lengths of the other two sides is 2.5em.
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Construct the triangle,

Solution: Given that the base BC' = 7.5 cm., difference of the other two sides
AB—AC or AC—AB = 2.5 cm. and the angle adjoining the base 45°. Construet
the triangle, Here we will see the steps in the Construction of A8 — AC' = 2.5
em.| Draw the triangle taking AC — AB = 2.5 ¢m ||

Step 1. From any ray 58X cut BC = 7.5 em.
step 2. Draw ZY BO = 457,

Step 3. From the ray BY, cut BD = 2.5 em.,
Step 4. Join €, D).

Step 5. Draw the perpendicular bisector RS of CD; let it intersect BY at the

point A.
Step 6. Join A and €', Then ABC's the required triangle.

Activity:
1} The perimeter and the two angles adjoining the base of a triangle are
given, Draw the triangle.
2) The base BC =46 em., LB = 45° and AB+CA =82 em. of a
triangle are given. Draw the triangle.
3) In a right angled triangle, the length of the sides are 3 em. and 4
cm. respectively are piven. Determining the hypotemise, draw the

triangle.

2025
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4} The base BC' = 4.5 em., £5 = 45° and AB — AC = 2.5 cm. of a
triamgle AABC are given. Draw the triangle AABC,

3) The perimeter of HABC is 12em., £8 = 60° and ZC = 45° are given.
Draw the triangle AABC.

Some Constructions Involving Circles

Construction 5.  Draw such a circle which passes through two definite points
and whose centre lies on a definite straight line,

D

A and B are the two fixed points, PQ is a fixed straight line. Construct such

a circle which passes through the points A and £ and whose centre lies on the

straight line PO).

Drawing:

Step 1. Join A, B.

Step 2. Construct the perpendicular bisector €2 of line segment AB.

Step 3. The line segment €D intersects the line PQ at the point O.

Step 4. Taking (7 as centre draw the circle of radins OA or OB, ABNM is the
desired cirele.

Proof: The line segment C'Dis perpendicular bisector of AB. Therefore, any
point on C'12 is of equal distance from A and B, By construction, the point O lies
on C'D and PQ. Agnin, since OA and OB are equal so the circle drawn at the

Forma-13, Higher Mathe Class-9-10
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centre {J with the radius OA or (OB will pass through the points A and B and
the centre (0 will lie on the line segment PQ. -, the circle drawn with O as centre
and OA or OF is the required circle.

Construction 6. With the radius equal to a definite line segment, construct a
circle which passes through two definite points.

A and B are the definite points and r is the length of the definite line segments,
Construct such a circle which passes through A and B and whose radius is equal

foy v,

.-'"f'_'-'_ __\-HH-
V' “\\
( ..Hl
N
) 1 r
f 1
ol M

/
.
Drawing:

Step 1. Join A and 5.

Step 2. Draw two segments of the two cireles of radius by centering A and B and
taking + as radius on both sides of the line AB. The two pairs of segments
of the two circles intersect at P and ¢} on the two sides of the line AB
respectively.

Step 3. Taking P as centre and FPA as radius. draw the circle ABC,
Step 4. Again taking (@ as centre and QA as radius, draw the circle ABD.
Step 5. Then each of ABC and ABD is the required circle.

Proof: PA= PB =r. ', The drawn circle ABC' with centre P and radius PA
or PB that passes through the points A and B and its radius is PA =r.

2023

Again QA = QB =r. . The drawn circle ABD with centre () and radius QA or
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()P passes through the points A and B and its radins is QA = r.
. Each of the two cireles ABC and ABD is the required cirele.

Coonstruction 7.  Construet a eirele which touches a definite point of a definite
cirele and passes through a definite point outside the cirele

e Iz
N ]
VoA
f' P O ]
b

Let a circle be given with centre &, P be a definite point on that cirele and @ be
a definite point outside that cirele. Draw a circle which touches the circle at P
and passes through the point ().

Drawing:

Step 1. Join &, Q.

Step 2. Draw the perpendicular bisector AB of PQ).

Step 3. Join C', P.

Step 4. Extended line segment C'F intersects AL at the point O,

Step 5. Taking O as centre, draw the circle with radius equal to OF. The resulting
circle PO is the required cirele,

Proof: Join O, Q. The line segment AL or the line segment OfF is the
perpendicular hisector of PQ, . OF = 0Q.
S0 the circle of radius OF and centre O will pass through €.

Again the point P lies on the given cirele and on the eonstructed cirele and also
the line joining the centres of the two circles. ie. the two circles intersect at the
point . So the two circles touch each other at P.

Therefore, the c¢irele drawn with O as the centre and OF as the radins 15 the
required cirele,
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Construction 8. Construct a circle which touches a definite point on a definite
straight line and passes through a point.

Suppose A is a definite point on the straight line A8 and P be a point not lving
on the line AB. To draw a circle which touches the line AB at A passes through
the point P.

Drawing:

Step 1. Draw the perpendicular AC at the point A on the line AB.
Step 2. Join P, A and construct its perpendicular bisector QK.
Step 3. The lines QR and AC intersect at O.

Step 4. Taking () as centre draw the circle APS with radius OA. Then APS is
the required circle.

Proof: Join O, P. The point O lies on QR that is perpendicular bisector of
AP.

5L 0A=0P.

. The cirele with centre @ and radius OA passes through the points P.

Again, A passing through A is a perpendienlar to the line AB.

< S0 the cirele touches line AB at the point A.

.. Taking © as the centre and OA as the radius, the drawn circle is the required circle.

Analysis: Since the cirele is reqguired to tonch a definite line at a delinite point,
so. that line has to be tangent to the circle at that definite point and this tangent
has to be the diameter of the circle, Since the definite point on the line and the
definite external point both are required to lie on the circle, the perpendicular

2625
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hisector of the line segment joining the two points will pass through the centre.
S0 the centre is the point of intersection of this bisector with the perpendicular
erected at the point given on the definite line.

Example 3. Given. a point at a distance of 5 cm. from the centre of a circle of
radius 2 em. Determine the distance of the two tangents.

Solution: Draw a circle with the centre at O and 2 em. Fix a point P at a distance of
5 em, from O. We need to construct the two tangents to the cirele for determining
their lengths

.
j’iﬁ

I
-

e

PI M|

e

Step 1. Bisect the line OF, Let M be the bisector point.

Step 2. Draw the cirele with centre at M and the rading OM that intersects the cirele
with the centre () at the points Q@ and R,

Step 3. Joiu P, @ and P, R, Then PQ and PR are the two required tangents.
Now measuring PQ and PR we tind PQ = PR = 4.6 em.

Activity:
1) Drawing the incivele of a triangle whose sides have lengths 5 em., 12
cme and 13 cm., measure the length of its radius.

2) Drawing the circumcircle of a triangle whose sides have lengths 6.5

co., 7T em. and 7.5 em., measure the length of its radius.

Exercises 4

1. If £Zx = 607, what is the measurement of the half of the supplementary angle
of L7
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=

10.

11,
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1) a0 2) 607 3) 120° 4] 1807

35 em., 4.5 e oand 5.5 em. are the radins of the three circles that touches
each other externally, then what is the perimeter of the triangle formed by
the the three centres of the cireles?

1) 54 2) 105 3) 27 1) 13
Answer the questions 3 and 4 in according to the following figure-
]

What is the value of £ADC 7

1) 30° 2] 45° 31 60° 4) TR
What is the ratio of the area AADC and AAEC?T
1 2:1 2) 1:1 3) 1:2 4) 12

Two angles and the difference of the lengths of their opposite sides of any
triangle are given, draw the triangle.

The base, the difference of the angles adjoining the base and the suin of the
other two sides are given, draw the triangle.

The base, the vertical angle and the sum of the other two angles are given.
Draw the triangle,
The base, the vertical angle and the difference of the other two angles are

given. Draw the friangle.

The length of the hypotenuse and the sum of the other two sides of a right
angle triangle are given. Draw the triangle.

A base adjacent angle, height and the sum of the other two sides of a triangle
are given. Draw the triangle.

(i) Given the length of the hypotenuse and the difference of the lengths
of the other two sides are given, Draw the triangle,

2025
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12,

13

14,

18.

(i1) Three medians of a triangle are given. Draw the triangle.

Draw a circle which touches a definite straight line at a definite point and
another circle.

Draw a circle which touches a definite straight line al a definite point and
another rirele at any point.

Draw a circle which touches a given straight line at some point and also
touches a given cirele at a certain point on it.

Draw three circle of such different radins that they touch each other

externally,

P is any point on a chord AB of a circle with the centre (). Draw a chord

C'D through P such that CP* = AP - PB.

In an isosceles triangle, the base has the length 5 em. and the equal sides have
the length 6 cm,

1) Draw the triangle.
2} Draw the circumeircle of the triangle and measure its radins.

3) Draw a circle which touches a point P of the circle whose radins is
equal to the cirenmradiug of the previous triangle and which passes
through the point () outside that civele.

The radius of a circle is 3 em. with the centre () and T is a point at a
distance of 5 em. from .

1) Construct the figure in accordance with the above information.

2)  Draw two tangents of the eircle from T.(Construction and deseription
is minst)

3) Determine the sum of the length ol the two tangents by using
pythagorus theorem.



Chapter 5

Equation

Equations are used to describe varions mathematical problems.  For example,
someone buys some shirts at the price of Tk, 200 each and some pants at Tl
400 each, which costs him a total of Tk. 1500. We can describe this information
by the equation 200s +400p = 1500 or, 25 +4p = 15, where 5 = number of shirts
and p = number of pants.

25+ 4p = 15 is an equation, where s and p are unknown variables. Variables s
and p have specific domains and eguations are used to find the values of unknown
variables from their eorresponding domains.

At the end of this chapter, the students will be able to

» solve quadratic equations {az® + br + ¢ = 0);
identify the equations involving square roots;
solve the eguations involving sguare roots:
explain indicial equations:

solve indicial equations:

solve system of linear and quadratic equations of two variables;

yyyvyvyy

express practical problems in linear and quadratic equations of two variables
and solve them:

Y

solve system of indicial equations of two variables;

solve quadratic equations (ar® + b + ¢ = () graphically,

Y

Quadratic equations of one variable and their
solutions

We know, values of variables for which both sides of an equation are equal, are
called roots of that equation and these values satisty the equation.

o
=
~
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Linear and quadratic equations of one variable and linear equations of two
variables have heen discussed in details in the Secondary Algebra Book, A quadratic
equation of one variable eg, ax® + be + ¢ = 0 can be solved easily after
factorizing the left hand side of the equation if the roots are rational. But all
expressions cannot be factorized easily, That is why the following procedure is
used to solve the quadratic equations of any form.

Now we solve the 2nd guadratic equation.

ar*4+br+e=10

or, a“r* + abe + ac = 0 [Multiplying both sides by a|

L ( } 5 JIJ+ h)ﬂ f1)2+ S
LI H ﬂ--rf } 2 2 ac =
or, (ru' =+ =

) b
. e — lur-
or, [ ax + E T
b bi — dac
or, L+ 5 = v 5 %
b b —4dac
or, g = —— 4 ——————
2 2
—b+ VB — dac
or, r= T coeenn (1)

Therefore, the two values of 1 are:

—b+ i — dac ; =b — b — dac .
M= T [2} and Ty = T {j:]

In equation (1) above, #* — dae is called the Diseriminant of the quadratic

equation, because it determines the state and nature of the roots of the
equation.

Variations and nature of the roots of a quadratic equation depending
on the conditions of the discriminant

Let a, b, e are rational number. Then,

1) I W —4dae > 0 and is a perfect square, then the two roots of the equation
are real, uneqgual and rational.
Forma-14, Higher Mathe Class-9-10
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S
~

It b = dac > () but is not a pertect square, then the two roots of the equation
are real, unequal and irrational.

3) I — dae = 0 henee the roots of the equation are real and equal. In this
I
Cisgl, I' — ——
' 2a

4) If ¥ — 4ac < 0 then the roots of the equation are not real. In this case, the

two roots are alwavs conjugate complex or imaginary to each other.

Example 1. Solve 7% — 5 + 6 = (.

Solution: Comparing the given equation with ar® + br + ¢ = 0, we get a = 1,

b = =5 and ¢ = 6, So the solutions of the equation are:

(=B (-5P—4-1-6 _ 5+v25-21 5+l 5+l

e 2] B 2 22
541 5-1

or, = T T

That is 1, =3, £2.=2
Example 2.  Solve o —Gr +9 = 0.
Solution: A comparison with ax® +be +c=0givesa =1, b= —6 and ¢ = 9,
Henee we obtain,
—(—6) £ /(—6)*—4-1-9 6+36-36 60
2-1 B 2 -2
Thatise; =3 xa= 13

Example 3. Solve 2 — 20 — 2 =1

Solution: After comparing this equation with the standard quadratic equation
art+hr+e=0wecanwriten= 1, h=—-2and e = —2.

Therefore, the two roots are:
. 2+ /(-2 -4-1.(=2) 2+/T+8 2+12

B 2.1 a 2 2

+ 24/, 2(1 :
2 3_201£v3) L /3

2 2

ie rp =1+ V'3, ry =1 = ﬁ
It is noticed here that though +% — 20 — 2 cannot be factorized with rational
numbers, yet it has heen possible to solve the equation by this method.

or, @ =

e,
]
=
-
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Example 4. Solve 3 — 4r — 12

Solution: Comparing the equation with the standard quadratic equation ar? +
br+e=0wepget n=—1, h=—4, e=13

.. the two roots are:

(£ HT—3-(-1)-3 416112 4+
3+(=7) =]

_9
4427

= or,

9 .

Le 1 =-2- VT 24T,

Activity: Use the formulae (2) and (3) mentioned above to find the values of
o j and xs from axr? + br 4+ ¢ = (), when

IV &=0D _ﬂ =1 3 h=c=0
4 g=1 5 a=Lb=c=2p

r—=—(24 g"_r}

Exercise 5.1

Use formula to solve the following equations:

L 20+ 9 +9=10 93— dp—929% =0 3 dp—1—a?=0
4. 2% —bx—1=10 5. Ba*+Te+1=0 6. 2—32" +9x =10
7. #*—8x+16=0 8 22+Tz-1=0 9. Ta—-2-32°=0

Equations involving radicals

In an eguation, the quantities with a variable involving a square root sign are freed
from the square root sign by squaring and a new equation is obtained. All the
roots of the equation thus obtained do not satisfy the given equation. These are
extraneous roots, Therefore, the roots of the equation involving the radical sign
are to be tested to know whether they satistfy the given equation or not. After
test, those who satisfy the given equation are the roots of the equation, Some
examples are given helow:

Example 5. Solve: v8r+9—2r+15=/2r—6

Solution: 8z + 0 — 2r + 15 = 2r — 6
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ar, \.-r"ET + 15 + \;"EJ' -6 = x,,f"f;".r +19

or, Zr 4+ 15 4 2o — 6+ 2420 + 1520 — 6= 8 + 9 [squaring]

or, Vv2r + 15v2r—6=2r

or, (2r + 15)(2x — 6) = 42* [again squaring]
or, da* + 18 — 90 = 42*

or, 18z = 90

Sx=5

Verification: For & = 5, left hand side = 49 — /25 = 7— 5 = 2 and right hand
side = /4 =2

.. Required solution » = 5.

: i r+ 16 25
Activity: Taking p = \/ _: 1 solve _; 7 + 4/ & = é and then
x \ & T

verify the result.

Example 6. Solve: /20 +8 —2yr+5+2=10

Solution: /2x +8 = 2y/a +5— 2

or, 20 4+ 8 = 4(x + 5) + 4 — 8y/r + 5 [squaring]
or, 8yr+5=4x+20+4—2r—8

ory, 84/r +5 = 22 + 16 = 2(x + 8)

or, IhWr +5=u+8

or, 16{x +3) = % + 16 + 64 [squaring]

or, 16x + 80 = 2% + 162 + 64

or, 16 = *

=416 = 44

Verification: For @ = 4 left hand side = V16 — 200 +2 =4 -2 x3+2=0=
right hand side

For # = —4. left hand side = =8+ 8 —2y/—4+5+2=0-2x1+2=0=
right hand side

. Required solution @ = 4, —4

2625
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Example 7. Solve: v2r +9—yr—d=+r+1

Solution: 27+ 9 —+/r—4=+r+1

or, 20+ 9 +x —4 — 2420 + 9yr — 1 = o+ 1 [squaring
or, 2 +4 = 22 + 0/r =4 = ()

or, V2r+ 9y —4d =2 +2

or, (2r +9)(r — 4) = #? + da + 4 [squaring]

or, 21 + 7 —36 =1 +4r+4

or, 22 =30 —40 =0

or, (#—8}{x+5)=0

Sk =8ora=-5

Verification: For » =K. lett hand side = § — 2 = 3 and right hand side = 3
Jor = 8 is a root of the given equation.

a = —bh is not acceptable. Becanse putting o = —5, each term becomes the square
root of a negative number which is not defined,

. Required solution r =8

Remark: & = —5 is not aceeptable even when we determine the roots in complex

number.

Example 8,  Solve: \/(J — 1)(x—2) + \/{1: —3)(w—4) = 2

Solution: /{x — 1){x — 2) + /(x —3){x —4) = V2

or, Vit —3r +2 — 2 = =it = Tr + 12

or, 2 — 32+ 2— 2v2v2? — 3r + 2+ 2 = 2% — Tr + 12 [squaring]
or, 2% —fx + 4 =2 — 4

or, 2r* — 6r + 4= (2r — 4)* = 42* — 167 + 16 [squaring]

or, r* —8dx+6=0

or, (r—2){r—3) =10

srx=20ruw=3,

Veritication: For o = 2, left hand side = +/2 = right hand side
For # = 3., left hand side = 2 = right hand side
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. Required solution # = 2, 3.

Example 9, Solve: v —6r + 1o — Va2 —6r + 13 = /10 — /R

Solution: a2 — Gu + 15 — Va? — G + 13 = /10 — /8
Now, writing ¢ — 6x + 13 = y, we get the equation as
VIT2— i =V~ V3

or, v+ 2+ V8 - VI + V10

or, y + 2 + 8+ 2/8y + 16 = y + 10 + 2/10y [squaring]
or, /By 4+ 16 = /10y

or, 8y + 16 = 10y [squaring]

or, 2y = 16 or, y =8

or, % — G 4 13 = 8 [putting the value of y

or, #* — 6 +5=00r (a—1){x—=5)=10

2= lord;

Verification: For + = 1, left hand side = +/10 — /8 = right hand side
For ¢ = 5, left hand side = /10 — /8 = right hand side

', Required solution # = 1,5

Example 10, Solve: (1 + ;rj-li +(l—2)3 = 21

Solution: (14 x)i + (1 —az)t = 24

o l+r+1l—r+3-(1+2)51—2){{1+2)7+ (L —2)3} =2 [cubing]
or, 243 (1+)5(1 — )3 -25 =2

or,3-28 . (l+m)i-(1—-a)l =0

or, (14 2)8(1 —2)i =0

or, (1 4+a)(1 —ux) =0 [again cubing]

2 =1 and x = —1 both the roots satisfy the equation.

. Required solution ¢ = +1

2025
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Exercise 5.2

Solve:

1. Ve—442=ya+12 2. V1le—6=vdr+5— -1
3. V2r+ 743 r —18=Tr+1 4, vr+d4+vr+11=+/87r+9
5 ller—B=+4r+5+r—1 6. vri—8+yviri—14=6

T. Vet —bBr+4+9—ve2—6be+6=1 B8 u,/,i —3—r=9=1

=

T r—1

f i =1 r—] 5+ 2
By / + 5 13 !
Vo177V 2r Vars2 " \/

Indicial Equation

. [ [ i i ] 'l [
The equation in which the unknown variable exists as an index/ exponent is called

q=+2 gx+l _ 9% _ 8 — (Jete. are

an Indicial or Exponential equation. 2* = 8§, 16" =
indicial equations, where 7 is an unknown variabhle. To solve indicial equations,

the following property of indices is often used:

If a = a1, then a* = o™ if and only if # = m. That iz why both sides of an
equation are expressed in powers of the same number,

Activity:
1} Express 4096 in powers of % 2,4, 8,16, 2v/2 and V4.

2) Express 729 in powers of 3, 9, 27, 16 and +/9.

fid : N
3) Express 750 in powers of g and ﬁ

Example 11. Solve; 2917 = 4r#2

Solution: 27+7 = 4#+2
or, 25+T _ {22}.a-+2

ar, 9=+7 — 92+l

or, r+7 =2w4+4

or, & =3

. Required solution ¥ =3
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Example 12. Solve; 3.27 = 9+

Solution: 3 - 27* = 9=+
or, 3:(3%)° = (35"

or, 3 - 3% = 32=+)

B, P = ghadd

or, 3r+1=2r+%

or, & =7

. Required solution =7

Example 13. Solve; 3! =3a™? (a > 0,a #£3,m # ()

Solution: 3me-1 — g,mr-2

quu'—l
ar, g—= a™* == |dividing both sides hy 3]
O _-jm.'l: 4 — _”m:r--'d

=2 4]
w (2712

aor, thr—2 =10

or, e = 2
2

ar, I = —
m

; . 2
-, Required solution &+ = —
m

. . . |
Example 14. Solve; 235 . g% = 293, 9917 (4 = () and a # E]

Solution: 27°° . g= 2 = 273 . 2q}~~
2 -3 1
get gt g . -
ar. - = : ~_ or, a* —l4w -24:--.’” 1-3x+5
Ifj].l ng' i
or, gir—3 — gl td or., e = o—{2x—3)
-3 __ 1
T 92y

o, (Aayr— =) =igal

2e—d . 2'34:—3 ==

Or, a Or,

or, 2r—3d=00ar, 2r =3 or, r = g

2025
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5. Required solution @ = :?

2 4 1
Example 15.  Solve: a™"(a® +07") = - ;:z.r—:i_ - (a>0.b>0,ab#1)
¥
. g o |
Solution: a {a" + b)) =1+ s
. L —F E 1
or, a”"+at+a "+ =14 T

or, L + (ab)™" = 1 + (abh)~*
or, (ab)™ = (ab)~*

or, —g = =2

oL E=42

.. Required solution x = 2

o . H
Example 16. Solve; 3749 = 373 1 ;

Solution: 315 = 3=+3 +§
i I -

or, 3.3 =33 + 3

or, 3« 3% — 37 . 3' = 8 [multiplying beth sides by 3 and then transposing]

or, 3 -34 32 -1) =8

or, 3.8 =8

or, 3w - 1 =3Y

o, r+4=00r r=—4

.. Required solution & = —4

Example 17. Solve: 372 —5.3"* -6 =10

Solution: 3% % —5.3"% —66 =0
3 5
ar, ———+3*=06=10
9 9
or, 3% — 53" — 594 = 0 [multiplying both sides by 9]
or, a* — 5a — 594 = () [taking 3* = qa]
or, a’ —2Ta +22a - 504 =10

Forma-15, Higher Mathe Class-9-10
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or, (a —=27)(a+22)=0

Now a # —22sgincea=3F >0, . a+22#1)
Thus, a — 27 =0

or, " =27=33

ar, &=

Required solution: r =3

Example 18, Solve: «** = (o +a)a® ' +0” =0 (a > 0,a #£ 1)

Solution: a* — (¢° +a)a* ' +a* =10

or, a”* —a(a* +1)a®-a ' +a* =0

or, ¥ — (a* + 1)a” + a* =10

or, p* — (a* + 1)p+ a* = 0 [Taking a* = p)
or, pfF —afp—p+a® =0

or, (p—1)(p—a*) =0

or, p=1or p=1a*

]' 2

or,a*=1=a"ora*=a
or, =0 orag=2

- Reguired solution @ = 0,2

Exercise 5.3

Solve:
e, S S 3 .
L& =H1 i By ﬂ'r—*a[ﬁl..h > (), 5b # ﬁl.]
9 giz-7 _ qia-T B

B, 4242 =22 L 14

3 2 V=d4a* % (a>0,a#2
|'{' # J 'j 5.'4: | 52—.ﬂ — 2[.

4. (ﬁ}rﬁrﬂ _ {‘:@}zm_a

- 3 3 10. 3(% —4-3 1 +1=0
5. (v = (Ve
2 (\/_} ( vl{_\ll 11, 4i+.n +4J—.|: — 10
aliz—l . gir=a

B, = a® = (a = 0) 12, 2% — 3.7+ — _39

2023
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System of quadratic equations with two
variables

The method of selution of the system of two linear equations with two variables or
the svstem of two equations of which one is linear and the other is guadratic with
two variahles have been discussed in the Secondary Algebra Book., Here we will
disenss the solution methodology of some systems involving two such guadratic
equations. It may be mentioned that if 2 and y are two variables of any svstem,
then (x, y) {a, b) is a solution of this system when both sides of the two
equations will be equal if we substitute a for r and b for y.

1 3 1
Example 19. Solve; a+-—-==, y+—=3
y 2 T
Solution: & - i = —Jj (1)
HEH e | g = 2
1
y+—=3---0(2
Yt (2)

From (1) 2y + 1 = gy e ()

From (2), ry+1=3x --: (4)

From (3) and (4) gy = 3w or, y = 2x -+ (5)
Putting the value :;f y from (5) in (1) we get,
2 +1=3x0r, 202 -8z +1=10

or, (—1)(2e—1)=0_.2=1or

B =

From (5) we get, when @ = 1, y = 2 and when x =

B2 | e
e~
Il
i

) ) 1
- Required solution (o, y) = (1,2}, (E 1)
Example 20. Solve: 22 = 3 4+ 6y, 7y = 5r + 4y

Solution: &* = 3 + Gy --- (1)
ry="50r+4y---(2)

Subtracting (2) from (1), x(r — y) = —=2(xr — y)
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o, r{ir=g)+2{r—y) =0
ar, (& —ylz +2) =10

From (3) and (1) we get, y* =9y or, yly — N =0 .y=00r Y
From (3), when y =0, & = 0 and when y =9, xr =9

Again from (4) and (1) we get, r = —2and 4 = —6+6y or, 6y = 100r, y =

Lal o

.. Bequired solution (&, y) = (0.0), (9, 9), (-2, ?;j
Example 21. Solve: a% + 4 = 61, oy = —30

Solution: * 4+ y* =61 ---(1)
xy = —30 -+ (2)
Multiplying equation (2) by 2 and subtracting the vesult from (1) we get, (0—y)* =
121
or, ([r—y)==x11--+(3)

Multiplying equation (2) by 2 and adding the result with (1) we get, (@ + y)* =
1

ar, r+y==+1---(4)
From (3) and (4) we get.

r+y=1 ) r+y=1 :
}---{n} }---Eh}
r=y=1I 7=y ==11
r4y=-=1 _ E4+y=-—1 )
EIE LR s
.r'—;,r=ll} (7) .'r:—y=—11} (3)

Solving we get,

From (5}, r = 6,4 = =5 From (6), r= =5,y =6

From (7), * = 5,y = =0 From (8} x = =6,y =5

.. Required solution (2 y) = (6. =5), (=5, 6}, (5, —=6), (—6.5)
Example 22. Solve: #* — 27y +8y" = 8,31y — 29° = 4

2625
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Solution: % — 2ry + 8y* =8 -+ (1)
dry — 27 =4 ... (2)

From (1) and (2) we get.

s=Zp ity 2

dry — 2y* |

2 - 2uy + 8y° = b6y — 49

or, ¥
or, ¥ — 81y + 124 =0

or, ¥ — Gy — 2wy + 12* = 0

or, (@ —6y)(x—2y) =0

=06y (3) or,p =2y .+ (4)

Putting the value of x in (2) from (3} we get,

1

!
B'GH'§_2H2=4HT. 16'!}2:4“]‘, HE:.—{H" H:w_tg

4
" ; i} ;
From (3}, + =6 x (ﬂ:i) =43
Again putting the value of » from (4) in (2) we get,
3-2u-y—20=4dor, dg=4dor, 3’ =lor,y==1
From (4} ¢ =2 x (£1) = +2

.. Required solution (z,y) = (3, %) : (—3, —%) 2,10, (—2.-1)

vy =1 o
Example 23. Solve: Y + B =,
-y x4y 2

4yt =00

: 5
Solution: e -+ i
r—y r+y 2

oyt =00 ---(2)

(1)

From {1} we get,

l:.’i‘ 4 H}E 4 I[.T 'H}'E
(z +ylr —y)

2 +94) 5

Or, f,.z j_,:i } - 2

2 =90

' m

| S iy |

i) ; ;
o1 — E [F]lttil]g -'T‘g T sz = gu fI'LH.H (_2]']

117
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or, 72 =3t =72 +-+(3)

(2) + (3) implies, 2+° = 162 or, 2 = 81 or, » = £9
and (2) — (3) implies, 2% = 18 or, y* =9 or, y = +3
o Reguired solution (2, ) = (9, 3). (9. =3}, (=9, 3), (-9, —3)

Work: Find the solutions of Example 20 and 21 using some alternative way.

Exercises 5.4

Solve :

. 2r+3){y—1=H, (+—3)(y—-2)=—1

2, (k=2)y—=1)=3, (e +2)(2y—5H) =15
3 2 =Tr+6y, v =Tyt b
4 »*=3¢ 4% v =3yt 2
4 4
b ort+—=1 y4+—=25
i @
4 =4
6. y+d=—, .';u"—-'l_li
& Sy
7. zy—z'=1, v —gy=2

8 1 —xy=14. v + 1y =60

9, ¥+t =25, ay=12

b o =1 10 i 3
'Jr-l'-—""{:._q-r__',{.l’l:g

=y a+y 5

1, #*+uy+yi =3 a*—ay+: =T

12, 2r* +3ry + 3% = 20, 5% +4y* = 41

L0,

Applications of simultaneous quadratic

equations

Many problems of everyday life can be solved using the knowledge of simultaneons
puations. Sometimes, we are to find out the values of two unknown guantities of

2025
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the problem, In that case, the two unknown quantities are taken as 7 and y or anv
other symbaols. Then consistent and independent equations are formed according
to the conditions of the problem. The values of the unknown guantities @ and y
are obtained by solving these equations.

Example 24. The sum of the areas of the two square regions is 650 square
metres. If the area of the rectangular region formed by the two sides of the two
siquares is 323 square metres, what are the lengths of the sides of the two squares?

Solution: Suppose, the length of the side of one aquare is & metres and that of
the other square is ¥ metres,
According to the question, 7% + y* = 650 --- (1)
and, xy = 323 ---(2)
colr )t =2t ot 20y = 650 + 646 = 1296
e (w+y) = +/1296 = +36
and, (& —y)* = 2%+ — 20y = 650 — 646 = 4
le. (x—y) =232
Since the length is positive, the value of & 4+ ¢ must he positive.
e+ y) =36 (3) and (¢ — y) =22 (4)
Adding, 22 =362
62

I —

2
From equation (3) we get, y =36 — & = 17 or, 19

15+1=19 or, 1T

. The length of the side of one square is 19 metres and that of the other square
is 17 meters.

Example 25.  Twice the hreadth of a rectangle 15 10 metres more than its
length. If the area of the region enclosed by the rectangle is 600 square metres,
hind its length.

Solution: Suppose that the length of the rectangle is » metres and the breadth
of the rectangle is y metres.
Aceording to the question, 2y = ¢+ 10 --- (1)

xy =600 -::(2)
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. 10+
From equation (1) we get, y = ——

2

—“:m; ) _ 600

putting the value of y in equation (2) v we get.,

10 + a2 4
o, % = 600 or, = + 102 = 1200

or, #2 4+ 10z — 1200 = 0 or, (x +40)(x = 30) =0

Theretore, r +40 =0 or, r =30 =0

ie. 2=—-40or, z = 30

But length cannot be negative, ', & = 30

.. Henee, the length of the rectangle = 30 meter,

Example 26. If a number of two digits be divided by the product of its digits,
the quotient is 3. When 18 is added to the number, the digits of the number
change their places. Find the number.

Solution: Suppose, tens’ place digit is @ and ones’ place digit is y

. The number = 102+ y

=+
i
From the 2nd condition, 10z + 43+ 18 = 0y +wor, 92— 9y + 15 =10

1
From the lst condition, =3 or, 10z 4y = 3ay --- (1)

or.e—y+2=0or,y=x+2---(2)
Puttingy=x+2in (1) we get, 10r+xr+2 =3 z(x + 2)
or, llr +2 =31+ 67

or, 32 —5r—2=10

or, 3x* —6r+ 1 —2=0

or, dx(or —2)+ 1{x—2) =0

or, (#—2)(3x+1)=0

Sr=2=0o0rd3r+1=0

L. r=2or m= ._.‘1

But the degit or a number cannot he negative or fraction.

Lr=2and y=r+2=2+2=4

-, The requires number is 24

2025
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Exercise 5.5

iy |

L.

The sum of the areas of two square regions is 481 square metres; if the area
of the rectangle formed by the two sides of the two squares is 240 square
metres, what are the lengths of a side of each of the squares?

The sum of the squares of two positive numbers is 25(); the product of the
mumbers is 117; find the two numbers.

The length of a diagonal of a rectangle is 10 metres. The area of a rectangle
whose sides are the sum and difference of the sides of the former one is 28
square metres, Find the length and breadth of the former rectangle.

The sum of squares of two numbers is 181 and the product of the numbers
is 90, Find the difference of the squares of the two numbers.

The area enclosed by a rectangle is 24 square metres. The length and breadth
of another rectangle are respectively 4 metres and | metre more than the
length and breadth of the first reetangle and the area enclosed by the later
rectangle is 50 squarc metres. Find the length and breadth of the first
rectangle,

Twice the breadth of a rectangle is 23 metres more than its length. If the

area enclosed by the rectangle is 600 square metres, find the length and
hreadth of the rectangle,

The perimeter of a rectangle is 8 metres more than the sum of its diagonals.
If the area enclosed by the rectangle is A8 square metres; lnd its length and
breadth.

If a number of two digits be divided by the product of its digits, the ¢gquotient
is 2. When 27 is added to the number, the digits in the number change their
places. Find the number,

The perimeter of a rectangular garden is 56 metres and one diagonal is 20
metres. What is the length of the side of the square which encloses an area
equal to the area of that sarden?

The area of a rectangular held is 300 sguare metres and its semi-perimeter
is 10 metres more than a diagonal Find the length and breadth of the
rectangular field.

Forma-16, Higher Mathe, Class-9-10
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System of indicial equations with two

variables

The method of solution of identical equations with one variable has been discussed
it the previons chapter. Here we will disenss the solntion methodology of the
svstem of indicial equations with two variables,

Example 27. Solve; a*t? . a® =gl o . o =g (a £ 1)
Solution: a**? . gt = a'¥ ... (1) a* . gl = g% ... (2)

From (1), a®***+3 =o' or,x+2y+3=10 or, 2+ 2y —7=0-+(3)
From (2), a®**"* =o® or, 20 +y+1=9 or. 20 +y—8=0---{4)

From (3) and (4) by the method of cross-multiplication,

oy 1
—16+7 —-14+8 1-—-4
i 2 = B 1

=9 =6 =3
p g
g =g~

or, =3 y=2

.. Required solution (r,y) = (3.2)

Example 28. Solve; 3870 = gzt qetdy — (gaetd

Solution: 3% ' =07t ... (1)

or, 391 = I:.'j.uj]'r-'-r" or, 3-1 = glrely
or, 3y — 1 =2z 4+ 2y

or, 2r —y+1=0-:-(2)

and 4°H% = 162 ... (3)

2025
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or, 419 = () or, e+l — gis
or,r+3y=4dx+Gor, dxr—dy+6=0
or,r—y+2=0--:(4)

From (2) and (4} hy the method of
* i 1

i N T e B |

* i
Or, == = —— =]
-1 -3

o =1 y=3
... Required solution (&, y) = (1,3}
Example 29. BSolve: g% =y, =2y

Solution: +% =" --- (1)

123

cross-multiplication,

=2y ---(2) here, v £ 0,54 #£0

Putting the value of x in (1) from (2) we get, (2y)¥ = 5™ or, 2V . y¥ = 3

2y
i

or, 4 _gw ar, ¥ =24 » y=2
4

From (2), r =4
.. Required solution (r,y) = (4.2)

Example 30. Solve: 0% = 3%, ¢ = ', where x # 1

Solution: «¥ = y* -+ (1) g =g ... (2)
From (1) we get, (¢¥)" = (3?)" or, a¥" = 42 ... (3)
From (3) and (2) we get, g’ = g

Lt =4 or, g=4D

Now, if y = 2, from (1) we get, 2 = 22 = 4 or, r = +2

Again, if y = =2, from (1) we get, 2 2 = (=2)" =4 or, 2* =

. Required solution (x, y) = (2.2). (=2.2), (;— _g) ; (_ ;

Example 31. Solve: 8. 2% = 4¥ 4y* . 5% = Qi”
i
|

Solution: &-27 = 4% ... (1) Or . JH — e .
i

-+(2)
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From (1) we get, 2% . 2%¢ = (22)¥ or, 2V = 2% op 34+ 2y =2y -+ (3)

From (2) we get, (32)° - 3" = 51{ or, 3+t =37 or, 2r+ay=-3 - (4)
Subtracting (4) from (3) we get, 3 —2r =2y +3 or, —x =y -+ (3)
Putting the value of y in (3) from (3) we get, 3 — 2% = —2r

or, 2* —2r —3=00r, (z+1)(z—3) =0

Sao=—lorr=3

If ¥ = =1, from (5} we get, y =1

If # = 3, from (5) we get, y = —3

.. Required solution (r.y) = (—1,1), (3, -3)

Example 32. Solve: 18 — y** =81, 37 = *

Solution: 18" — y** =81 --- (1) 3=y - (2)
(1) we get, 4™ — IRy" + 8l =0 or, (=92 =0

or, Y —9=0or, y* =3".--(3)

From (2) we get, (3°)" = (y*)" or, 37 = y** -+ (4)
From (3} we get, (1°)2 = (32)% or, 4 = 3" ---(5)
From (4) and (5) we get, 3% = 3*

Soa¥ =4 or, 8 = 42

If r = 2 from (2) we get, y* =9 or, y=+3

1 1

If # = =2 from (3) we get, y 2 =9 or, y° = gny= :I:Q
| 1
.. Required solution (@, y) = (2.3), (2. —3). (—'2_. i) ; (——2. —5)
Exercise 5.6
Solve:
. 2°4-3¥ =31 2 F=0
p U Bl = 95

2625
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3. 3*.9¢ =8l 4. 2. =18
2r—y==8 2. 3v = 36
5. af-avt =47 6. yr=2ot
ﬂ.'zf.r . I,1:1\.«-+.'3. — ﬂ'llln :T'!.r — ﬂl [H ?5 ]}
T,y =4 R A% =¥
ys =99 (27)7 = gutl

9. By —y?* =16

Solving quadratic equation using graph

We have already solved the quadratic equation az® + br + ¢ = 0 algebraically.
Method of solving it using graphs will be discussed now,

Suppose y = ax® + br + ¢, Then the values of 2 for which y = 0 (i.e. the graph
of i intersects the X-axis) are the solutions of ax® + b + ¢ = 0.

Example 33. Use graph to solve 2% — 50 +4 = (),

Solution: Given equation 12 — 5 +4 = 0 -« (1) Suppose, y = 22 — da + 4

o (2)

For some values of ¢, we find the eorresponding values of y to get the associated
points on the graph and put these in the table below.

| & 0]1] 2 | 25 3 [4 5
[y |da]|0] -2] -2

2% | —2[0[4

We draw the graph of equation (2) plotting the points given in the above
tahle,
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(2.5, —2.25)

Ii is seen that the graph intersects the X-axis at (1,0) and (4, 0).

. the solution of equation (1) is =1, & =4.

Example 34. Solve 2 — 4o + 4 = 0 graphically,

Solution: Given equation a? — 4o +4 = 0 -+ (1) Suppose., y = 2* — 4o + 4

We find the values of i corresponding to some values of 2 which give the associated
points for the graph:

z|[0[1] 16 [2]25[3]4]
y|4][1]o2s|o|o25]|1]4]

Now we draw the graph of equation (2} plotting the points given in the above
tahle.

\ (L,1)

gLanzﬁiw 5.0.25)
Ol (2.0 X

It is seen that the graph intersects the X-axis at (2,0).

2025
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Lo ="2

Example 35. Solve % — 20 — | =) graphicallv.
Solution: Given equation o2 — 2r — 1 = 0 -+« (1) Suppose, y = 2* — 2w — 1

=+ {2)

For some values of 2, we find the corresponding values of i that give the associated
points on the graph:

z|[-1]=05] 0] 05 [ L[ 15 | 2 [25]:
gyl 2 (02| —-1| 17| —2|—-1%|-1(025|2

We sketch the graph of equation (2} plotting the tabulated points in the graph

PEper.

(1,—2)

It is observed that the graph intersects the X-axis approximately at (=0.4, () and
(2.4.0). Therefore, the solution of equation (1) is ¥ = —0.4 (approx.) or r = 2.4
(approx. )

Example 36. Find both the roots of —&* + 33 — 2 = 0 graphically.

Solution: Given equation —2* + 3r — 2 =10 ---(1) Suppose, y = —2* + 3z — 2
For some values of &, we find the associated values of y to get the related points
of the graph of the equation and put these in the table given below,

x| 0| 5 [1]| 15 |2 25 | 3 |
y|—2|—-075|0) 0250|075 -2

Plotting the points ohtained in the graph paper, we get the graph of the equation,
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We see that the graph passes through the points (1, 0) and (2. 0) on the X-axis.
Therefore, the solution of the equation is z = 1 or & = 2.

Y4 (1.5, 0.25)

13
(0.5, —0[75 / g 0.75)

Example 37. 2> +4e=m
1) If mn = —4, find the value of r.
2) If m = 5. find the discriminant of the equation and the nature of roots.

3) If V' — 4+ /m — 10 = 6, find the value of .

Solution:

1) Given that, r* + 4 =m
Now, if m = —4 then &* +4x = —1
or, * +dr+4=10
or, (x4 2)* =10
or,r+2=0, x4+2=0

=1 —Z

2) Given that, 72 +4r=m
Now, if m=5,a°+der =5
or, 2° + dr — 5 =1

Discriminant of the equation = 4% — 4 -1 (=5) = 16 + 20 = 36, which is a
perfeet square.

Since the diseriminant is positive, perfect square munber, the roots of the ﬁ
equation are real, unequal and rational. g
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3) Given that, vm—4++/m—-10=6
or, vm —4=6— y'm —10
or, {m)j = (l'_il— m— 10}3
of, m—4=62—2:6-vm—10+m—10
or, 12v/m — 10=26+4
or, 12v/m — 10 = 30
ar, 2vm — 10 =5
or, (2y/m —10)" = 25
or, 4m — 10) = 25
or, 4m —40—-25=10
or, 4(a* + 4x) — 65 =0

or, dr* + 1l6r — 65 =10

or, da® + 260 — 100 -~ 65 =10

or, 20(2r +13) = 5(2x + 13) =0
or, (2x + 13){(27r — 5) =10

L2 +13=00r,2r—5=10

or,2e=—13or, 2 =35
13 i
ar, .r _E or, a4 =
13 b - .
i - = or = 3 hoth values of @ satisfy the equation.
_ 13 5
T2

Exercises 5.7

1. What is the value of b in equation az® + br + ¢ = 0 while comparing with
the equation 7* — r — 12 = ()7

1) © 2) 1 3) —1 1) 3

2. Which one is the solution of the equation 167 = 4417

Forma-17, Higher Mathe. Class-9-10
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1) 2 2 1 3) 4 4) 3

A root of the equation r# — r — 13 =0 is:

_—1+61 —1- sl

1) : U
 + /=51 |+ /53
3) ———5— 1)

1) (-3,-3)

2)
3) (—2, é—) 1)

According to the information given below answer questions 5 and 6.

2
A root of the system of equations " = 9, 3* = BRETE
2, —
(25)
(—2,3)

The difference of the sguares of two positive whole numbers is 11 and the
product of the numbers is 30.
What are the numbers?

1} 1 and 30 2y 2and 15 3) 5andé6 4) 5§ and —6

What is the sum of the squares of the numbers?
1) 1 2) b 3) 61 1) /41

The sum of a number and its multiplicative inverse 15 6. The formation of
equation is

(i) .r-+jl!"ﬁ

(i) ** + 1 =6x

(i) a* —6er—1=10
Which one ig true?

1) i and i 2) i and 3) @i and i 4) i, i and i
Which one is the solution of 20! = 22e-27

P ' B |

iy £ 25 5 =% .

¥ 2 )P Ji =3 4)

Solve the following equations graphically:

1) 2*—424+3=0 2) 422 —-3=0 3) 22+ Te=0

4) 2aF—=Tr+3=0 5) 22 —5r+2=0 6) *+8:+16=0
7)) r*+r—-3=0 8] #* =8

2023
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10.

11.

13.

14.

2025

Twice the square of a number is less by 3 than 5 times of the number. But
O times of the square of that number is greater by 3 than 2 times of the
numniber,

1} Form the equation vsing the information given by the above stimulus.

2) Solve the first equation using formula.

3)  Solve the second equation using graph.
The area of a land of Mr. Ashlague Ali is (L12 hector. One-hall of its
perimeter is greater by 20 metres than one of its diagonal. He sells one-
third of his land to Mr, Shyam. The length of Shyvam's land is greater by 5
metres than its breadth,[1 hector = 10, 000 square meter]

1} Form two equations in the light of stimulus,

2} Find the length and breadth of the land of Mr. Ashfaque Ali.

3) Find the length of a diagonal and the perimeter of the land of M.
Shyvam.

flx) = — Gz + 15 and g(x) = a* — 6z + 13
1) If f(xr) =71, find the value of 7.

2) If \/f{x) = \/g(x) = V10 = /3, solve the equation.
43} Draw the graph of g{x).

If the summation of the digits of five consecutive integers is multiplied by
the next ve consecutive integers’ digits” sumumation, is it possible that the
product might be 1206357

The difference between length and breadth of a rectangular region is 1 c.m.
If the last digit of its area is 6. then can the length of any of its side be
a perfect square?

How many times in a day are the hands of a clock in a straight line but in
the oppasite direction? Find the times.

How many times in a day are the hands of a clock perpendicular to each
other? Find the times.
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Interchanging the positions of hour hand and minute hand of a clock may
not give a proper time. For example, interchanging their positions at 6 : (00
clock sets the hour hand at exactly 12 and the minute hand at exactly 6
neither 11 : 30 nor 12 : 30. Find such times between 12 : 00 and 1 : 00,
which gives mathematically correct times after interchanging the positions
ol the hands, How many total times are there which gives proper times alter
mterchanging the hand positions?

2625
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Chapter 6

Inequality

We have acquired knowledge about equation and equality, But inequality also has
an important and significant role in our practical life.

At the end of this chapter, students will be able to-

»  explain the inequality of one and two varinbles:
» form and solve simple inequalities of two variables:
> use inequalities to solve practical mathematical problems.

» solve inequalities of one and two variables graphically.

Concept of Inequality

Suppose, there are 200 students in a class, Obwiously it will he seen that, neither
all the students are present in the class, nor all of them are absent always. If the
number of present student is & in a particular day we can write 0 < o < 200.
In a similar situation, we see that not all the invited persons are present
in a ceremony, Clear conception of inequalities is needed in making dresses and
other consumer goods. Essential materials for constructing hmildings. printing
books and for many other similar works cannot be estimated exactly, So, initially
we have to buy or collect those essential materials on the basis of idea.
Therefore, it is understood that the knowledge of inequalities is very essential in
our everyday life.

In case of real numbers.

a > b if and only if (a —b) is positive therefore (@ —b) =0
a < b if and only if (a = b) negative therefore (a — b) < ()
Some Laws Regarding Inequality:

1) a<hsb>a
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2) ta>h forany ¢
a+c>b+canda—-c>b—r¢

3) Ifa =b for any ¢

i
e > he and - when ¢ > ()

L

when e < ()

Gl B le

ac < he and :—T <

Example 1. Ifr < 2,

1) r+2 <4 [Adding 2 in both sides|

2) 1 —2 < () [Subtracting 2 in both sides]

3) 2r < 4 [Multiplying both sides by 2]

4) —3r > —6 [Multiplying both sides by —3]
Here it should be noted that,
a>=hmeansa >bora=>h
n<hbmeansa < bora==b
i< b < ecmeans a < band b < ¢ theretore a < ¢
Example 2. As3>=1istrue, 3 > |
2 <4 s true sinee 2 =< 4

2=d<distruesince 2 <3 and 3 <4

Activity:
1} Express the students in your class whose height is more than 5 feet and

lower than 5 feet using inequality.

2} If the total number of any examination is 10(0), express the marks of an
examinee using inequality.

Example 3. Solve and show the solution set on a number line: 4+ 4 > 16

Solution: Given that, 4o + 4 > 16
or, dr + 4 — 4 > 16 — 4 [Subtracting 4 from hoth sides]

or, dr > 12

(25

oy



Chapter 6, Inequality 135

Or, iir- 2 af [Dividing both sides by 4]

or, o =3

. The required solution » > 3

Here the solution set, S = {r € R x > 3}

The solution set is shown on the number line below.

T

-1 0 1 2 3 4
Example 4. Solve and show the solution set on a mumber line: @ — 9 > 3r+ 1

Solution: Given that, # — 9 > 32 + |
or,t—9+4+9>3x+4+1+4+9

or, & > 4z + 10

or, ¥ = 3r > 31+ 1) =3z

or, —2r > 10

9 10 . . . o s :
= — [Lhu direction of inequality is reversed due to dividing both sides
by negative integer —2|

or,

or, & < —0
o The required solution @ < =5

The solution set is shown on the number line helow.

¢ : | . ; | | |

-6 -6 -4 -3 -2 -1 0 |

Nota Bene: Just like how the solution of an equation is expressed by an equation
(equality], the solution of an inequality are usually expressed by an inequality.
The solution set of an inequality is usually an infinite subset of the set of real

nuinhers.

Example 5.  Solve: a(z +b) < ¢ [a # 0]

, a+1 B .
Solution: If a is positive. u &z [Dividing both sides by a|
i i

i [
or, F+b<—or,r<—=—h
i i
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alx + h) < €

If @ is negative then by the same process we get,
{1

« e
or.a+b=—or. o =——h
i i

[ . o i P
.. The required solution: (i) r < o bifa>0, (i) v > = bita< (.
{

Nota Bene: If a is zero and ¢ is positive, then the inequality holds for any value
of x. But if a is zero and ¢ is negative, then the inequality has no solution.

Exercises 6.1

Solve the inequalities and show the solution set on a number line:

. y-3<5 2. 3(r-2) <6 3, 37—252%—1
l .

4 2<Zz+3 5. 8>2—2¢ 6. <5 4+4
2 x a 4T 3

-

|::
7. D(8=2f) <3(4-=: PO o L T
G{3—2t) <3(4—3t) & = i e S

Application of Inequalities

You have learnt to solve problems using equations. Following the same procedure,
vou will be able to solve problems regarding inequality.

Example 6. In an examination, Roma obtained 5 and 62 marks and Kumkum
obtained 4o and 84 marks in Bangla 1st and 2nd paper respectively, None of them
secured less than 40 marks in any paper. Kumkum secured the first position and
Roma secured the second position in Bangla. Express the possible values of x
using inequality.

Solution: The total marks obtained by Roma and Kumkum in Bangla are Sz +6x
and 4r + 84 respectively,

According to the question, br 4+ Gr < 4o+ 84

or, b+ 6 —4a < B4 or, Tor < 84

or, o< H?I or, r=-12

But, 4o > 40 [obtained minimuwm mark iz 40] or, 2 = 10 or, 10 < 2

S e il
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Example 7. A student has hought = pencils at Tk. 5 each and (r+4) notebooks
at Tk, 8 each. If the total cost does not exceed Tk, 97, what is the maximum
number of pencils he has bonght?

Solution: The price of r pencils is Tk, 57 and that of (r + 4) notebooks is Tk.
Hlr+4).
According to the question, 5r + 8(r+4) < 97
or, oz 4+ Bx 4+ 32< 97
or. 13z < 65
65
— 13
or, =5

or, &

o, The maximum mumber of pencils the student has bought is 5.

Activity: Mr. David purchases » kg apples by the rate of Tk 140. He gives the
seller a note of 1000 Tk. The seller returns him & number of notes of Tk50.
Express the problem in inequalities and find the probable value of .

Exercises 6.2

Express the problems 1-5 in terms of inequalities and tind the possible values of
€.
: 1
1. A boy walked 3 hours at the rate of & kan/hour and ran - hour at the rate
of (x +2) kin/hour, and the distance covered by him was less than 29 km.
2. A boarding house requires 4r kg of rice and (x—3) kg of pulses every day
and it does not require more than 40 kg of rice and pulses in total.

3. Mr. Sohrab bought & kg mango at the rate of Tk. 70 per kg, He gave a note
of Tk. 500 to the seller. The seller returned him rest of the money with x
notes of Tk, 2().

4. A car runs 2 km. in 4 hours and (& +120) km in 5 hours. The average speed
of the car does not exceed 100 km /hour.

The area of a piece of paper is 40 sq em. A rectangular piece which has a

(uky |

length of 2 em. and width of 5 em is cut off from it,

Forma-18, Higher Mathe, Class-9-10
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6. The age of the son is one-third of that of the mother. The father is 6 vears
older than the mother, The sum of the ages of these three persons is not
more than 90 yvears. Express the age of the father in terms ol an ineqguality.

7. Jemy appeared at the junior scholarship examination at the age of 14 years.
she will appear at the 5.5.C. examination at the age of 17 years. Express
her present age in terms of inequality.

8. The madmum speed of a jet-plane is 300 meters/see. Express the time
required by the plane to cover 15 km in the form of inequality.

Y. The air distance of Singapore from Dhaka is 2900 kin, The maximum speed
of a jet plane is 900 km/hour. But on way from Dhaka to Singapore, it
faces air flowing at 100 km /hour from the opposite direction. Express the
time required for the nonstop flight from Dhaka to Singapore in terms of an
inequality,

10.  On the basis of the guestion above, express the time required for the non-
stop fight from Singapore to Dhaka in the form of an inequality.

11. G times a positive integer is less than the sum of twice the number and 15.
Express the possible value of the number in the form of ineqguality.

Linear Inequality with Two Variables

We have learned Lo draw the graph of the linear equations with two variables of
the form y = ma + ¢ (whose general form is ar + by +¢ = 0) (in class 8 and class
9-10). We have seen that the graph of each equation of this type is a straight line.
In XY plane, co-ordinates of any point on the graph of equation ar + by + =10
satisfies the equation. That means the left hand side of the egquation will be zero
it we replace the o and y with the abscissa and ordinate respectively of that point,
On the other hand, the co-ordinates of any point outside the graph does not satisty
the equation, in other words for abscissa and ordinate of that point the value of
ax 4 by 4 ¢ is greater or less than zero. When r and y of the expression ar +by+¢
are replaced respectively by the abscissa and ordinate of any point # on the plane.
the value of the expression is called the value of expression at the point P and
that value is generally denoted by f(P). If P is on the graph, f(P) =0, if the
point lies outside the graph then f(P) = 0 or f(P) < 0.

L gt

L

e,
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As a matter of fact, in reality all points outside the graph is divided into two
half-planes by the graph. For each point P of one half plane, f(P) = 0; for each
point P of other hall plane, f(#) < 0. In [aet, for each point P on the graph,
fiP) =0.

Example 8. Considering the equation » +y — 3 = (.
From the equation we get: y =3 —x

EXCIEIEN
ly|3|n]2]

On the (r,y) plane, taking the length of the side of a small square of the graph
paper as unit, the graph of the above equation is shown below:

|
{h}\\.\‘
X 0| (3.0)> X

'}‘)‘F\-.-

This graph-line divides the plane into three parts, These are:
1. Points on the side marked (a) of the line
2. Points on the side marked (b) of the line and
3. Points which lie on the line

Here the side marked (a) may be called the upper part of the graph-line and the
side marked (b) may be called the lower part of the graph-line.
. Three points (3,3),(4,1), (6, —1) are taken on the side marked [(a)]. The
values of r+ y—23 in these points are 3, 2, 2 respectively, which are all positive.
2. Three points (0,0), (1,1), (—1,—1) are taken on the side marked [(b)]. The
values of r + y — 3 in these poiuts are —3, —1, =5 respectively, which are all
negative,
Nota Bene: We can determine which side is positive and which side is negative
of ax + by + ¢ =10, by taking a point on the one side of the graph of the line and
then determining the value of ar + by + e at that point.
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Graph of Inequalities with Two Variables

Example 9. Draw the graph of the inequality s +y—3>=0oror+y—3 < (.

Solution: To draw the graph of the above inequalities, we first draw the graph
of the equation ¥ +y —3 = (L

From the equation » + 5y — 3 = 0 we get,

|« |03
3 (0|2

Y.

e (0,3)

-"‘u__g‘] +2)

X0 {3}\ X

Y+

To draw the graph of the inequality @ +y — 3 = (0, if we put the origin (0.0) in
that equality, we get —3 > 0 which is not true. So the graph of the inequality will
he on the side of the equation » + y — 3 = 0 which is opposite to the side where

the origin lies.

YRy,

" F

FESF £
FTEFTETEEFLTITE

[[l 3} E Al i
. LA AFEPL LSS LRSS
FRAPPP PRSP

1} e o

(142) 22

: o

To draw the graph of the ineguality r 4y — 3 < 0, if we put the value of origin
{0,0) in that inequality, we get —3 < () which satisfies the inequality or true. So
the graph of the inequality will be on the same side of the equation v +y—353=10
where the origin lies,

2625
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Example 10. Describe the solution set and draw the graph ol the inequality
de—3y+062=10.

Solution: First we draw the graph of the equation 2 — 3y + G =10

From the ahove equation we have:

2r
dr—dy+6=00r Y- F+2
Co-ordinates of some points on this graph-line are:
e |0|=31]3
w2 0 4

Now on the squared paper we take length of the side of a small square as unit and
then plot the points (0,2), (=3,0), (3,4). Next we draw the graph of the equation
by joining these points.

ys (3.4

L

3

R

R

L e Y

{U 2:] AR AR Y
1 AR R AL RN

1 1 N B N
B T e T e e T T T |

AR AR R

R R

Zr—Jdy+6=10

Ny

X

¥

Now at the origin (0,0), the value of the expression 2r — 3y + 6 is G, which is
positive. Thus we have 20 — 3y + 6 > 0 for all points on the origin side of the
graph-line.

So, the solution set of the ineguality 20 — 3y + 6 > 0 consists of the co-ordinates
of all points on the graph line of the equation 2r — 3y + 6 = 0 and the co-ordinates
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of all points on the origin side of the graph line.

The graph of thiz solution set iz the shaded area in the above figure in which
the graph-line is also included.

Example 11. In the plane XY, draw the graph of the inequality —2r < 5.

Solution: The inequality —2x < 5 can be written as,

b
2o +5>=0o0r 2v =50, 1> =3
: b
Now in XY plane we draw the graph of the equation & = —5: In squared paper,

taking the length of two smallest squares as unit we draw the graphline passing
=

through the point (—‘—; []) and parallel to the Y axis.

}f
=
§
FPF TP FF IR AT IFFAF I 774
FAFPEFF N FIFF S FEF PP
FAIAEFE PP S FES T TSI TG

R e i d
FfFFFers F Fry.
Yy, el ‘iﬁr/.-
<,_.¥xxmx§4; AL

1
-

L
FrFrIrrry

FEFEF ﬁf}f
! 4
M A e
'r.{!!f.’f%r!r({f{fr{’f:
L Pl L i L i i
P P
PN FFFFFY.FEFFFFFryyryryry)l
Vh"—
The origin lies at the right side of the graph-line and at origin & = 0 which
, b
BT
2

Therefore, the co-ordinates of all points on the right side of the graph-line are
the solutions of the given inequality (points on the graph-line is not considered),
The graph of the inequality is the shaded area in the above higure (this does not
consist of the graph-line).

Example 12. Draw the graph of the inequality y < 27.

Solution: We can write the inequality y < 2u in the form of y — 20 < 0.

Now we draw the graph of the equation y — 2r = () or y = 2x. From the equation
we get,

r|0|2|-2
y|0| 4] -4

In the graph paper, taking the length of the side of a small square as unit, we plot
the points (0,0}, (2,4), (=2, —4) and by joining them we draw the line.

2025
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Here, the point (1,0) lies on the right side of the graph-line. In this peint, y—2r =
0—-2xX1=-—2<{

Thus the graph of the given inequality consists of the part of the plane which is
formed by the graph-line and the part which lies in the right side of it (that is, the
pari where the point (1,0) lies.

Exercises 6.3

1.

Which one is the solution set of the inequality Hr + 5 = 257

1y S={reR:x>4} 2) S={reR:ux<4}

3) S={aech:r<4} 1) S={xeh:x>1}

For which value of x, it will he 4y = (0 for the equation ¥ +y = —27
1) 2 2) 0 3 4 4) =2

Which are the correct co-oridnates of the equation 2ry 4y = 37

1) (1=1){2=1) 2) (1,1),{=1,=3)

3 (1,1).(-2,1) 4) (—1,1),(2,—1)

Answer the question 4 and 5 from the inequality given below:
i

< =43

F = 1 |

Which one is the solution set of the inequality?

1) S={reR:x>4} 2 S={xeR:r<4}

3:! L'j'={IEH:I£‘1} ’1}5={TER:TE-1}
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5. Which one is the number line of the solution set of the above inequality?

Do

] 1 ] et T 1 r

-2 -1 0 1 2 3 1 D 0

2) . : i . : . o— e
-2 =1 U 1 ' B 4 D G
3
) i - : : : @ | | :
-2 -1 0 | 2 34 4 b G
4) : - | | : : o— —
-2 -1 0 | 2 3 4 i) G

6. For the inequality 32 46 > 9
(4) Dividing both sides by 3, we get 2+ 2> 3
(71) Solutionset = {re R:r > 1}

(#7¢) Selution set in the number line:

i i T i T L )
-3 —4 -3 -2 -1 0
Which of the followings is correct?

1) iand iz 2) i and i 3) i and i 4) 4, ti-and @

The ages of Rita, Mita and Bithi are x, 27 and 3r vears respectively. If the
sum of their age is not more than 60 vears

(#) the mathematical expression of the problem is # + 2 + 3¢ < G0
(i) age of Rita is < 10 vears
(#ii) age of Mita is > 20 vears
Which of the followings is corvect?
1} %, % 2] 9,0 3) @i, Wi 4) 4, it and @
& a, band e are three real numbers, [fa > band e £ 0
(i) ae = be when ¢ =0

(ii) ac < be when ¢ < 0

,a b
(#7i) — > - whene >0
cooc

Which of the following is correct?

2025
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10,

EL:

12,

1) i, 2} 4, di 3) i, dit 4) 4, 11 and qif

Draw the graph of the following inequalities:

1) 2 —y>—10 2) Zr—y <O
) 3e—y=0 4y dx—2y <12
H) y< -2 G) =4

Ty y>w42 B y=x+2
9 y=2r 10) r+3y <0

The air distance of the Singapore airport from the Hazrat Shahjalal airport
i 2900 km. The maximum speed of the Bangladesh Biman is 500 km/hour.
But on the way from the Hazrat Shahjalal airport, it faces air Howing at 60)
km /hour from the opposite direction.

1} Express the problem of stimulus in terms of an inequality taking the
required time as ¢ hours.

2} Find the required time of non-stop flving from the Hazrat Shahjalal
airport to the Singapore airport using the inequality in 10(1) and show
it on & number line.

3} Take x as time of returning from the Singapore airport to the Hazrat
Shahljalal airport and then express the problem in the forin of an
inequality and solve it graphieally.

Between two numbers, the result of subtraction of 5 times of the second
number from 3 times of the first one is greater than 5. Again, when 3 times
of the second mumber is subtracted from the first one, the result is not more
than 9.

1) Express the conditions stated by stimulus in the form of inequalities,

2} If 5 times of the first number is less than the sum of twice the first
number and 15, express the possible values of the number in the form
of an inequality.

3) Draw the graph of each pair of inequalities obtained in 1).

The sum of price of a pen, an eraser and a notebook is Tk, 100. Price of
a notebook is more than the price of two pens. Price of three pens is more
than the price of four erasers and price of three erasers is more than that of
a notebook, I the price of all the commaodities are in integers, what are the
prices of each commodity?

Forma-19, Higher Mathe, Class-9-10
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The product of three integers is 720, What can he the maximum value of
the smallest number?

If an isosceles triangle 1s divided into two isosceles triangles using the bisector
of an angle of that triangle, what can be the maximum value of an angle of
the first isosceles triangle? What can e the minimum value of an angle of
the first isosceles triangle?

7 tables, all of which have an area of one square meter can be placed in a
rectangular room. If the perimeter of the room is 16 meters, what ean be
the length and the width of the room?

[s there any triangle whose height from the vertex can not be more than 1
cm but the area is 100 square?

Satej and Sajib are twin brothers.  Their velocity in both running and

alking are same, One day on the way to school, Satej passed half of the
road by walking, while passed the rest by running. But Sajib passed half of
the time by walking, while passed the rest by running. Will it take the
same time for them to go to school?

2023
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Infinite Series

Sequence and finite series are diseussed in detail in the General Mathematics Book
of Class IX-X. There is a direct relationship between sequence and infinite series.
Infinite series can be obtained after assigning plus signs before the terms of a
sequence. Infinite series will be discussed in this chapter.

After completing the chapter, the students will be able to —

B explain the idea of a sequence:

> identify the infinite series:

B explain the condition of existing the sum of an infinite geometric sevies:

B sum of an infinite geometric series;

p transtorm a recurring decimal number into an infinite geometric series aned
express in fraction.

Sequences

In the relationships illustrated below, every natural number n is related to its
square 1 that is, the set of square numbers {1, 4,9, 16, ...} is obtained for the set
of natural numbers N = {1,2,3,4, ...} under a certain rule. This set of arranged
sequence muumbers is a sequence. When some numbers are arranged successively
under a definite rule such that the relationship hetween any two successive terms
is known, then the set of numbers arranged in this way is called a sequence.

1 2 3 4 "
| } Il 4 +
1 4 0 16 n* »

The relationship shown above is called a function and is written as f(n) = n*
The general term of this sequences is n®. The number of terms of any sequence is
infinite, The way to write the sequence in terms of the general term is {n®} ,n =

1.2,3,4,... or, {n?} = or just, {n®}. The first number of a sequences is ealled
the first term, the second number of a sequences is called the second term and so
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on, In the above sequence 1.4,9, 16, .., first term = 1, second term = 4, and so
on. Four more examples of sequences are given helow:

I 1 L 1 I
l} 51?-2?17 11111 2_.'1"'
2) 3 1,—=1.=3..., (5—2n)
234 n
3) L=y=.=y.uns
) 3E T 2n — |
11 1 1 1
_1 _1_1_._" 1 i
) 275107 17 n?+1
Activity:
1) Find the general term of the following sequences:
a L 28 4 o 1357
;l_!'l:{;-l"_l i 2'4'6' 8"
(3) Sigigsins (4) 1,+/2.v3,2,...

2} Write down the sequences from the given general terms: "
(1) 1+ (=1)" @) 1—(-1)" (3) 1+ (——)

9
@ 2 (5) — (6) cos (%)

”TI— n

3) Write the general term of a sequence and then write the sequence.

Series

If the terms of a sequences are connected successively by a “+' sign. there a
series is formed. As an example, | +4 494 16 4 ... is 4 series. Then again,
% + i + é + i + ... 18 another series. The ratio between {wo successive terms
of this series is the same. This type of series is called Geometric Series. The
characteristics of a series depends on the relationship between fwo consecutive
terms of it, For example, in case of Arithmetic Series, the difference between
two consecutive terms is constant.

Depending on the number of terms, series can be divided into two classes: 1)
Finite series 2) Infinite series . Finite series are discussed in the General
Mathematics Book of Class IN-X. Infinite series will he discussed here.

225
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Infinite Series
Ifuy, me, ug, .00t .o 18 A sequence of real numbers, then u+us+ug+. .+ .
is called an infinite series of real mumbers. w, is called the n-th term of this
series,
Partial Sum of Infinite Series
Let wy + us + 3+ ... + ty + ... he an infinite series, Then its;
1st partial sum is S =
2nd partial sum is 5, = wy + uy
Jrd partial swm 18 53 = 1y + w2 + 1y
., The n-th partial sum is 5, = u; + g + g + ... + 1,
That is, the n-th partial sum of an infinite series is the sum of the first n number

of terms of the series, where ne N,

Example 1. Find the partial sum of the following two series:

1) 14+2+3+4+... 2 1—141-1+4...
Solution:
1} First term of the a = 1 and common difference is d = 1. Therefore, the

given series is an arithmetic progression.
Sum c;}i the first n terms nlf? the arithmetic series is
Hi= E {20+ (n—1)d} = E {214+ (n-1)-1}
nin+1)
2
In the above equation, putting different values of n we get,
10 % 11 1000 = 1001
Sijp=———="5% Stong = e S00500

2

100000 % 100001
Bioenon = ’; — 5000050000

Here as i increases, the value of S, becomes larger.

sn5,1=g{2+n._1}=

Therefore, the given infinite series has no sum.
2) 1—=1+1—1+...isthe given infinite series, Its
st partial sum S; =1 Jrd partial sin Sy =1-1+1=1
2nd partial sum S =1—-1=10 4th partial sum Sy = 1-14+1-1 =10
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In the above example it can be seen that, for odd n. the n-th partial sum
Sp = | and for even n, the pth partial sum 5, = (0.

Therefore, it is observed that there is no specibie number which is the sum
of this series.

Sum of Infinite Geometric Series

a+ar+ar®+art 4. .. is a geometric series, Its Arst term is a and common ratio

s 7,

Therefore, the n-th term of the series = ar"~', wherene N

Now, if r 3£ 1 then the partial swun of this series upto n-th term is

e

S,=a+ar+art+ard+... +ar"?

ey 1 i — pih
whenr > 1amd S, =+ ——  wheny < 1

r—1 1—v

We abserve:

1)

3)

In the case of |r| < 1, that is —1 < v < 1, if the value of n increases (that is,
when n — oo) then the value of "] decreases. Thus making n sufficiently
large, the value can be decreased indefinitely, that is, |[r"| approaches (. So,
the limiting value of |+"| becomes 0,

¢ s L afl—r" rr ar®
Consequently, the limiting value of 5, 5, = {_ ) = - =
1= l=r 1l-=r
i
I—r
. . s g . 1
Therefore, the sum of the infinite series S, = T

In the case of |¢| > 1, that isr = 1 or r =< —1, if the value of n increases

then the value of [r"| increases and making n sufficiently large the value of

[r?| can be increased indefinitely, From this it is clear that there does not
exist a finite numbers S which can be considered as the limiting value ol 5,,.

So, in this ease, sum of the infinite series does not exist,

If ¥ = —1, then the limiting value of 5, cannot be found. Because, if n is
even then (—1)" = 1 and if n is odd, then (—1)" = —1. In this case the
sevies will e, n —a+a—afa—a+ ...

o, stim of this inhinite series does not exist,

(25
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4) In case of r = 1, limiting value of 5, cannot be found as well. Because, in
that case the series will be @ + a + a4+ a + ... (n numbered). That means,
5, = na which can be increased with the increasing of n.

So, sum of this infinite series does not exist,

If |r| < 1, that is =1 < r < 1, then the sum of the infinite series a + ar +
: . f
ar® 4 8 = 1

_fl

For other values of r. the sum of the series does not

pxcist,

Remark: The sum of the infinite geometric series (if exists) is sometimes denoted
by S, and it is called the sum of the series up to infinity, That is, @ + ar +ar® +

4

_ g i
ar® 4+ ... up to infinity, S, = 1 . when |r| < 1.
m

Activity:
1} In each case below, the first term a and the common ratio r of an infinite
series are given. Write down the series and find the sum if it exists;

(1) ri.=-l.'."=%i i a=2r= i] (4) t1=E]i_.r=3 L
(4) a=br=-— (6) a=lr=-2 8 a=H8Lr=-2
()= i a3

2} Every ome of you. write an infinite series.

Example 2.  Find the sum (if it exists) of each of the following infinite geometric

series:

0 1 P 1 " 1 " |
- Tl L
2) I+0140014+0.0014...
1 | 1 1
3) 1+—=+=-+——==+-+...
j V2 2 22 4
Solution:
: . 1 3
1) Here the first term of the series, a4 = 3 and common ratio, r = e ® 1=
| e h
— <1
3
1 ¥
. The smn to infinity of the series is. 5, = I ir == I _‘ é = ,1% ® ; — ;
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. . . 0.1 1

2) The tirst term of the series, a = | and common ratio, r = gt <1

s oy fl 1 10 I

. The sum to infinity of the series is, 5. = = -=—=1=

1 T 1 - io 9 9

& _ ]

3) Here, the first term of the series. o = 1 and common ratio, r = % - 7’5 |

7 1 2
o The sum to infinity of the series is, 8. = o = V2 =

l—r 1= 2-1
Mo
3.414 (approx.)

Rational

Transformation of Repeating (or Recurring) Decimals in

Fractions
Express in rational fractions of the following repeating decimals:

Example 3.
1) 0.5 2) 0.12 3) 1.231
Solution:
) 0.5 =0555... =05+ 0.05+ 0005+ ..
This inﬁnit_vﬁmn|v.trir series goes with the first term, o = 0.5 and common
(.05
atio, r = —— = 0.1
Talbaiy, 7 0.5
T L .
T l—r  1-(01) 09 9

2) 0.12=0.12121212... = 0.12 + (L.0012 + 0.000012 +. ..

The first term of this infinite geometrie series, a = .12 and common ratio,
0.0012
0.12

0.01
a 012 012 4

S 042 = - :
1—r 1—{(001) 089 33
1 + (0.231 + 0.000231 + 0.000000231 + .. )

3) 1.231 = 1.231231231...
Here, the series in the parentheses is an infinite geometric series,
(000231

Its first term, a = 0.23] and common ratio, r = 0oa (.001
= f (0.231 231 410

1231 =1+ = : cp t ] e e

& T = T T o 000 333
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1 1 1

e S —— o ., I3 an infinite peometric series.
Sr+1 (2z+1)2 ' (22 + 1) : 5 R

Example 4.
1) If & =1, then determine the commeon ratio of the series.

3 .
2) If # = -, then determine the 5th term and sum upto the 10th term of the

sories,

3) I the series has sum to infinity, then what condition should be imposed
upon x? Determine that sum,

Solution:
1 | |
1) Given that, = - CEEwIY + CPEEIE + ... i5 an infinite geometric
seTies,
1 | 1
If # = 1, the series = + =k TRE
" 2 1+1 (2 1+12 (2-1+1)0
= {-I- : 3 I HE
3 ¥
I
, atio. r— 35 = 1
Its common ratio, r = T =3
3
: 1 1 1
2)  Given that, + .
e e 1 @ IE @ Ip
3 1 1 1
If v = =, the series = — - + ..
g B2l (B 1R  (Beotip
3 . & L 1
itEtate
1
' . . 1 . 42 1
The first term of the series, a = i COmMmon Tatio, © = T= 1 <1
4
=1 5
. 5th term of the series= qr*~! = Eaf2 sl iF
4 \4 1 45
. , afl—r")
Sum of first 10 terms of the series = = [n = 10

Forma-20, Higher Mathe, Class-9-10
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] 1 3 no 4 410
4 4
|
: : ; (2x + 1)* |
First term of the series, a = , Common ratio, r = = =
2r+1 I 22+ 1
2r+1
1
Here, £ 0, So, =0 or <041
R 241 7 . Py o | = 2+ 1 ( }

Now, the series will have sum to infinity if, |r| < 1 that is
-+ (2)

When condition of (1)

1 . o o
TR () is true, that is 2 + 1 > 0 [multiplicative

reciprocal has the same sign| then putting it in (2), we get <1

2+l
Now, multiplving hoth sides with positive number 2r + 1 will keep the

inequality sign same

thatis 1 <2¢ 41, or,1—-1<22, orQ<2r 0,200 or, x>0

1
When condition of 7= 0 is true, that is 20+ 1 < 0 | |

P i o

<]

the tting it in (2), we get —
en putting it in (2), we ge 5o 1

Now if we multiply both sides with negative number 2r + 1, then the
inequality sign will reverse

that is —1 > 2r+1, or, =1 —1>2x, or, =2 > 2w, or, -1 > 2,
ofy &< —1

-, the eondition is ¢ < —1 or, & =10

1
So the sum to infinity of the series, S, = 1 "2 +Ii
s r'
] =
2r 4+ 1
: 1
Multiplying the nominator and denominator by (2e+1), S, = e

|

2

2023



Chapter 7. lunfinite Series
Exercise 7

1. What is the 12th term of the series 1,3,5,7....7

1) 12 2) 13 3) 23 4) 25
|
2. What is the 3rd term of a sequence whose nth term = ———7
I % 2) = B = 1y =
3 6 12 Eﬂrr
3. What is the 20th term of a sequence whose nth term = — (2—1} !
1) 0 2) 1 3) —I 4" 2

1 -
1. The nth term of a sequence is u, = — and w, < 107, The value of n is
1
(i) n<103 (i) < 104 (iid) n = 10°
Which one is trme?
1} i 2) i, i 3 u, i 4) i, i, fii
5. If the nth term of a sequence is u, = 1 — (=1)", then its
(¢) LOth term is O
(#2) 15th term is 2
(fii) sum of first 12 terms is 12

Which one of the followings is true?

1) & 2) 4, i 3w, i T
Observe the following series and answer the question (6-8)
4 4
T T
1 3 | 9 1
fi. What is the 10th ferm of the series?
_'l ."._i -'1 "'1
D 3% T 3 g Y n
7. What is the sum of first 5 terms of the series?
160 454 12 20
1y == -y e g == 4 =
) 27 ) ®l ) 9 ) 9
8. What is the sum of the series upto infinity?
10 2) 5 3 6 4 7

Y. Find the 10th term, 15th term and rth term of the given sequences:

1) 2,4,6,810,12,...

2025
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1 3 5
2) =,1,=,2,-..
) mitm
3) The nth term of the sequence = ;;{fnlﬂ‘ neN
4) 0,1,0,1,0,1,...
5 s 55 5 B
S g gt
1 1 dn
6) The nth term of the sequence = %

|

10).  The nth term of a sequence is u, = —
1

1) If 4, < 1072, what will be the value of n?

2) If u, > 1073, what will be the value of n?

3) What can be said about the limiting value of u, (when n is sufficiently
large)?

11. Find the sum of the given series (up to infinity) if exists:

1 1 1
D 14+=t=d=+...

3 I8
1 2 4 &
T . .
) s-mtmmt
R
3) 842 E‘§+E+

) 1424448416+

) 1 i 1 1 n ! i
3) — S | o — s
2 1 8 16
12, Find the sum of fArst n terms of the series given below:
1y T+T7+TT7+-.s
2) 545545054 ...
| 4 l
r+1 (z+1)2

13. TImpose a condition on r under which the infinite series

|
——— + ... will have a sum (to infinity) and find that sum.
(=+1)%
14.  Express each of the given repeating decimals as a rational fraction:
1) 0.27 2) 2.305 3) 0.0123 1) 3.0403

15. a+ab+ab® + ... is a geometric series.

2625
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1.

17.

|

1) What is the Tth term of the series?

2) fa=1andbh= 5 determine the sum to infinity of the series if exists.
3) Determine the sum of first n terms of the series which is found by
placing 3 in stead of a, 33 in stead of ab and 333 in stead of al.
, _ 1
The sum of three consequent terms of a geometric series is 245 and
multiplication is 64,
1) Construct two equations based on the given information.

2)  Determine the first term and the common ratio.

3) I the common ratio is —, then determine the sum to infinity of the

| =

SETIES,

There are four dogs standing in the four corners of a square area, each side
of which is | km. Now, everv dog runs blindly towards the dog on its right
in the same velocity, covering half the distance. After opening the eyes. they
run similarly to the dog on its right again, covering half the distance.

1) If they continue to run like this, what will be the terminal position of
the dogs? How much distance each will eross?

2} Answer the previous question if after covering half the distance, without
changing direction each dog covers additional 1/k times of the distance
and then changes direction.

3)  Answer both the questions stated above if the area was not a square,
rauther an equilateral triangle.



Chapter 8

Trigonometry

The word Trigonometry has heen derived from the words *Trigon’ and ‘Metry'
Trigon’ is a Greek word which means three angles and ‘Metry' means measure,
In general Trigonometry means the measurement of three angles ol a triangle,
For practical purposes, trigonometry was introduced from for the measurement
of three angle and three sides of a triangle and from their related ideas. For
example, the use of trigonometry in measuring the height of the tree with the
help of its shadow, determining the width of a river by standing on its bank,
determining the area of a triangular land ete.  is very ancient and popular.
Besides, trigonometry is extensively used in every branches of mathematics and
science, That is why trigonometry is well established as a very important topic
in mathematics. Trigonometry has two branches; one is Plane Trigonometry.
the other is Spherical Trigonometry. We are concerned with plane
trigonometry only.

Alter completing the chapter. the students will be able to

» explain the concept of radian measurement;

» determine the relation between radian measurement and degree
mMeasurement;

» indicate triponometrical ratios and their signs in the quadrant:

» find the trigonometrical ratios of standard angles and associated angles
upto 2

» find the trigonometrical ratios of angle —#:
. . ) ) . nmw o
> find the trigonometrical ratios of angle B - & and apply for integer 1 <4

> solve simple trigonometrical equation.

(25
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Angles in Geometry and in Trigonometry

For the convenience of discussion of angles in geometry and trigonometry, let us
draw a pair of mutually perpendicular straight lines XOX' and Y OY' at the plane
XY .In the following figure as the lines bisects at the point O, each of the regions
included between the four right-angles is called a Quadrant, By moving anti-
clockwise from the line OX, the fAirst region enclosed by (ZX0Y | right angle )
is called First quadrant and by moving accordingly region enclosed by second
(£YOX'), third (ZX'0Y") and fourth (ZXOY")right anglesare called second,
third and fourth quadrant(Following figure).

."u}«’

2 cpunchrint 15t quodrant
5 A
l'!’ o N X
drd quadran 4th quadrand

In geometry angle is formed by two ravs meeting at a point. In trigonometry an
angle is produced by a revolving ray about a fixed ray. Let, 04 is a revolving
ray and at the beginning it revolve anticlockwise from the fixed ray OX. The ray
O A at first form acute angle ZX A, at the position A4, and remain in the first
quadrant and then when it come to the position perpendicular to O with OX,
the measurement of ZXOY become 90° or 1 right angle. By more revolving at
the same direction when the ray €A comes to the pesition As. then it forms
an obtuse angle ZX0OA,. By more revolving at same direction when the ray
A comes to the opposite of the ray OX at the position of OX', then the angle
LXOX" is formed is a straight angle or 2 right angle. By complete revolving when
the ray A4 comes to previous position that is merge with OX, then the angle
formed is 2 straight angle or 4 right angle.

In geometry angles are limited to 180°, and there is no difference between
seometric and trigonometric angles in this case. If we consider that the ray A
revolves further to reach (A, after completing a round then the angle formed
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XA becomes greater than 4 right angles. The angle #XOX created by the
original position of the ray 04 is not considered as a geometric angle, but it is
considerad an angle in trigonometry.

Positive and negative angle

In the above discussion, the ray OA (above fignre) has been revolved
anticlockwise and the angles formed by (A at different quadrant was considered
as positive angles. Therefore, an angle produced by anti-clockwise revolving is
considered positive and an angle produced by clockwise revolving is considered
negative.

S, from the above discussion it can be said that, when the positive angle is
less than 907 then it remains in first quadrant. Again, the angle will also be in
first guadrant if the value is between 3607 and 450°. Similarly, if the value of a
positive angle is hetween 1807 and 2707 then it will remain in the trird quadrant,
if from 90° to 1807 then in the second quadrant and between 270° and 3607 then
it will be in fourth gquadrant. Likewise, if the value of a negative angle is from
= to (° then it will remain in the fourth quadrant, from—180 to —90° in the third
quadrant, from —270° to —180° in the second quadrant and from —360° to —270° in
the first quadrant, 180° and 3607 or any integer multiplicand of them coincides with
the straight line XOX'" and 90° and 270° or any integer multiplicand of them
coincides with the straight line YOY' (see the adjacent fgure). ZAQAin Hrst
quadrant. £AOA; in second quadrant, £A0A; in third guadrant and £2A404, in
the fourth quadrant.

Example 1. In which quadrants do the angles 1) 430° and 2) 5457 lie ?

L) 4307 = 3007 4+ T0° =4 x 907 + T0° 430° is a positive angle and 4 is greater
than the right angle but 5 is less than right angle. Therefore, to produce the
angle 430% any ray have to rotate 4 right angle or have to revolve one full
rotation and 70° more (Follwing figure at left). So, the angle 4307 lies in the
first quadrant.

2025
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4l ‘
x ) X X 7 ¥

o }r.-

¥
2) 545% = B0 + 5% = 6 x 90° + 5° 545" is a positive angle and 6 is greater
than right angle but 7 is less than right angle. To produce the angle 545°
any ray have to rotate G right angle and 5" in the anticlockwise direction or
two right angle and 5% after the full rotation( Above figure in left). So, the
angle 5457 lies in the third quadrant,

Activity: Determine in which quadrant each of the following angle lie: 3307,
535%, 777" and 1045%; draw pictures.

Example 2. In which quadrants do the angles 1) =520° and 2) =7507 lie?
By ? o Y

Y, o W 7 N
:)//_ ;

X X X N X
520" \
7501
v v
1) —520° = —450° — 70° = —5 > 907 — 70° —520° is a negative angle and to

produce the angle —520° anv ray have to rotate one right angle or 90° and
707 more in the same direction after the full rotation in clockwise direction
to some to the thivd guadrant (Above fgure in left). Therefore, the angle

40 lies in the third quadrant.

2) =757 = =T20° = 30° = =8 x Y = 3)° —750° is n negative angle and have
to rotate 30° more atter the full rotation twice (8 right angle) (Above figure
in right). Therefore, the angle —750° lies in the fourth quadrant.

Forma-21. Higher Mathe. Class-9-10
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Work: Determine in which gquadrant each of the angles below he: — 1007,
=365°, =720° and 1320° Draw pictures.

Measurement of Angles

To measure any angle we use two unit systems :
1) Sexagesimal System and
2) Circular System

Sexagesional System: In this svstem right angle is considered as unit of
measureinent of angle. In this system one degree is one — ninetieth 90 part of a
right angle one metre (1° = one degree).

One-mimite s one sixtieth 60 part of one degree 1e., (1° = one minute) and that
of one-second is one sixtieth 60 part of one minute ie., (1"= one second).

That is, 60" (second) = 1’ (minute)

6 {minute) = 1° (degree)

90° (degree)= 1 right angle

Radian system is necessary to know before cireular system.

Radian: In any circle the angle which an arc of the circle whose length is equal
to the radins of the circle subtends at the centre, is called one radian.

f"ﬂ[*}

N
o /
L /

In the figure,the centre of circle PQR is O, radins (P =r and PQ) is an arc equal
to the radins, Arc PQ produce angle 2 POQ at the centre O, This measurement of that
angle is called radian i.e. £P0OQ is a randian,

Circular System: [n circular svstem one radian angle is considered as
measurement unit of angle,  To determine the relation between radian

2025
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measurement and degree measurement the following proposition need to be
known.

Proposition 1. In any two circles the ratios of the cireumferences and the
respective diameters and equal.

Proof: We can assume that the circles have the same centre () and they are
concentric. Let p and v denote the circumference and radivus of the inner (smaller)
circle and P and A denote the circumference and radius of the outer (greater)
circle(following figure). We divide the eireumference of the outer circle into n
equal arcs where (r > 1), Joining the dividing points with centre the inner circle
also divided into n equal parts. Let us join the dividing points of hoth the circles.
We get consequently (outer circle ABCD ... and inner cirele abed . . .} two n sided
regular polygons inseribed in the outer and inner eircle, respectively,

Now, SAOAB and AQab are similar, because,
ZAOB and ZaOb [common angle] and being
osceles triangles, their other two angles are equal.

_AB 0OA OB R

“ab Oa Ob v
Similarly,

BC_R CD_R

L R

AB BC CD R

“ab be  ed 1
_AB+BF+CD+...=H+R+R+._.=n_ﬁ_'.=§=§__}?mm
Coab+betoed ... A i S o S nr " 2r

If n is sulficiently large that is letting (n — o). then AB, BC.CD, .., will be
very small and seems to be minute ares of the cirele.

Therefore, in this ease, AB + BC 4+ C [+« = cireamference of the outer eircle
I* and

ab + be + ed + + -+ & cirenmference of the inner circle p

o from equation (1) we get,

P IR

p 2
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. P p
e, —— = —
2R 2r
circmmference of the outer cirele B circnmference of the inner civele

diameter of the outer cirele ~ diameter of the inner cirele
. In any cirele the cirenmference bears a constant ratio to its diameter.

By Corollary 1:

Remark: In any cirele the cirenmference bears a constant ratio to its diameter.
This constant ratio is denoted by the Greek letter 7 (pi). 7 is an irrational
number and expressing in decimal places it will be non-terminating where, (7 =
3. 1415926535897932 .. | ).

Remark: Generally approximate value of 7 upto four decimal places is used
where 7 = 3.1416. Using computer the value of 7 has been determined upto millions
and millions of digit in decimal place. As we use approximate value of w,
answer must be approximated. That is why it is required to write "approx’ beside
the answer. Approximate value of = 3.1416 will be used as no direction is
mentioned,

Corollary 2. The circumference of any circle of radius r is equal to 277,

Proof: By Corollary 1 we know,

Cl remmierence

Diameter
or, Circumference = mx Diameter
= 7 x 2r [Diameter = 2r]
=
., Circumference of any circle of radius r is 27r,
Proposition 3. The centred angle produced by any arc of a cirele is
proportional to its are,

Let O be the centre and O F is radins of the circle r

ABC. P is another point on the circle, So BP isan 4
arc and ZPOB is the centred angle of the circle. So

centred angle £ PO B is proportional to arc BP. B
Le. centred angle ZP0B o are BP.

Proposition 4. Radian is a constant angle,

225
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Particular Enunciation : Suppose in the circle ABC with the centre O, 2P B
is & radian angle. Prove that £FP0OB is 4 constant angle.

Construction : Draw perpendicular OA4 upon the segnient OB (radius).

Proof:
(JA intersect the circumference at A, A
Are AB = one-fourth of the circumlerence = ~]i- x P
2y = o

2 B
And are PB =radins r [ZPOB = 1 radian]
From corollary 3. [

LPORB ArcPB

ZAOB ~ ArcAB
ArePB
ArcAD

 /POB = x LAOB = ——x 1 right angle [ Radius OA is perpendicular

to (JB]

2
= — right angle.

w

As the right angle and 7 are constant, ZPOB is a constant angle.

Circular measurement of angle

Definition 1. By circular system i.e.. The measure of an angle in the radian
unit is called its radian measure or circular measure,

Suppose AMON is a given angle. 'With centre () we draw a circle of suitable
radius A = . Suppose the circle intersects the sides OM and ON of the angle
at A and B, respectively. So constructed angle ZA0B is a centred angle produced
by arc AR, Taking an arc AP equal to radius r (arc and radius should have same

unit }.
HN WY
\ 9
\ ( L
O A M\ 0 ) A M
Y /

Then ZAQF = 1 radian
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Suppose are AR = s

From proposition 3,
LMON _ AreAB  AreAB s
ZAOP  ArcAP  RadiusOA v

- ZMON = ; x L AOP

) ; S N
= — % 1 radian = —radian
T r

; pows: 8 ’ ;
. Circular measure of ZMON is —, where the angle cul are arc & centring its
=
vertex and taking r as radius of the circle.
Proposition 5.  Any arc of length s produces an angle # in the centre ol the
circle of radius r then s = ré.

— F

g ar
N

e

Particular enunciation : Let O is the centre and OF8 = v unit is the radius of
the circle ABC, are AB = s unit and centred angle ZAOB = 0° produced by the
arc AR, It is to prove that, s = rfl,

Construction : Draw the arc GF equal to radius OF at the point B so that it
intersects the cirele ABC at P. Join O, F.

Proof: By construction #POE = 1°

We know, centred angle produced by any are is proportional to arc.
Arc AR ZAOB
Arc PB~ ZPOB

s unit 6
o, —_ = —
©r unit 1=
-"l"
or, - =#
T

L& =rf (Proved)

(25
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Relation between the degree and radian (circular) measure
We know [rom proposition 4,

. 2
| radian =

w

right angle

i, 19 = = right angle. [1 radian = 19|
T

1 right angle = (g)‘

{“-]..-_\ - ﬂ'"— [
or, . = (E)

il (%)( and 1° = (L:U)ﬁ

TN 180%°
Proposition 6. |7 = (é) and 1° = (T)

Observation :

(1]

(#) 90° =1 right angle = ?_ET i — (E)'
i.e., 180° = 2 right angle = 7 radian = =°.

(i) It D and B be the measurement of an angle in sexagesimal and circular
system then

D‘*=(D><%)u=ﬁ"

s
e, D =

i X T80

o R

or, —— = —,

! T

From the above discussion the widely use of the relation between degree and
radian measures are piven below:

(i) 1° = (ﬁ)

(if) 30° = (3:) % ﬁ)

(%

=1
e

(#ii) 45 (45 v, %) (%).
(iv) 60° = (ﬁu x iﬂ): G)
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() Quﬁ==(gﬂ _Eﬁ) (%)n
(vi) 1807 = (180 x TEE) e
(vii) 360° = (350 . Tgﬁ). _ (2n)"

In all prar.tir'al purposes the radian symbol (e) is silent.

T T T T ,
1° == A ==, 5% = =, 6(]° = =, H]° = =, I8(° = J60° = 27 ete,
lﬁ{"l o3 [i ] 1 i 3 5 I | T et

Note: 1° = (Tgﬁ)i = (.01745° (nearly)

H
1= (ﬂ) = 57.29578° (nearly) = 57°17'44.81".

w

Here the approximate value of 7 15 3.1416

Note: We shall use this approximate value of ¢ (7 = 3.1416) in all examples and
exercises. When ever an approximate value of m is used the word ‘nearly’ must
be affixed to the result.

3.—
Example 3. 1) Express 30712'36" in radians. 2) Express ErS in degree, minute

and seconds,

Solution:

1) 30°12'36" = 30° 19%) = 30° l‘gg) = 30° o
. il ] 5
63 \° 21 %" 3021\°
L — :n— P
(meNJ (5um) (um)

b l21 M 5
=— FI]' radian [-1° = lﬁf}l
igf};; 5273 radian( nearly)
", 30°12'36" = ,5273° (nearly)
] %r 3ﬂ ® }ﬂ} degree [ 1° = (@)“]
13 13 T T
_ 540

degree = 41°32'18 - 46",

13
. §: radian = 41° 32' 18 . 46"
13

2025
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Example 4. The measures of the three angles of a triangle are in the ratio
3 :4: 35, Find the cirenlar measures of the angles.

Solution: Suppose the angles are Jir®, 4x® and 52°, respectively.

In the circular measure, 32 + 42° + 52° = 7° [The sum of the three angles of any
triangle 2 right angles = 77|

or, 12z ==

T

12

.. the three angles are ¢

or, .

aos PBENT  pwNE W
‘“_(12) _(-L) !

e AT\ gmye ow
> —(ﬁ) =53] =3

N—— St e_::J?T
e T 12

So, the circular value of the three angles are: — — and —

Example 5. A giant wheel makes 40 revolutions to cover a distance of 1.75
kilometer. What is the radius of the wheel ?

Solution: Suppose the radius of the wheel is r metre.

.. the circumlerence of the wheel = 27r metre [7 = 3.1416]

We know in one revolution the wheel covers a distance equal to its
circumference.

2ol 40 revelutions the wheel covers = 40 % 2ar m. = S0rr metre

As per the question, 80mr = 1750 [1 kilometre = 1000 metre|
1750 1750
O, T = =

807 80 x 3.1416

= (1,963 metre (nearly).

metre.

.. the radius of the wheel is 6.963 metre (nearly),

Example 6. Radius of the earth is 6440 kilometre, If the arc on the surface of
the earth joining Dhaka with Jamalpur subtends an angle of 2° at the centre of
the earth, find the distance between Dhaka and Jamalpur.

Forma-22, Higher Mathe, Class-9-10
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Solution: Radius = r = 6440 k.m.

i T
The angle made in the centre of the earth @ = 2° =2 x — = — radian.
MG bR e T S0 o0
-
. & =length of the are= distance between Dhaka and Jamalpur = rf = G440 = ﬁ
k.m. ‘
_ Gddw

k.m.

]
= 224.8 kan. (nearly)

Determinable distance; 224.8 k.m. (nearly).
Example 7. Find the circular measure of the angle subtended by an are of

length 11 c.m. at the centre of a circle radins 7 ¢,

Solution: Suppose the radius OO = 7 c.nand are AB = 11 cm. of the cirele
ABC. Tt is to determine the value of the angle ¢ that makes the circular angle
with the arc AB.

We know, 5 =rf

2 11 em.
or, l=—-=—
ro Toeam.
= 1.57 radian (nearly) C

The value of the determinable angle : 1.57 radian
(mearly).

Example 8. Ehsan traverses the are in 10 seconds by riding a cycle. If an arc
of the circular path subtends an angle of 28% at the centre and the diameter of the
cireular path is 180 metre, then And the speed of Ehsan.

Solution: Let us assume that starting at B of ecircle ABC Ehsan reaches the
point A of the circle in 10 minutes,

So angle of centre produced by the are AB is == TR
LAOR = 28° A
7 \& 1
) 05"
OB = radius = i metre = 9l metre C 0 28 B
2 | L& m, .'

2023

\ /
Fa
Suppose are AB = s metre v



2025

=1

Chapter 8. Trigonometry 171

We know,

g=rf

=90 % 28 ﬁ metre

= 147 metre

=14 % 3.1416 metre (nearly)

= 43.98 metre (nearly)

11

. Ehsan's speed = metre/second= 4.398 metre/second = 4.4 metre/second

(nearly).
Determinable speed: 4.4 metre/second (nearly).

Example 9. A hill subtends an angle of 7 at a point 540 kilometre from the
toot of the hill. Find the height of the hill.

Solution: Let foot A of the hill A5 makes angle 7" with the point O 540 km,
away from A. So, AO =r =rmdiu = 540 km.

Cirenlar angle ZAOB =T = ({%) ° = 80 iﬂ—lﬂﬂ radian.
Height of the hill = are AR =5 km.
B
\
—r ||
0 | Ir'l‘ = 540 k.m. 4

We know.

w

=rf =5 —_— |5,
s=7r Jd“y{iux lHl]] m

- T x 3.1416
N 210

= 1.1 km. (nearly)

k.. (nearly)

.. Height of the hill is 1.1 komn. (nearly) or 1100 k.m. (nearly).
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Exercise 8.1

Use calculator to solve the following problems. Use (7 = 3.1416) as the

approximate value of 7 in every case where necessary,

1.

=1

10

1) Express in radians ;

(i) 75°30f (i) 35°54'53" (i) 3372211"

2) Express in degrees !
(4) il radian () 13177 radian (¢i1) 0.9759 radian
13 '

If we express an angle by D and A° in radian and eircular system then

prowvie ”J.ELL. ﬁ = ;

The radius of a wheel is 2 metre 3 ¢.m. Find approximate value of its
circumference to four places of decimals.

The diameter of the wheel of a car is (.84 metre and the wheel makes 6
revolutions per second. Find the speed of the car,

The angle of a triangle are in the ratio 2 : 5 @ 3; what are the circular

measures of the smallest and the largest angles 7

The angles of a triangle are in arithmetical progression and the largest angle
is twice the smallest angle. What are the radian measures of the angles 7

The arc joining Dhaka with Chittagong subtends an angle of 5° at the centre
of the earth, Taking the earth to be a sphere of radius of G440 k.m. find the
distance of Chittagong rom Dhaka.

The arc joining Teknaf with Tetulia subtends an angle of 10°6'3" at the
centre of the earth. Taking the ¢arth to be a sphere of radius G440 kom.,
find the distance of Tetulia and Teknaf.

Riding a bicycle Shahed traverses a segment of a cireular path in 11 seconds.
The diameter of the circular path is 201 metre and the angle subtended by
the segment at the centre iz 307 find Shahed’s speed.

Given that the radius of the earth is 6440 k.m. what is the distance between
the two places on the surface of the earth which subtend an angle of 327
at the centre of the earth?

2625
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11. Express in radian the angle between the minute hand and hour hand of
a clock when it is % : 30 am. [Hint. One spacing on the dial subtends
3607

Gl

= (i degree angle at the centre, At 9: 30 AM.(or P.M.) the hour and

£

minute hands of the clock are (1-5 - 2%) or 1?% Spacing a. part|

12, A person jogging on a circular track at 6 ko, per hour, traverses a segment
of the path in 36 seconds which subtends angle of GO® at the centre. Find
the diameter of the cireular track.

13. A hill subtends an angle of 8 at a point at a distance of 750 kilometre from
the foot of the hill. Find the height of the hill.

Trigonometric Ratios (Trigonometric Ratios)

We diseuss about trigonometrical ratios (sine, cosine, tangent, secant, cosecant,
cotangent) of acute angle in this section. By the ratios of acute angle, we can
determine the technigque of any trigomometrical angle. Relation among the ratios
and its sign in different quadrant ean be explained, Some identity about
trigopnometric ratios are to be conceptualized. Trigonometrical ratios and the
maxiomim  or minimum  values of trigonometric ratios of standard angle
TT R )

( Lt —2-) are also included here.

(a)Trigonometrical Ratios of Acute Angle(Trigonometric Ratios of
Acute Angles):

We consider a right angle triangle AQPQ to discuss
the trigonometrical ratios of acute angle. In A0 PG,
ZO0P s the right angle, OF is the hvpotenuse of the
triangle, Q) is the adjacent side, P is the opposite

o

Hypolennse
side and £POQ = # is an acute angle subjected to
ZP0OQ.In OPQ the trigonometrical ratios of acute angle #

Perpendrculir

(sine, cosine, tangent, secant, cosecant, eotangent) 'y, Biise o
are defined below:
, P Porpendicular P Hyvpotennse
sinf = w i coserd = = :
opP Hypotenuse P} Perpendieular
() Base (F  Hvpotenuse
el = — seefl = =

OF ~ Hypotenuse 00 Base
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P¢)  Perpendicular o Base
Lanf = L : colfl = — = :
) Base Pt} Perpendicular
Example 10. In a right angle triangle tanf = 3 then find the other

trigomometrical ratios of Theta

Solution: Let ABC is a right angle triangle where, hvpotenuse = AC. base
= AB, perpendicular = B{ and S BAC = ¢
Here tand = 3

C
Perpendicular 3
or, tanf = b UL 9
Base |
., Perpendicular BC = 3 unit and Base AB = 1 unit. V10 3
By Pythagoras 6
Hypotenuse AC' =/ AB?+ BC? = 12+ 3 = V10 A 1 B
umit

., other trigomomietrical ratios are

. Perpendicular 2 Hypotenuse 10
sinf = — cosepel = - =
Hypotenuse 10 Perpendicular 3
Base 1 Hypotenuse /10
vosfl = = secH = — = = 1)
) Hypotenuse /10 ) Base 1
Base 1

and cotl = ——————— = —
Perpendicular 3

Observation : The trigonometrical ratios sine, cosine, tangent, secant, cosecant
and cotangent have no unit as ratios are unit base.

Activity: ABC is o right angle triangle and sinf = Find the other

s

trigonometrical ratios of theta.

Note: Triginometric ratios are written in brief. e.g.
sinefl = sinf), cosinef! = cosfl, tangentdl = tanf,
secantd = seefl,  cosecantf! = cosecl), cotangentt = entf

(b)Trigonometric ratio of any angle: Here we find the trigonometrie ratios
of any angle, For this we need to know the standard position of the angle, In
Cartesian plane right side from origin that is considering the positive direction of

(25

oy
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r-axis as initial ray be obtained the position of the angle. Here we consider # as
trigonometric angle and the hmit of § is boundless.

In Cartesian plane suppose X'0X as p-axis, Y'OY as y-axis and O as origin.
Angle # is the product by revolving a rav OA in the anticlock-wise direction from
r-axis i.e. X s the initial side and OA is the terminal side. (Following figure)

iy A
Plr.y)
P
P
/f/ U
.-'f
4 /Y b
X o] * @ X
--'E."F

OX is called the initial side of the angle # and OA is ealled the terminal side.
Take a point P(r,y) different form €} on the terminal side QA. So perpendicular
distance of the point from OX is g, from OY is & and ZO0QF is a right angle (see
the above Agure).
Therefore, by Pvthagoras, hypotenuse [OFP| =r = ‘,f % + 3. So for any angle # the
trigonometric ratios will be :

Perpendicular g

s — Y
i HVpﬁtE‘IHL‘:.L r
cost = L L
Hypotenuse  r
Perpendicular _ y
tant = = = i)
e Buase [ 0]
Hypotenuse  »r
gecl = ————— = — o= {
= Base n [ # 0]
Hypotenuse t
coseefl = ————M— = — y#0
e ~ Perpendicular  y v #0)
Baso .
= e oo iy # 0]

Perpendienlar g
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Observation 1.As the point P and O are different so r = [OP| > () and sin# and
cosf significant. The terminal side (A lie in r-axis then y = () and in that case
cosect and cotd is not delined.

Similarly terminal side OA lie in y-axis then o = 0 and in that case secff and tanf
is not defined,

Observation 2. Take another point #(xq, y1) different from Pz, y) (Following
left and right figure) on the terminal side A, Draw perpendicular PM and Py M,
from P(r. y) and Py (2, y) on z-axis. So, AQPM and AQP, M, are similar.

o
{J

¥ A

:
X0

- }n
lo| _ Jul _lOP] _r

e, — = = -y

YR T I (07 5 N
Here OF = ¢, OFP) = ry, o and @y and g and y; are of the same sign.

¥ ' T R - - 1 m
.'.—=i=—'Tth!H,—=—}lﬂdi=—
roomoon rooon R
- . i i
['herefore, sinf = — = —
P
£ 3 il i
chsfl = — = — tant! = o e,
r r r oz

Decision : Value of trigonometric ratios are not dependent upon the point P on
0OA.

-

Observation 3. If # is an acute angle, the standard
position of OA lies in the frst quadrant amd 6 =
£ X004 (Ficure beside). Take any point Pla.y) on
)A and draw perpendicular PM on OX so that we ¥
can find the wvalue of ratios # from the disenssion hy f

(a) and (h) OM =2, PM =y and OP =r. o x M

*X

(¢) Relations of the trigonometric ratios: From the definations of

2025
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trigonometric ratios we see that,
. Perpendicular Hyvpotenuse 1 |
sintl = ——— | vosedl! = - = - = —
Hypotenuse Perpendicular  Perpendicular — ging
Hypotenuse

cLosinfl = and cosecl] = —

COSEC sinf!

<Y A
A
F/
&
| ;
9] M X
Base Hyvpotenuse | |
Similarly, cosfl = e s P = 5
Hvpotenuse Base - Base cosf
Hypotenuse
i i ! d sect !
e cosd = — and secf = —
secf st
|
Similarly, tanf = — and coté =
¥ rotH tan#

Some easy identities concerning about trigonometrical ratios
(Identities):

(¢) sind + cos™@ =1

Proof: From the figure we see that, y

Base i
coif) = —m oo — — A
Hyvpotenuse v

Perpendicular ¢

pinfl= —— = = ;
Hypotenuse r r v
and r? = z? + 9* A
o aa 2 2 X
it oodfm o B B | X
L sinl + cos®h St = 3 p 1 7] x

Lsin®f + costl = 1 (Proved).
From (i) we have, sin?f = 1 — cos®f or, cos®@ = 1 — sin®/f
Similarly it can be proved that,
(i) 1+ tan®f = sec’# or, sec’f — 1 = tan®d
Forma-23, Higher Mathe, Class-9-10
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(#i1) 1+ cot?d = cosec®d or, cosec®d — | = cot?d

Activity: Prove that (with the help of figure):

1) sec®d — tan®d = 1 2)  cosec’d — cot?d = |

Sign of trigonometric ratios in different quadrants
In the lollowing hgure the Cartesian plane are
divided into four quadrant by the axis X'OX

and Y'OY. Namely XOY (lIst quadrant),
YOX' (2nd quadrant), X'OY" (3rd quadrant) A
and Y'OX (dth guadrant) respectively.

The ray (A rotating in the anticlock-wise
direction produces different angles depending on
the terminal position of OA from the initial position 3 quodrony il quadiant
(X, Take any point P(x,y) on the rotating
ray OA, So |[OP| = v. Sign of & and y will A A

be changed depending upon the position of P ¥

and the terminal ray A but r always remains

positive,

When (A lie in the first quadrant then both & and y are positive. So, all trigonometric
ratios in the first quadrant is positive, When (34 lie in the second quadrant abscissa o is

Ind quadrant I5t gt

* X

. . . i ! . : )
negative ardinate and y is positive. So in the 2nd quadrant sin (31114';' = —) and
T

COSEx ([:E}Hﬂf:ﬁ' = —) are positive and the other ratios are negative. Similarly in the

i
\ ; =Y Y
3rd quadrant abseissa @ and y both are negative and tan | tanf = — = = | and
— e
. — £ cis ) : . i ooy
cot (r.m.{? = — = —) are positive and the ratios are negative. When OA lies in the
= i

dth quadrant abscissa r is positive, ordinate y is negative, and so cos ((:H::H = —)
-

r e : ;
and sec (Sfrr.l‘;' = —) are positive and the other ratios are negative,
T

g ; o L o
Again, in r-axis the value of y is zero, so cosec (L‘U\E‘xﬂ{"ﬁ" = — | and cot | cotfl = —
U i

are not defined.
i r - I3 3 ¥ j
Similarly in y-axis the walue of 2 is zero, se on y-axis sec (ﬁr:cﬂ = —) and
x
n

tan (tam’,‘ = —) is not defined. In any position of the point P the ratios
T

2023
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. i Y £ %
sin (smﬁ = —) and ecos (t:nsﬁ = —) are delined and has real value,
i "

The precise of the above discussion can he shown helow with the help of the
figure. With the help of the fipure determining all signs of trigonometric ratios of
the angle, depending on the terminal ray of the angle, will be easier.

+¥
2ol guadrant Ist guadrant

sin and cosec are positiveall ratios are positive

X » X

)

tan and cot are positivazos and sec are positive
Jril quadrant 4th quadrant

YI1

Trigonometric ratios

In class 9 and 10 the trigonometric ratio of acute angle was discussed. Now
we shall describe the trigonometric ratio of any angle.

Standard Position of angle: In the main point O of Cartesian plane il an
angle is drawn considering w-axis as original ray, standard position of angle can
be obtained.

Definition of ratios

Take a point Plr, y) on a rotating ray OZ of standard position of any angle #
where OF = r(> 0). then in angle #



180 Higher Mathematics Classes IX-X

, ; , i)
gine ratio, sinfl = =
i

. Y

cosine ratio, cost! = = Z N
. U . 4
fangent ratio, tanf = — [(When & # 0] s
cotangent ratio, cotf = & (When i # (] ¥
y N

' 1 A
secant ratio, secf = = (When a # (] 0 A

T |
cosecant ratio, cosecd = — [When y # ()
It is to be observed that, P{x.y), P, y") are v
two point on the ray OZ where OP = (> 0), Z Y

<
OF = 'z 0); a2’ and y, ' have same signs. W
So from AOPM and AQPAL,
ror oy
- — == = gl
S , g b )
So, the value of the ratios of the angle 8 do not J‘*-L’ > ¥
depend on the position of the point P on the ray 0
OZ,
If f is an acute angle, then in the right angled y
triangle ACPM hypotenuse OFP = r, adjoining [
side OM = x, opposite side PAM = y. Therefore, =)
; y  opposite side ™
ginfl = = = ———— 5
' hvpolenuse %
cos = o adjoining side 0 =
¢ hypotenuse ol x M X
! opposite side

Yhnf = & o EPEOIE RS g

x  adjoining side’
Therefore, in ease of acute angle the definifion of trigonometric ratio based on
coordinate and in class 9 and 10 definition based on right angled triangle are
SHITE.

Ratios of the angles (° and 90°; The rotating ray lies on the segment OX in
case of 0°, Therefore, Plr,0) and v = OP = 2. 5o,

0
sinlP =2 == =10

T
cosll = — = — = |

=
The rotating ray lies on the segment OY in case of 90°. Therefore, P(0, y) and
poa= D=

"
T
£

2625
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T )

smor =¥ =Y -1
roy
S

cos90f == == =
T '/

From the definition it is seen that, for any angle # the following rules are applicahle
for trigonometric ratios,
1. sin*# + cos’d = 1

. i rooL E :
Proof: sinf = E, cosfl = —, ¢ = 1* + 3
, )

i
N8 e s
. g il k! 7 :
2ogin®f 4 cost = )_‘“ == =1
I T
=inf st
2, tand ot = ——
2 cosl sind
serf = : cosecl = I
‘ T enst T sin#

where the ratios are defined,

{"! L}
11 v
=) (+.—)

11 | [+, +)

3. Considering the signs of different coordinates in the above figure,
1 |
sin, cosee | All ratios
positive positive
11l v
tan, cot COs, SeC
positive positive

4. |sinf| <1, |eost| <1
Proof: sin®fl + cosfl = 1

sin®) < 1, cos®f < 1

e, |sinfl| < 1, |eosf| < 1

5. The values of sin#, cosfl and tand for ditferent values of # are following:
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iy y Y Ty
0P | S =30 | 2 =45 | 2 =60° | = =90°
1 G 511 1 0 3 il 5 Y0
gind | 0 i i ﬁ l
. 2 V2 2
V3 1 1
sl |1 - — - U
| = % V2 2 :
tand | () e | V3 undefined
V3

Example 11.

and cosH =

i

Solution: With the help of trigemometric identities,

We know, sin®d + cos*f = |

Find the other trigonometric ratios of acute angle # (l] el

2)

2 ; :
; 4 16 256-—-16 9
= 0
or,simfl=1—cosif=1-(=-| =1-—= — = —
' (5) 25 25 25
| 4
Co8inf =4y — = £ -
i 25 5
Az # is an acute angle. so @ is in first quadrant and y
all its trigonometric ratios are positive. +
. sinf = 5 P
1 5
Now, sect) = - = — 5
ciowst) _1 4
)
i | 1 5 =
cosect! = =5 ==
sinf 3 3 o t Y
5

Now from the right angled triangle A POQ we get,

tan

_ Prependicular  Prependienlar/Hypotenuse  PQ/OP

Base N Base/Hypotenuse
_sinf 3/5 3
Cocosfl 45 4

Base Base /Hvpotenuse

T 0Q/OP

_oQ/oP

cotll =

Prependicular - Prependicular /Hypotenuse  PQ/OP

2025
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B cosf B 4/5 B 4

“sind 3/5 3
sinfl coaf

N.B. : tanf = — . cotft =
b A r:r_w::l';"m sinf!

By trigonometric identities, sec?f — tan®f = |

-
. : = = 25 0
or, tan‘d = secd — 1 = (E) — 1 ,—___"::_ | = —

4 L | i
g e
' [.,;: H === _— = —
bR 164

Again, cosec? — cot®d = 1

Alternative: We know, cosl = ——— =

Base 4
Hypotenuse 5

wr

[Given]

In the figure beside from the right angled triangle
PO}, we get,

PQ = JOP?T —00Q? = /52 — 42

= /25 — 16 = /9 = 3 unit

s Perpendicular — PQ 3
l ~ Hypotenuse  OF 5
tanf — Perpendicular  PQ 3
A = T Base 00 1
Hypotenuse OF 5§
secll = - = —
Base o 4
6 Hypotenise OF 5
cosect = = ==
Perpendicular PG 3
= Base O 4

Perpendicular N P} T3

183

identities,

Activity: Find the trigomometric ratios of the obtuse angle # (% < <= ﬁ')

1
where tanfl = - 2 with the help of right angled triangle and trigonometric
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¥

2
Example 12, [If cosd = f, sinfd = ;j and A and B are both acute angles, the

tanB — hm:*’.

tind the val f -
He e vaes o | + tanB - tanA’

Solution: Given. cosd = —

3
We know, sin®A4 4+ cos?d = 1 ¥y
4 I Y
or, sin4d =1 - cosfA =1 %—2 = 2% 5
: .
cosind = % = g [4 is an acute angle]| 5 '
3 ;
smd 5 3 A
tand = T T =1 0 " »y
it
B 12 <
Again, sinb = T | ;
— 144 20
.-.'.-'Hz l-"‘_B: 1 —— it
COs v 1 —sin \/ 165 T - L
coeosh = ll =
sinB  12/13 12 A N
2otanB = = = — *X
e = sB~ 5/13 5 g 35 ¢
12 3
tanfd — tanAd G
Now, =
. 1 4 tanf - tamA | 12 3
+ g
o4
18 — 15 33
_ 20 _ 2 _33
RTH 20+ 36 56
14+ —
20) 20
o land —tand 33
"l 4 tandd - tand 56
. . _{ﬂ- ._.TT ; ._,T: Rl
Example 13. Find the values: sin®— + cos™— + tan®— + cot=—
{i 4 3 2
. . oy o w 1 7 : T
Solution: We know, HH_IE =2 (‘{jHﬂ_—i = _“";’ [ﬂu— = +/3 and cot— =0

g™ i3 T T
- o5in? = 4 cos® = + tan®— + cot?—

6 4 3 2

2025
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= (5 i r (~1_~ ! (V3)® + (0)?
2) "\
1 1 3
— = e — 3=3~-
its ]
Activity:
. 0T T r T T o
1) Find the value of sin®—cos®*— + tan®=sec?= + cot?=cosec?—.
) 4 3 G 3 3 4
a-si.u"ﬂ_ + siuﬂ-{,u::‘?r + Lultz":ﬂr sin® z innu:n d + tos? T
a3 Foass TR0y BN o = SI TR T LOE
2) Simplify: — 33 3 i 4 4 d 4
Hil‘!g -+ t‘cmg Hi]‘lg — {.'Utig

5 e |
Example 14. If Tsin®f + 3cosd = 4, prove that, tanf) = :I:ﬁ

Solution: Given, Tsin®# + 3eos?8 = 1
or, Tsin8 + 3(1 — sin®f) = 4 [ sin®0 + cos®d = 1]

o =1y v |
or, Tsin®f + 3 — 3sin®f = 4 — 4sin?f =1 — sin’d = 1

; 1 3
Avain. 20— 1 —ginff=1—-—= =2
AL, 08 s11 171
1
. sind 7 1
e TN
oohansd ool f 3
4

L tand = i\% (Proved)

Example 15. If 15cos*@ + 2sinf = 7 and —% < f < ;—r Find the value of cotd.

Solution: Given, 15cosf + 2sinf = T

or, 15({1 — sin®#) + 2sinf = 7 [ sin’# + cos®f = 1]

or, 15 — 158in?# + 2sinf = 7 —= 15sin®f — 2sintl —8 =10

or, 15sin®0 — 12sinf + 10sing — 8 =0 == (3sind + 2)(5sind — 4) =0
c.Eind = 3 or, sinfl = :;

kil

™
Both value of sind are acceptable as ~3 <f < 5

Forma-24, Higher Mathe, Class-9-10
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2 4 o
If sinfl = =% then cosfl = 1 — sin®f = /1 — 5= %_

4 ; 16
If sinfl = —, then cosfl = V1 — sin’d = /1 — — = 3
2 25 5
Vil
cosh a0 v .
e D =08 o Y e
seot) = 3 3 [When sinf! 3]
3
3
sl 7 4
Or, cotd = :::E" = % =1 [when sinfl = LEr]
5

Determinable value —ﬁ or, ;
m F
Example 16. If A= 5 and B = g prove that,

1) sin{A + B) = sindcosB + cosAsinB
tand — tanf3

2) tan(A— B)=
) tan( ) | + tanAtanB

Solution:

1) LHS=sin(A+B) =sin( + o) =sinZ = |
i F4

. . L i wo.W
R.H.5.= sindAcosB 4+ cosAdsinB = sinz oo + msésmr
L ¥ } r }

V3 V3 1 3 1
gt g tlET T
- LLH.S.= R.H.5.(Proved).

9 LES =tald =B)—tialL = 1} = tank =
2) L.HS. =tan(A4 - B) tﬂ11{3 ﬁ) tnnﬁ 7

i v : [
t-ﬂﬂfl - tanB B ittng = t.dng

R:HS = =
L+ tanAtanB | & panZtans
: b
VB
T/ 2 1

BTN
14 /3 =

S L H.8.= R.H.8.{Proved).

2 V3

2023
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Activity: 1f A = 1; and B = E then prove the identification :
1) sin(d — B) = sindcos B — cosAsin?
2) cos(A+ B) = cosAcosB — sinAsinB
3y cos(A — B) = cosAcosB + sinAsin?

2tan B

4y tan?2B = ———————
} %m0 1 — tan*B

Exercise 8.2

l. Find the value of the followings without using calculator :

¢ L 2) t,uﬁ+Lu17'_ Lu?r
05— 2) tan— + tan— - tan—
1 4 1 6 3
} COS— + Sin—
Ll s
G 3
. 1 S ; . .
2, Heost = —— and 7 < # < — then, find the value of tan# and sin#,
3
, _ 2 T . . ,
3. Ifsind = — and R A < m then, what is the value of cosA and tanA?
5 .

|
4, (iiven. cosd = 5 and cosA and sinAd have the same sign, find the value of sinA
and tanA.

; 3] s ;
5. Given, tanAd = —— and tand and cosA have opposite signs, find the values of

sinA and cosA.
fi. Prove the following identities
1) tand + cotA = secAcosecA
_ 1+ cosf sech + 1
2) V—i o cosect + cotl =]
1 —sinAd

3} Vm — Enf';‘q = E-H.H.A

4) sec'® — sec®@ = tan’d + tan’f

5) (sect — cosfl)(cosect — sind)(tand + coté) = 1
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tan# + secfl — |
= tan# + sech
6) tanf — secfl + 1 e 2

; a +b
If cosecA = — where @ = b > (), then prove that. tand =

b v'-uﬂ =
8. If cosfl — sinfl = v/2sinf. then prove that, cosfl 4+ sinfl = v 2cosb

wsind + yeosd

=

r :
9. If tanf = —, r # y, then find the value of — .
y ' rsinf — yoost

.2_|

10. If tanf + secf = &, then show that, sinf = aﬁ
i

1. Tfacost! — bsinf = ¢, then prove that, asin + beost! = +/a® + b2 — 2
12, Find the value of ;

m w 5 AT
1) Hlnzl—[i + l'_‘.ﬂHZJE 4+ tan"fg +eot?o

: 3 L T, T T s
3) lemgz — sin’—tan® —tan® —cos® —

3 6 3 Bl

m 0y
tan— — tan—

. ; iy o W s T T
4) = + COB-COS— + SN —5iN—
1+ tan—tan— . ; 36
3 6
13. Simplify :
e it i LI L
1 —sin G oS 3 + (oS 5 ap - o -
— % e o (mn-—ta.ng) I (ser"g . tH.ll"F)
1 + sm*Fl [:HHHE“!E - uut'i . )

Trigonometric ratios of many angles

We discussed the technique about determining the ratios of an acute angle
(H < @< E) in the second part of trigomometry.  Some easy identities are
proved econcerning relations of ratios,  Sign of ratios in different quadrants,
trigonometrical ratios of standard angles, idea of maximum and minimum values
of ratios are conceptualized. Now we shall determine the ratios of negative angle
{(—8)first. Based on them we will discuss the trigonometrical ratios of the angles % —

2625
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T AT 3 T i
SHOTHO, =0 S 46, = —0,2r+6, 2 —fand — + 0 and - —f [
where n is positive integer and () < # < %]

. ; T
Trigonometric ratios of (—6) where (l'_l < 0 < 5)

Suppose the revolving ray QA from its initial position OX produoces A XO0A =6
in anticlockwise direction in the Ist quadrant and in the same distance produces
LX0A = —# in clockwise direction (Figure below). Take a point P, y) on OA.
Draw perpendicular PN on OX from P{r,y). By extending PN it intersects (A’
on €. S0 QN is the perpendicular on OX. As Plr,y) is in the 1 st quadrant
then #> 0, y > Qand ON=ua, PN =y.

s

XJ

Now form the right angled triangle ACQPN and AOQN, ZPON = ZQQON, ZONP =
LZONE and ON is common. So the triangles are equal.

SPN=0QN and OP = 0Q).
As the point @@ is in the 4th quadrant. so the ordinate isnegative.So the

co-ordinates of @ is Qx, —y). In the right angled triangle OQN. ON = base,
N = perpendicular and Q0 = hypotenuge = ¢ (suppose).

5o from the previous discussion we get,
_ Perpendicular QN -y PN

sin(—f#) = = = — === = —sin#
= Hypotennse () r OF o
Base N r ON
cos(—f) Hypotenuse OO r  OF o
Perpendicular N =i PN
tan({—¢) isd T ;-»; : g N T—J ~ON —tanf
HSa v i Y

Similarly, cosec(—#) = —cosect, sec(—f) = sech, cot(—#) = —coth
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Remark: Above mentioned relations are applicable for any angle 8.

Example 17.

sin (—%) = —sin (%) oS (—%) :c'r:rs(i:;). Lau(—g) = —t-an(%}.
o oc( ”) ¢ «(“"j u( '”) ﬂ(“) n( '”) of (Tj
TG —=' = — RO = BBE — = 8E0 = F 0 —= e = o i
s 3 ThsC 3 = 3 3 C ﬁ L ﬁ

. m m
Angle or wmplmmtaryanglegf(i—ﬂ) where (U<H<: E)
Suppose a revolving ray OA [rom its initial position OX produces £ X0O4 = ¢
in the Ist guadrant in anticlock-wise fii];i.;!f‘tiﬂ]]. Again another ray (A’ from its
initial position OX produces ZXOV = = in the same direction and then produce

LY OA = —# in clock-wise direction from the position QY {Figure helow),

m

So, ZXOMA = % +(-8)=3 -0
Draw perpendienlars PM and QN
from P and 2 on QX triangle equal Ot
the distance OF and O, Now,
from right angled triangle APOM F

and AQON, LOMP = ZONO, O o LT
LPOM = Z00QN and OF = 0Q). ¥
. The triangles are congruent. 0 N M
S ON = PM and QN = OM

If the co-ordinates of P is (x, y), then
OM =g, PM =y Y
LON =y, QN =1

.. The co-ordinates of (} is {y, 1)

r

Now, [rom the triangle ANOQ we get,
w £ Kik
sinl (— - 3) = — = cosfl, cos (— —H) =4 —sing

) " i r

Similarly, cosec (g — 6‘) — spef, sec (—Z - t?) = gosecH
T
ol (E - E-') = tanf

Remark: Above mentioned relations are applicable for any angzle 8,
T T by

Example 18. sin (%) = sin (3 - E) = PESE

(25
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tan (%) = Lan (r_zr = T—J'r) = ::ut%r, SR (;I) = gec (g — g) = ('[JHHL‘%

m

Observation : # and (E —H) are complement Angle. Complement of sine,
tangent and cotangent are cosine, secant and cotangent.

Trigonometric ratios of (%+e) where (ﬂ{&‘{ 1):

2
Suppose revolving ray (A from its initial position OX produces £X0A = rl? in
the Ist quadrant in anticlock-wise direction and then produces Z#AQA" = ? i

the same direction (Figure below).

So, ZXOA=/Y0OA" =0 and 2 X0A = T—; + 8,
Let any point Plr.y) on QA Take a point

¢ on QA" so that OP = Q. Draw

perpendicular PAM and QN from P and @ r

on T-axis. A’ i

S LPOM = £NQO = LY 0Q =08 Q)

Now [rom right angled triangle A POM and B %-HH P ¥)
AQON, | | W R = v By
LPOM = ZNQO, £ZPMO = ZQNO and

OP=0Q=r z

SoAPOM and AQON congrient.
LON=PM, ON=0M
Now, il the co-ordinates of P is (i, g}, then ON = —PM = —y and QN = OM =

o

o Co—ordinateo fQ is Q(—y, )

We get,
T x T = L
sin (— + ﬂ) — = gosll, cos (— + !‘J') il (. —sinf
2 r 2 r r
tan (E +ﬂ) P —
2 =4 )
) m T
Similarly, cosec (E + H‘) = secH, sec (é + H) = —cosech

T

col (—2 | I‘?) = —tanf

Remark: Above mentioned relations are applicable for any angle 8.
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Example 19, sin | — sin (7 + —) Cof— = ——

(i 2
Cos o —mﬁ(ﬂ-l—?r)— 'ir— l
"\t T \e Ty T T A

i o = (17+7r)_ 'E.I— 1
an = )= 1N 5 3] = (&3] = ﬂ

- . B b 27
Activity: Find the value of sec (Tr) COsen (%) and cot (TT)

Trigonometric ratios of (w + 8) where (ﬂ <8< %) 4

Let the revolving ray QA from its initial position OX produces ZXOA = @ in the
1st quadrant in anticlock-wise direction and then produces ZA0A" = 7 revolving
in the same direction (Figure helow), So, ZNXOA" = (7 4 0).

Now take any point P on (A and () on QA F
so that, QP = OQ = r. Draw perpendicular
PAT and QN from P and ) on r-axis. A
Now from the right angled triangles APOM and
AQON, LOMP = ZONQ, £LPOM =
ZQON and OF = Q) = r. Therefore,
triangles are similar.

S PM=0N and OM =0ON

Now if the co-ordinate of P is (z,y), then ON = —x, NQ = —y

S Co—ordinateso fQ s (—a, —y)

. =1
Le, sin(g +#) = e N sinfl
r r
cos{m + #) s o —eosf), tan(mw + @) ¥ _ 5 _ tand
r r —r  F
Similarly, cosec({m + #) = —cosech

sec(m + ) = —secf, cot(w + ) = cotf

Remark: Ahove mentioned relations are applicable for any angle .

Example 20. sin (4-;—7) =:~‘|i11(i'1_ i g) = sin(:—;) - i;

"

2025
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aTs (E—LT) = (08 (ﬁ' | T—D = =08 (i;) = _1..%
tan (%) = tan (?I' + E) = tan (%) = %

Activity: Find the value of sec (%‘) COser (?). cot (%)

Trigonometric ratios of (x — 0) where (0< 0 < 7)):

Let the revolving ray OA from the initial line OX produces £ X04 = # in the 1st
quadrant in anticlock-wise direction and then after producing ZX0OX' = 7 in the
same direction, QX' revolves in the clockwise direction to produce ZX' QA = —#
(Figure below). So, ZXOA' =r+(-f)=m -4,
Now take a point P on O4 and Q on OA' s0
that, OP =00 =r.

Now in the nght angled tnangle AOMP and
DONQ, ZOMP = ZONQ, LPOM =

? y 4
ZQON and OP = OQ = r. Therefore "™ 0y
the triangles are congruent and ON = OM, -8 ey
5

T . -6 \
Q:;"'v — PM. . o o " = v '
If the co-ordinate of P is (2, y), then QM =
T, PM =y }"

SON=—x NQ=uy
.. Co-ordinate of Q is Q(—x, y)

So. sin{r —#) = o sinfl, cos(nm —40) = = —cost
r " =
tan(mw — #) = i Y, | —tanfd
-1 x

Similarly, cosec(m — ) = cosect
sec{m — #) = —secl, cot(m —#) = —cotl
Remark: Above mentioned relations are applicable for any angle §.

Example 21. sin (ETW) = sin (m‘ - g) = sin (E) - v3

3'.«1' T ar I:
COs (T) = 0= (7.' - ]) = —{05 (I) = _E
Forma-235, Higher Mathe, Class-9-10)

2
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tean E—W = tan (*‘ - ?_r) = —tan (E) = _L
g Y 6/ /3

" - 37 o 2
Activity: Find the value of cosec ( :) . &ee (%) ot (E)

Observation: # and (7 — #) are supplementary angles. Sine and cosecant s
supplementary angles are equal and of same in sign. But cosine, secant. tangent
and cotangent are equal and of opposite sign.

Trigonometric ratios of (3;—9) where (U{&{T—;):

From preceding discussion we get,

i (3?,7 - H) = giri {1.- - (T—; == H)} = —3in (% — H) = —¢ogf)
e jﬁ j 5 L] {jl : T J ~3
(oS 5 — :.m-t{?r (E— )} —EUH(E —E) —=inf
tan —3?'_ ] =t 1{:¢+( )} 1 n(Tr .',i') t
i - = tar - — =tan | = — = ot

2 ! 2

3m
Similarly, cosec (T — ) = —seeH

am 3
se (E — H) = —cosect, cot (El — i'?‘) = tan#,

Remark: Above mentioned relations are applicable for any angle 8.

Trigonometric ratios of (27 — 6) where (0 < 6 < g-)
Standard position of (27 — #) is in 4th ¢quadrant and similar to (—#). So

trigonometric ratios of (—#) and (27 — #) are equal.

=

| o |

o, 8in(2m — #) = sin(—f) = —sinf, cos(2r — 8) = cos(—0) = cosf
tan(2x — ) = tan(—8#) = —tand. cosec(2x — 0) = cosec(—0) = —cosech
sec(2m — 8) = sec(—0) = secft and cot(27 — #) = cot{—#) = —cotd
Remark: Above mentioned relations are applicable for any angle 6.

Trigonometrical ratios of (2r + 0) where (l] <f< %) ;

2025
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Standard position of (27 + #) is in the Ist quadrant and so the trigonometric ratios
of # and (27 + #) are same and equal.

cLosin( 27 4+ #) = sinfl, cos(2x + () = cost)

tan(2r + #) = tanf, cosec(2r + #) = cosect

sec(2m + 0) = sech, cot(2n + 8) = cotf.

Remark: Above mentioned relations are applicable for any angle .

Trigonometric ratios of (~32E +E) where (ﬂ << g) :

For (% + a). i (% ~0)

2

[ om ; m ol i
L osin (? - ﬁ') =it {Err — (E - ﬂ)} —sin (2 ﬂ) st
5 T
COs (?N - H) OIS ( g — ﬁ') sind

tan (d?ﬁ + U) —tfan (g — I'?) —cotd

Similarly, cosec (% -+ H) —secl

BEC (‘%‘T +ﬂ') = cosecl, ool (ET'T +H) = —tanf

Remark: Above mentioned relations are applicable lor any angle 6.

-
Method of determining the trigonometric ratios of (n. : 5 =1 H) where

(D{H{%):

Trigonometric ratios can be determined by the following steps,

Step 1. We are to divide the given angle into two parts whose one part is n
T T ; F
multiple of 7 or — and the other part is an acute angle. ie., we are to

. i i m
express the given angle in the form (n ® 5 T+ H).

Step 2. If n is even the ratio remains the same, that is,sine remains sine, cosine
remains cosine efe.

If n is odd the ratio will be changed. that is. sine, tangent and sec will be
changed into cosine, cotangent and cosecant, cosine, cotangent,
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. 2 i T
Step 3. Alter knowing the position in the quadrant of (H X 5 I r?) we have (o

put the sign of ratio determined in step 2
MNota Bene: To determine the ratios students are advised to follow the method
discussed here,
G N
Example 22,  sin (? — 6') here n = % odd number. So the ratio of sin will be

O
changed into cos. Again, (TL + H) lie in the 10th or 2nd quadrant. So the sign

of siu is positive.

O
;.8in ( 5 + Es’) = cosf

. Ym O -
sin (E - H) here n = % odd number and (? - ﬁ') lies in 9th or 1st quadrant,

s0 sign ofsin is positive.

[ i
. 8in (-:g H) = rosf!
T

Y L e
In the case of tan E- I H), n =Y is odd, tan will be cot and (_’}' [ H) lies in the

10th or 2nd quadrant. sothe sign of tan is negative,

JLtan (QTT - H) = —pot#

)5
Similarly; tan (%ﬂr H) = cotld

; ; 117
Activity: Express the angle # of the ratios sin (% #+ H). cos (117 + @),

7 On
tan (-]?TT = fi), cot (187 + #), sec (ITT + H) and cosec (87 £+ 4)

Example 23. Find the values of

1) sin(10x + &) 2} cos (

) 117 O
3] tan (_ﬁ_) 4} eot (H «E-)
5) ( 17w

5) sec | —

5) sed 3

225
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Solution:

1)

[
St

sin(10m + #) = sin(20 x % +8)

a7

-
Here, n = 20 and sin{20 x 3 + ) is in the 21th quadrant or in the first

quadrant.

sin(10m 4 #) = sin#

COS (IQT”) = C0s (f'r;r + %) ={-0$(!2 = %+ g)

Here, n = 12 and

19w
5 i1 in the first quadrant,

197 T 1
Leos | — | = eos= = =
3 3 2
Lan (i;) = {an (‘li’r — g) = tan (1 'S % - %)
117w

Here, n = 4 and t 4 is in the fourth gquadrant.
i

Agn EN o E 1
.:ll'l( 6 = :m!__i— qu

oy O T
et (ﬁ — T) = (:ut.{— (? —ﬁ')} = —¢ot (H ® 5 E)

O
Here, =9 and 11 1 is in the first gquadrant.

O
Lot (ﬁ' - %) = —(tan#) = —tanf

s (—?) = sec (l;r;?r) [ sec(—#) = sech]
oo
= sel (1: ¥ 5 | ﬂ)

¥k i
Here, n = 17 and —g xSy axs.

1T=
BB (_T) = cosecO,undefined.

Example 24.  Find the value of:

I
n_

O

| {1} 31 5
T+ COS—T -+ SN —— T + COS—7 =+ 08—

3l Yl 30 g
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Solution:
=in : “-” 31'T+ ﬂht}ﬂ'
—T -
0l _il.'} 90 30 3
sin = T4 cos . T+ s + co laﬁ"r—l-m d“[]"r
= Blll——=1 - ey sin—7 = ——
L5(0) L&) 1850 150 1&i)
=-11r122 + ¢ ﬁﬂ-+ in(m + = )+ cos(m + 0 ) + cos( 27 ﬁ”r)
= gin— - — 08 7 ) + cos(27 — T
TR T T T 180
m-rfr+ . T —sin 22"r rn"ﬁ'rr'rn'ﬁur
ST 7T T T T R T
UqT
= {8 —
3
i
T2
Activity: Find the value of:
& ?T 35 13 o lﬁal Jodd -J-.?ﬂ'
{]H 'EI_J l_J._ _'_J.ﬂ ”"‘i 1LJ L "': Ijﬂ
Example 25, H tanf = 1—12 and cosé is negative then prove that,
sinf + cos(—#) 51
sec(—#8) + tanf 26
) - 5‘ ' 14 . 1 -
Solution: tanfl = 3 and cosf s negative, so angle # lie m the third
guadrant.,
5 i
I..‘.. t E} =i =S
i.e., tan T
Soe=12, y=25
wr=/(12)2 + (5)% = 144+ 25 = /169 = 13
. osind = ¥ ——' cosH = e —_I,E and secd = 1 = —E
r 13" T 13 cost 12

_sinft 4 eos(—#) sinfl + cosf!
"sec(—f) +tanf  secf + tand

[, ecos(—0) = cosfl, sec(—0) = sect]

5 12 17
2= 1‘5 13 _ 13 _ E 1_2 _ E "
1212 12

™ .
— < {1 < 27, find the value of 4,

Example 26. If tand = —/3, 5

(25
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Solution: tanf! is negative, so the angle # lies in the second and fourth quadrant

iR 2 T

In the 2nd quadrant, tanf = —/3 = tan (?r i E) = tan :
27
-
3

T
It is acceptable because 5 <l <27

o T o
Again, in the 4th quadrant, tand = —+/8 = tan (Err — ?) = tHHT

b

gt
3

, Y
It i3 also acceptable hecanse 5 < 8 < 2

. the value of ¢ is %}' and 'T‘]?E

Example 27. Solve 0 < 0 < — : sinfl + coaf) = V2

Solution: sinf + cosfl = /2

or, sinfl = V2 — cosfl = sin?f = 2 — 2/ 2cosh + cas*d
or. 1 — cos*f = 2 — 2/ 2080 + cos*h

or, 2cos20 — 24/ 2cosf + 1 = (0 =2 (ﬁuurﬂﬂ - 1}2 = {)
r, V2088 — 1 =10

W, cosd : G &
or, cost!l = — = cos—
' \,;G 4
T
. P
4

s
The required solution is 7 = 4

Example 28. (0 < §# < 27 then find the solution of the following equation:
sin’f — cos?fl = cosf

Solution: sin’# — cns®fl = cosfl

or, 1 — cos?# — cos?l = cosf

or, 1 — 2cos?f —costl = 0 = 2cos? + cosfl — 1 =)

ar, (2eos0 — D{cosf#+ 1) =1)
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S 2osfl—1l=0orcost+1=10

e, costl = — or costl = —1

N w
ie., cosfl = L'{]HE or cosf = cosw

i

i

=

S8 =

=

s

=Ly

.

The required solution @ (=

ol =

o
5 TR —
4

Activity: 2 [n‘inﬂrnsﬂ [ \ﬁ} — /3cos# + dsind then find the solution of the

equation, where (0 < # < 27

ottt ++ cosecHd — | :
Example 29, 4= and B = eotf + cosect)
cotfl — cosecdl + |

1) If6= g show that, B= /3

2) Prove that, 4* — B? = ()

3) tB= and (0 < # < 27, find the approximate value of 8.

Sl

Solution:

w a m
1) B =eotd osecd = col— + eosec— 0 = —
J eott + cosec o 2 OO 3 3\]

l 2 3
vd V3 V3 v
cotd + cosecH — 1

N A=
) cotd — cosech + 1

cotd + m.qr-?nl‘:? - [r'nsf:::‘?ﬂ' - mtzﬁ'] 2 Y — SRR 1
cotd — cosect 4 |
cothl + cosect! — (cosect + cotf)(cosecll — cotd)
cotf — cosect + 1
[eotf + coseed (1 — cosecf 4+ cotf
- : cotH _} E:{H-',{!H +1 } = 0atd+ cosecld =&
» A= B

A*—B*=0

2025



Chapter 8. Trigonometry

3 B=—

cotl + cosecd 1 [:r}ﬁﬁ"+ | |
ar, oo gl = — —s — =
V3 sinfl  sinf /3

cosfl + 1 1
e San. . " L-H _— I~' ﬁ
B 73 = /3(cosf + 1) = sin

or, 3(cos?f + 2eosf + 1) = sin"# by square

ar,

or, 3cos*f + Geosf + 3 = 1 — cos?

or, deos?d + Greosd + 2 =0 = 2e0s*8 + 3eost 4+ 1 =0

or, 2c08*f + 2cosf + cosfl + 1 =10

or, 2eosf{cost + 1) + Llcosf 4+ 1) =0 == (cosf + 1)(2coséf +1) =0

seosl+1=00r 2e0s0 +1 =10

1
Le,, cosfl = —1 or, cosf! = —3

L, cosf = cosT or, cost = tos (n — g) COs (Tr + %)
ie,.8=mw H i G But cotfl + cosecf is not satisfied by § =7
1e, =% aor f=— —7 GO AOsECl = ¢ Y= —
4003 V3 e
27
=
3

2
The required solution: # = Tﬁ

Exercise 8.3

. If sinAd = i then find the value of sin 24,
1) b ’ 2) 1 3 1 1) V2
V2 2
2. In which quadrant the angle —300° Lies?
1} First 2] Second 3) Third 4) Fourth
4. If sind + cosfl = 1, then the value of ¢ is
(i) 0° (i) 30° (#i1) 90°

Which one of the followings is correct?

Forma-26, Higher Mathe, Class-9-10
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1) i 2) i 3) tandn 4) i and 7
From the figure — A
!
{T) tanfl = =
2
(4d) sinf = 3 i
. 4
(iii) cos®d = —
Which one of the following is correct? B 8 c
3
1}« and 2) i and i 3) & and i 4) 4, 4t and #ii
Answer no, 5 and 6 in aceordance with the following figure:
[
b a
A B
5. sinB 4+ cosC' =7
2h 2a a’ + b il
1) — 2] — o
: G ] b ah : a* - i
(. What i? the value of tan B7 b
(
) ot — b 2) at — 12
3) — 1) ——
) a? — bt } a% — b
7. Find the value of i
1) sin7w 2) cos ) 3) cotlls
237 1497 2h%
4) tan| — i,FT 5) L',{Jtii:f_'l—r 6) sec | — Tr)
G 4 2
7 sinﬁ R) cos (—Eﬂ)
i (i
#.  Prove that,
1) 177 i 137 at O i T n
s — M — e KR ——
cos— -+ cos o+ cos7e + cos oo
T O i) 11m
2) ttm_r—temit-un{—tem—r =

1212 12 12

2023
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9.

10.

Ll

12.

13.

o T 87 {
4 ﬁi]].j; ; HIHJ%I E hlllg“; - sin’ Li]-:; =2
Tm 13w om L«
4 —C0§—— — CO0s—8in— = 1
) sin—caos T eos-o-sin—
3) sin 13:1-[“ b in“ﬂu ( Eﬂ-) 1
5) s 08 — 8 05| —— | =
3 6 G 3

sinf + cosd _

3
) If tan# = — and sinf are negative, show that —— = —
) i 4 ) B i ? secfl + tanf o

Find the wvalue of

1) :mg— + maa—# - amL”—Fr — amfm
4 4 36 S0
™ ar  bw T~r Qar
2) mtﬁmtﬁmrﬁrm 55 t’ﬁ
3) sin?T + :4:11“‘;'%—T + sin? il + sin® i
d 2} 4 4
4) eos?— Lo [‘na-g— + cos? 497 + eog 21T
8 & o B
5) sin® E -|—-J1u‘;ﬂ + eos? E + rost E—ﬂ—
18 S I& =

i . ) . e
If # = 3 then prove the following identities :
2lanfd

1) sin26 = Zsinfeost) = ————  2) sin3f = 3sind — 4sin*¢
; 1 + tan*¢ 2tanf
3) cos3f = deos — Jeost 4) tan20 = ———
1 — tan*#
Find the value of o satistying the given eonditions :
1) ¢t i3 2 sneo 2) t® ag
LU = — %oy, = 44 w & COBlY = —=y — Ly oo
‘./". 2 2" 2 2
3) siney = ;,. ; << ‘%ﬂ 4) cotov = -1, w < v < 20y
Solve : (where ) < # < g}
1) 2cos%0 =1+ 2sin?f 2} 2sin*# — 3eosd 5| 0
3) Gsin*f — 1lsinf +4 =0 4) tanf +cotf = —
V3

5) 2sin®f 4+ 3cosf = 3

Solve ; (where 0 < § < 2x)
1) 2sin*f 4 3eost) =0 2) 4{cos™ +sind) =5
3) cot®d + cosec’t =3 4) tan*# + cot’d = 2
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14.

16.

H) sec’d + tan®t = -

Higher Mathematics Classes IX-X

6) Heosec?d — Teotfeasectl — 2 =1()

Lajen

7) 2sinrcose = sing (0 < o < 2x)

Radius of the Earth is 6440 km. Dhaka and Panchagar make 3.5° angle at
the centre of the Earth. A person wants to enjoy scenic natural beauty of
Panchagar in the winter. He reached Panchagar with a vehicle having a wheel
of diameter (.84 m.

1)

hJ
[

2

1)

2)
3)

What is the angle in radians Dhaka and Panchagar make at the centre
of the Earth?

What is the distance between Dhaka and Panchagar?

How many revolutions will the wheel make while travelling to
Panchagar from Dhaka?

In figure ABC is a circular wheel and length of the are AR is 25 c.m. Find
the value of #. What distance will the wheel cover in a single rotation?

What is the speed of the wheel ABC if it revolves 5 times in a second.

In the figure find the value of sin# from ABOD, to prove that. tand +
gec =

In a right angled triangle if the length of smallest side is Tean, and the

smallest angle is 157, then what is the length of hypotenuse?

2625
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Chapter 9

Exponential and Logarithmic
Function

Exponential and logarithmic functions retain their place and hmportance in the
theory and applications of mathematics as well as real life applications. For
example: population growth, compound interest caleulation ete,

After completing the chapter, the student will be able to

» explain rational and irrational exponents;
prove and apply the laws concerning rational and irrational exponents:
explain the relation between exponents and logarithms;

l"X]!IH.iTI., prove anid ;1;:-}1]}’ the laws of |1}ga1 rithins:

yvyvyy

explain the concept of exponential, logarithmic and absolute value functions
and solve mathematical problem;

> sketch the graph of functions;

B represent exponential, logarithmic and absolute value Funetion by graphs:

> find logarithims and antilogarithms nsing calenlators.

Rational and Irrational Exponents

We recall some notations ;. R denotes the set of real numbers
N denotes the set of natural numbers

Z denotes the set of integers

€} denotes the set of rational numbers

If @ is any real number and n is any natural number, when a is multiplied n times,
the product is written as o =a-a-a--- (0 times) and o" is called n th power of
i, In such eases, a is called the base and n is called the exponent or index.
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coin 3 the base is 3 and exponent is 4.

!
L .2 .
Again, in (q) , the base is 3 and exponent is 4.

Definition: For all o € B

2. a"=a-a-a---a(n times factor of a), where n € N,n > 1

Irrational Exponent

When an exponent ¥ is irrational, we fix the value of @®(a > 0) so that for some
rational value p approximate to 2. the value of a” is close to the value of a*.
For example. we consider the number V3 We know, /5 is an irrational number
and /5 = 2.236067977 -+ (We have obtained this value using caleulator and «
indicates that the decimal expression is infinite).

As the approximate values of +/5 considering

pL=223  p=2236  p;=22360 p;=223606  ps = 2.236067
Pe = 22360679  pr = 2.23606797

we ohtain the following approximate values of 3V5,

g = 3% = 11.5872505 ¢, = 327 = 11.6638822 ¢y = 3*¥% = 11.6638822
gy = 3549606 — 11 66465100 g = 322607 — 116647407

ga = 32I06T = 11.6647523 gy = 32400 = 1] 6647532

This values have also been obtained using calculator.

Actually, 3¥% = 11.6647533 - - -

Laws of Exponents

Formulal, Ifoae Randne N, al=a a"t'=a" a

ret | tamies
e

Proof: By definition o' = aand forall n € N: o™ = 4rara-- aa =
T fipes E‘:
" b

[ Ml v &
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MNote: N is the set of all natural numbers.

Formula 2. For everva € Rand m,n e N, a™ - " = g™

Proof:

Let us consider the statement a™ - a” = a™ " -+ (1) fixing some value for m € N
and taking n as the variable.

Putting n = 1 in (1) we get,

LHS=a" a'=a™ . a=a™" = R.H.S [Formula 1]
(1) is true for = 1.

Now, let (1) is true for n = k. ie. a™ - af = gm**
Then, a™ - a**! = g™ (a* - a) [Formula 1]

)

=(a™ a")-a

= q"tk . g
= @™t [Formuly 1]
Le, (1) is true form =k 4 1,
Henee, by mathematical induction for all n e N (1) is true.

o for every myne N a™ " =™

am - gt = ”_m+11

This is the functional aw of exponents,

O
Formula 3. For every o € Ha # 0 and mn € Nm # n
g a™ N ahenm > o1
a" . when m < n
”Iu"”l
Proof:

. Suppose, m >n. Then m —n e N,

fi—n n

Y a L= ﬂ{m—ll:l+'r|-

= a™ |Formula 2]

n.lf]

2
ﬂ'l'l'

in—rn

[definition of division]
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2. Suppose, m<mn Thenn—-meN

atm g = glaemltm e [Formula 2]

T

L

1 - R
: - [definition of division]
ﬂl’ﬂ ﬂ.ll_l'-'l
Note: Prove the above formula by mathematical induction. [like formula 2
Formula 4. Ifa e B and m.n € N. then (a™)" = o™

Formula 5. Foralabe Randne N, (a-0)" =a" - "

[Prove the above formulae by mathematical induction]
Zero and negative integer exponents:

Definition: For some a € K. ifa # (),

1 ;
4. a "= — wherene N
{I-Tf

Remark: While expanding the concept of exponent, the validity of the functional

law of exponents a™ - a" = a™" is assured carefully.
mn

; ; . i

If the formula is true for m = 0, then o - 4" = a™" ie, 2" = — = | must he
i

held.

e : - : 0. .n Dt g _ 4

if the formula is true for m = 0, then &' - a” = a e, = —= I must be
£

held.

Similarly, if the formula needs to be true for m = —n (n € N), then

: | B e
ateat =gt =g =11ie a® = — must he held., Above definitions have

7]
heen defined considering these cases.

Example 1. 1) 12790 = ghke = ol

3 54 a
2) H=3"=3

3 1 1
3)

25 33_—! q2

4/ 47474 dAxdx4 B

o

42‘} = 12!? == §|1-i

{
GJ l:ﬂzha}ﬁ — i,ﬂlg}rl 5 {h:i}ﬁ e H'&x.’: ; E].'{:xﬁ - ﬂlﬂbifa

2025
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Example 2. 1) 6'=1
2) (-6)" =1
1
3) 7-1= Z
. 1 L
9 TS~
|
5) 107" = Tl (0.1
" 1 1
0) 107= o = -

Example 3.

that, (a™)" =a™ where aZ Qand m e N andn € Z

Solution: Prove that, (a™)" = o™ . .-

where, a ?é 0 and me N and nn e Z

(1)

209

If m,n e N, assuming the validity of the law (a™)" = a™" show

Step 1. First assume that, n > (), in this case the validity of (1) has been

ascertained,

Step 2. Now let, n = 0 s0 here (a™)" = (a™)

and, a™* =g" =1}n =0
(1) ds true.

Step 3. Last suppose, n < () and n =

r .2 | |
e L B e
T
Example 4. Show that, for all m,n € N, — = 2", where a # 0
i’

m

1]

I

k., where ke V

Solution: If m > n, — = a™ " [Formula 3]

m

[
Um<n —=

[Formula 3]

'”F? EITI' m
E,!IH
. — =a "= [Definition 4|
= |
= F.l’.‘rl_ﬂ
ﬂ]ﬂ ﬂl'l =
Ifm=n —=— =1=a" [Definition 3]
'r:'.".' H-l'l
s F_!:”I_”J T uni—rr

Forma-27, Higher Mathe, Class-9-10
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Note: From the definitions of exponents deseribed above, for any m € Z we can
get the explanation of o™, where a # (). Considering exponents as positive or zero
or negative, we can prove the formula below for all integer exponents.

Formula6. a0, b#0and m, ne Z,

1. am.gh=gmts
rilfl

L3 ] — ﬂrr.' —ri

an
3. rl'n.rn‘]“ = pnn

4. (ab)" = a"h"

(1]

s (-5

Activity:

1} Use mathematical induction method to show that, (a™)" = a™", where
aecfandneN

{ e
g

Use mathematical induction method to show that, (a-§)" = a" - b,
where a,be Randne N

L , 13" 1
3} Use mathematical induction to show that, (—) = — where, a > 0
I i

and n e N

(a8

. ; a\"  a
Next using the formula (ab)” = a™h", show that, (E;) = —, where

hn
abhe Rb=0andne N
4) a == () and for positive integer exponent m.n € Z, justify the formula

™ q® = a™" and show that, a™ @™ = ™" when (1) m > 0 and
n<0{2) m<O0andn<0.

Explanation of the Root

Definition: If n e N.n = 1 and o € R, il there is such & € K that 2® = a, then
this » is called a n-th root of @, If n = 2 this root is ealled square root and for
n =3 1t is called cube Toot,

Example 5. 1) 2 aud —2 both are the fourth root of 16, as (2)' = 16 and
(-2)* =16

2025
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]
e

—3 is cube root of =27, because (—=3)* = =27

__
[

¥ € N,Uis the nthroot of (. Forn > 1, )" =10

1) —9 has no square root, because square of any real number is non-negative,

It is important to know and remember the following lacts,

(i) Ha=0and n € N,n =1, then n has a unique positive n-th root. This
unique positive root is denoted as a (/o is replaced with /a) and it is
called the principal n-th root of a. If n is an even number, a has another
n-th root and that is — ¢

(1) fa<Oand n € Non > 1 is odd mumber. then a has only one n-th root
which is negative. This root is denoted as — . If n is even and o is
negative, a does not have have any n-th root.

(¢ii) n-th root of O is /0 =0
Note:
1. Ha=0, fa=0

2. ifa < 0 and nis odd, {a = —/|a] < 0 |[where |a| is the absolute value of
u]

Example 6. VE:Q-.{\!"E?‘—"—Q;I, YB=-2=-5
a, when o =0
\-”,ﬂ'_";' = |u,| — { L =

—a, when a < ()

Formula 7. Ifa <0, ne N n>1andnisodd then show that, a = — {/|al

Proof:

Wa= ¢/—la|l [-a<(]
= ¥/ (—=1)7]a [ n is odd]

R |a|

o, i =~

Example 7. Find the value of — V2T,

Solution: —/27 = —{/(3)* = -
Formula 8. Hfa>U0meZandne N,n>1, [{/ﬁ]m = {,-";F
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Proof: Let, /a =7 and /a™ =y
Then, ™ = a and ™ = a™
ar. Hn - ”m _— {H:”Jul s {:.I"”:I"

Since y > 0,.x™ = 0, therefore considering the unique n-th root we get, y =

T
A

or, vam = (a)"
e, (¢a)" = Yam
: m P :
Formula 9. Ifa>0and — == where m,pe Zandnge Nn>1lg>1
n q

then, +a™ = ¥ar

Proof: Here, gm = pm
Let; ¥/ = x then; 2™ =a™
ar, If.r'“}"’ = {ﬂau}‘f
or; g*t =y = g™
or, (a9 = (a®)"
or, 1% = a* |considering the unique n-th root|
or, & = ¥ar
1.¢, \/ﬁ = «.,’/ffﬁ
= Wk T

Corollary 1. Ifa=0andn, ke N, n > 1, then, Yfa= Va

Rational Fractional Exponents

Definition 5: fae Randne N, n > 1, aw = wa when a > 0 ora< 0 and n
are odd.

Remark: Exponent Rule (a™}" = a™" [Formula 6]
S . . n .
If it is true in all cases, then (a) = an = a' = a needs to happen, iLe

B 4 e w3 = - .
n-th root of a» needs to happen. So the definition mentioned above is explained
to prevent ambignity for more than one number of roots.

Remark: a < 0and n e N, n > 1 odd then from formula 7 it is seen that

225
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o = {fa= {/_

. . C oL .
In these cases using this formula, the value of a» is determined,

Remark: If @ is a rational smmber, then in most of the cases ax will be a rational
L
number too. In these cases, the approximate value of an is used.

Definition 6: If a > 0.m e Zand n € Non > Las = (an )"
Note: From definition 5 and 6 and formuala B we see that,

an = (¢a)" = Ya™ where, a >0.me Zand, ne N.n > |

m I
So,pe Zand ¢ € Z, n > 1 if such that, — = = happens, then we can see from
L I"f
formula 9 that, a’ = av

Naote: From the definitions of integer exponents and rational fractional exponents,
we can get the explanation of ", where 2 > 0 and » € Q. From the above
discussion we see that if @ > (), then if v is divided into equal fractional value.
the value of o' does not change.

Note: The rules explained in formula 6 18 generally true for all exponents.
Formula 10. Wa=0.b>0andrse @

1) a"-a*=a™

3) (a")? =a"™
4} (ab) = a"b"

) (3) =%

From repeated applications of (a) and (d) we see that,
Corollary 2. [f
1) a=0and ry, ry,o-- o1 € QL

H-‘lt H {1-"2 2 [1_’3 Pt ur'k —_ {Ir']+"ﬂ'+rd+"'+‘|'|

2) lfa; >0,ap>0,+- .0, >0and r € ¢ then (a;ras---a,)" =af ~ah-+a)

n-

Example 8.  Show that, av - as =ante

where, a > 0;m,p€ Zin,ge Nyon> 1,9 > 1.
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G f I FLE f . .
Solution: Transforming — and = into fractions with same denominator we can
n g
see that,
fill r L1l Lo o

= e 1 ; s
an av =am g = (amn )" (gr )" [Using definition 6]

= tﬂ'%'l Jrarre [Formula G

g+ 1t]r
= {1 g

it £ 10
= (i ne

B
Some Important Facts:
(1) Ifa* =1, where a = 0 and a # 1, then & =10

(i1) If a" = 1, where a > 0 and 2 5 0. then a = 1

(#i1) If @ = a¥, where a = 0 and a ## 1, then & =y

(iv) If a” =¥, where E =0and » 0, then a =1
Example 9. Ifa® =561 = ¢ and ¢ = a, then show that, ryz = 1.
Solution: From the given condition, b = a”, ¢ = W and o = ¢
Now, b= a* = (7)) = £ = (W)™ =¥
or, b = ¥ or, b = K-
Soaxyr=1

Example 10. If " = b, then show that, (%) " = ai~! and from this prove
that, if @ = 2b, then b= 2

Solution: Given that, a® =

b= ()} = (@)t

. fony [ a b i W\ b
LHS, = (h) - (aﬁ) - (a o)
-abca! =ab ! = RIS, (proved)
Again, if a = 2b

Th
2by ks 21
(?) = ub} 1

or, (2)* = (2)* L or, 4 = 2b
b= 2 (proved) =

(25
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[
—
o

Example 11. I #*¥" = (&:y/7)”. then find the valne of 2.

Solution: Given that, »™V" = (ry/x)"

or, (#TVE = (::' . .Tﬁ)m = (:r"“i‘):E = (T:;): = (17)3

(@) = ()

or, y1 = g oL, &= {g]l = g
9
"
A ; 1 1 2
Example 12. If 0¥ = ¥ = ¢* and ¥ = ae, then prove that. = e a

Solution: Given that, a* =8 or. a = b
Again, ¢ = W = bt
Again, ¢ =W ar, ¢ = b

’ i i ¥ ¥l
Now, b =acor, 6 =bs +bs = bhat:

| |
or, 2 i-i—“"l

or, —

r oz
2 1 I (R, ;
e + — [Dividing both sides by y]
1 7 I

I
. —+— = — (proved)
vz oy

=l

Tb bte S e 78 el
Example 13,  Prove that, (—) * (—) x (—J) =1,
I:l-l :I-u :,E.I
!_fj it e ) it -k
Solution: L.H.5. (—) P (—) % (—h)
e a T

=3 {I:Ii-—r.'}h+c w {J!c—:l}r_'+u % {I.{!n—lr}:|+l'1

e at—p?

r'E—n:llu
=1 b -

= J.-!'v"' nir i i R g e
=r'=1=RHS.

Example 14. If s - h:e — ¢+ and abe = 1. then show that, = + w4 z=1

5 1 1
Solution: Let, a=z = by = ¢ ke
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then we g"—lt. n=k b=k c=k
coabe= kT kY. kE = frtuts

Given that, ahe = 1

o s = ] = 0

Szt y+z=10
Example 15 Simplifv : t I I
P v 14 W= o g¥—* 14 gs=® o g=—¥ 14 ag*¥% o=
Solution: Here,
1 a ! Y

I +av=—=+ar* a¥l+a=+a*) adta:ta?

—F

g o 1 a 4 B
Similarly, . — = — - e
l+a**+a¥ ¥ a3l+a**+a*¥) a*+a*+agV
| a-t
and _ =
l+a® v+ a2 g F4a¥4+a7
. _ I 1 l

Hence given quantity = - - - - — >

l+ar—=24+av% 14+a=*+a*¥ 14a*V+a=*

L a== =T

i

- - + — - g ﬂ
av+a 4+t a*4a*t4+aV gTH+a¥4+ad
o Rl s L o

B [ il i TR o A

=1

Example 16, [fa=2+ 21 + 24 then show that, a® — Ga? + 6a — 2 = ()

Solution: Given that, a = 2 + 2% 4+ 24

Ca—2=2% +24

or, (a—2)° = (25 425 =22+ 24325 -25(25 +25) =6+ 6(a—2) [ 25 +2
a—2

or, b —3a? -2+ 3a-22 - 2% =6+ 6a— 12

or. a® —6u® + 120 — 8 =6a —G6

P

w t g
s ad—=6at+6a—2=10

Example 17, Solve: 45 —3.2*72 4+ 25 =
Solution: 4* —3-27F2 L 29 =)

or, (22)* —3.2¢.22 432 =10

2025
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or, (2*)* =122 +32=10

or, y* — 12y + 32 = 0 [suppose 2° = y]

o,y —dy — 8y +32 =00, yly—4) —8S{y—4H =0
or, (y—4){y—8)=10

So,y—4=Dor,y—8=10

or, 2" —4=0[ 2"=ylor, 2 —8=10[,2" =y
or, 2% =4 =922 or, 2¥ = § — 23

LEer=20r,2=13

. Required solution, r =2, 3

Activity:
1} Find the vahue:

rrnl-ﬁ 135 % 5 1 34 ..'}”
(1) - . (2)

A » Ii.']rt ! Rl-fl

e .eul.E-i—rJ.F.l-I--url2 i f.l-'r b pd " i"z+|,".d'a.+.-.'.E
¥ [}
2) Show that, p_“ ¥ (£ v L =
' P P e

3) Ha=gxy"', b=xy"" and c = xy ', then show that
al=" B = ]
4)  Solve:
(1) 4= —37-4 = 3oty — gl
{2] {JEJ' 94 1
(3) 2°H 42571 =330

ot
—

Simplify:
(1) ‘{/{rr*) (a)v/a'
@ [1-10-a-21]"

6) If ¢/a= ¥b= ¢cand abe = 1, then prove that, r +y+2 = 0.

7) Ua™.a" = (a™)" then prove that, m(n —2) + n(m — 2) = (.

Forma-28, Higher Mathe, Class-9-10
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Exercise 9.1

n

l. Prove that, (rai'—.') =aw, wherem, p€ Zand n € N

I v L ”
2. Prove that, (uﬁ) =amn, wherem, ne 2, m#U0, n#0

ny n

3. Prove that. (qb) " (a) ! (b) " wherem € Zne N
4. Show that,
1) (u"ﬁ = h:!t)(a% + aihi -H#%) =a—1b

ad+at+1

2) =ai+a% — |

at +4% +1
5. Himplify:
L i
(ﬂ,—.!_h)u——f: . (”_h)u—h
1) h i
b L
(“"’h)m—h 5 (ﬂ—h)f—x_;;
h il

at +ab Va

ab— b va—b

1 1

(a* =52 (o = b 1)*
(2 —a2)e (b + a—1)e

6. Show that,

G)

1} If e =a®™ 8, y=0a"PW, z=a"™, then g7y P . g8 =1,
2) Ifa?="h b =cand " =a, then pgr = L.

3) Ta*=p, a¥ = qand a® = (p’q*)", then zyz = 1.

2023



2025

Chapter 9. Exponential and Logarithmic Funetion 218

7. 1) Ifxya+yVb+zyc=0and a® = be. then show that,
ar® + by + e = Jazyz,
2) Ifz=(a+h)3+(a—b)s and a? — b = ¢*, then show that,
a? — e — 2a = ().
3 lfa= 2% + 2%, then show that, 2a® — 6a = 5.
1) fa*+2= 43 | 35 and a = (), then show that, 3a® + 9a = &
_ T
5) If a* = 1®, then show that, (%) : (f) V=ai b1
a
6) Ifh=1+ 35 + 35, then show that, & — 30" — 6b— 4 = (.
7) Ifa+ b+ c=0, then show that,
I v | " 1
A I B (. e ol N L B G
8 1) Ita*=0b, ¥ =cand¢® =1, then find the value of xyz.

.-l_

2) If a° = y* = 2" and 2yz = 1, then find the value of ab + be + ca.

" i o a o
3) 19 =27 then find the value of E

9. Holve:
(1) 3242 4 o7+l — 3 (2) 57+ 3V =8, 51 4 31 =2
L:‘;} 4-35;—'2 e l{;-JT+]].‘ :jm+’.£‘y = 92.r+]. (4} 22:I:+1L23y—21 =8, E,p+'2_2#+2 — 16

Logarithm

Logarithm originated from two Greek words Logos and arithmas, Logos means
discussion and arithmas means number. So logarithm means discussion about

mmbiers,

Definition: If a* = b, where @ > 0 and a # 1 then & is called the logarithm of b
to the base a where r = log,b

Hence, if a* = b, then = = log b
On the other hand, if ¥ = log b, then 2" =5

In this ease the munber b is the antilogarithm of = with respect to base a and we
write, b = antilog, 7

In many cases the bases of log and anti log is not written.
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Example 18, antilog2 82679 = 6711042665

antilog(9.82672 — 10} = 0.671

and antilog(6.74429 — 10) = 0.000555

MNote: The approximate value of loge can be determined using scientifie

calculator,  (Detailed explanation is given in the mathematics book of class
0-100)

According to the definition, we get,

log,64 = 6 as 2% = 64 and log,64 = 2 as 8% = 64

Therefore, logarithm of same number can be different based on different hases.
Different logarithm values of same number can be determined by taking any
umber as base which is positive but not 1. Any positive number can be

regarded as a base of logarithm. Logarithm values of zero or any negative
numher can not be determined.

Note: If a > 0,a £ 1 and b =£ () then logarithm of b with 4 unique base a can he
denoted by log, b.
Therefore,
1) log,b = if and only if a* = b. From (a} we see that,
2) log,(a") =
3) a =h
Example 19. 1} 4* =16 = log,(16) =2
3y 5= rj_z = % == lug_,llfgi:_)) = —2
3) L% = 1000 = log,(L000) = 3
1) TS =9 [kt =p]

5) 18 =log,(2'®) [ log, (a*) = x]

Formulas of Logarithm

Since proofs have heen already given in the mathematics hook of ¢lass 9-10, here
only the formulas are shown.

. log,a=1andlog,l =0
2. log (M % N) =log M + log, N

2625
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\
3. log, (i";{) = log, M —log N

4. log, (MN) = Nlog, M
5, log, M = log,M x log,b [Formula for changing the base|

=1

Example 20. log,5 + log,7 + log,3 = log,(5- 7 - 3) = log, 105

20
Example 21. log;20 — logyd = If}g_g? = log,4
Example 22. log.64 = log.2° =6 log.2

Note:
(1) Ifor >0, y = 0and a# 1 then x = y if and only if log, .« = log, y
(¢i) 1l a>1and 2> 1 then log,a >0
(#if) fO<a<land 0 <a < | then log,x >0
(tw) fa>1and 0<a<1 then log 2 <0

Example 23. Find the value of » when

|
1) log za =385
} UHV,-'H{ -J
2) log, |98 + Var? — 125 + 36] = 2

Solution:

rap=1

2) Since log;p[98 + vr? — 12 + 36] = 2
or, 98 + Vr? — 120 + 36 = 107 = 100
or, Vi — 12r +36 = 2
or, #* — 122436 = 4
or, 2* — 120 + 32 =0
ar, (r—4)r —8) =1}

=4 0rp==8
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Example 24. Show that, a'oBb—lone o plogpe—logga oo plogue—logb _ 1

Solution: Let, p= plosb=logge o plogge=logua o plodpa—log, b

then, log,p = (log, b—loge)log,a+ (log,c—log,a)log, b+ (log.a —logb)log,c
or; logyp = Dor p="k"'=1

‘. alogeb=log, e o ploe—togge o Jogga—logd _

Example 25. Show that, #%% = ylos.r

Solution: Let p =log y. g =log,r
Therefore af =y, a* =

Lo (aF)? =yt or it = aM

and (a?)! = »* or 3! = a

ool =qf or Bl — y]"ﬁal'

Example 26. Show that, log,p x log,g % log,r % log b = log, b

Solution: L.H.S. = log,p x log g x log,r x log b
= (log,p x log,q) x (log r = log,b)

= log,q = lngqb = log h= R.H.5.

l |
log, (abe) N log, (abe) i log (abe)

Example 27. Show that.

Solution: Let, log, (abe) = x, log,(abe) =y, log.(abe) = 2
Therefore, a® = abe, W = abe, & = abe
S = i_ﬂ-hc:}al. b= ﬂubﬂ_ﬁl‘ ¢ = (abe):

Now, (abe)! = abe = (abc)? (abe) (abe)t = (abe)i s+
T S
Ao | B ISl |
BN E
i 1 4 I " | 1
b log,(abe)  log,(abe)  log.(abe)
Example 28. If p=log,(be), g = log,(ea), v = log (ab). then show that,
1 1 1
- - -
p+1 g+4+1 r+1

(25
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Solution: 1+ p=1+log, bc) = log,a+ log, (be) = log, (abe)

Similarly, | 4+ g = logy(abe) and | + r = log.(abe)
I 1

e | Inayane) | m e

Using the result of the previous example,

W TR A
p+l o og+l o e+l
- loga logh loge

Example 29, [f EE =3 then show that, a*hes =1
T s

|

loga logh loge

Solution: Let, = k

y—=z 2—% X

Then, loga = k(y — 2), logh=k{z — 1), loge = k{zr —3)

oo rloga + ylogh 4+ zloge = klzy — s 4+ yz —xy 4+ 2o — yz) =10
or, loga™ + logh? + loge® =10

or, logla™We®) =0

or, log{a*te®) = logl [~ logl = 0]

e =1

Activity:
I logf loge
L) If 25T = 25— %5 then find the value of a® - B 8
b—e c—a a-—b

2) Ifa, b, eare three consecutive integers, then prove that,
log(1 + ac) = 2logh
3) If a* + b* = Tab then show that,

+1 L ;
1::-5(El J) = §|ﬂg{nh}| = Eﬂﬂgﬂ + logh)

4
y

=]

I 1 p
1) If |U§(J —LI; H) : E“UH-E' + logy) then show that, i +

3) Wx=1+log,(bc). ¥ =1+ logy(ea) and z = 1 + log, (ab) then show
that, 2yz =2y +yz + zx

6) If 2logy(A) = p, 2log,(24) = q and g — p = 4 then find the value
of A.
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Exponential, Logarithmic and Absolute Value
Functions

In the first chapter, we learnt about funetion, in this chapter we shall know about
Exponential, Logarithmic and Absolute Value Funetions.

Exponential Function

Observe the following three tables of corresponding values of & and y:

Table 1 . Table2
v | =2 -1]|0[1]2|3 | |0|1]2(3|4]5
y|—4|-2|0]|2|4]|6 Yy |0|1]4]9]|16]25

Table 3
[«fof1]2[a[4]5]6[ 7 [8 5] 10
law|1]|2[4[8]|16|32]|G4]| 128|256 | 512 | 1024
In Table 1. for differemt values of & we get values of ¢ of equal differences,
complying with the function y = 2z, This is an equation of straight line.

£

In Table 2, the same happens complyving with the function y = .
In Table 3, the same is true for y = 2.

Exponential function f{z) = a* is true for all real number r. Here, a > 0 and
a # 1. For example, y = 27, 10", ¢*, & are exponential functions,

Note: The domain of exponential function f{z) = a* is {—oc, 00} and range is
— (0, %)

Activity:
1) Write the exponential function described in the following table:

p| =2 =1 ]0]| 1|2

] |

Ty L3 l1]2][4
r|—=1|10|1(2]3

oy (22012 22
g E 2 3 1 5

3

) w4 | 16| G4 | 2506 | 1024

2025
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x| =3 -2|-1]0]1]

‘-."I'J . I £y I 1 ¥ 1
y| 0| 1|2 [3[4]
=2 =1|&]1]| 2

{5] 1 1 | £ | 9k
SIS0 I R R R

(6) r |12 (3| 4 | ] I
y |5 (1015|2025 |

2} Which of the following lunetions are exponential funetions?
(1) y=-3" (2) y=23a (3) y=—-22-3
(4) =5 —zx (5) y=z*+1 (6) y=3x*

Graph of Function f(x) = 2*

To draw the graph of given function, we list the values of y for some corresponding
o values,

[ ]=83T-=2T-10]1]2

|l s [ 313 [1]2]4

Plotting the ordered pair (x, y) in the graph "

we have this graph. 4

notice the figure: I |
(i) If x is negative and |x is large enough, I g

i tends to zero, even thought it's never

exactly zero, ie, if v =+ —oc then y =+ ., T | '
0. % =50 P EE RN

|
|
(7i) If = is positive and |z| is large enough, ] |
Yy is large enough.. ie if r — 20 then 1
Y —0x. |
We understand from this, range of the b
tunction f(r) =2* is ({1 oo).
Activity: Draw the graph where =3 <7 <3
. 3
1) p=2"" 2) y=4" a) y=23 4) y (E)

Logarithmic Function

Az exponential function is a one-one function, hence it has an inverse
funetion.

Forma-29, Higher Mathe, Class-9-10
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Inverse function of f(z) =y =a" is f~ {y) = r = logy

Le ris y's a based logarithm.
Definition: Logarithmic function is defined by f{x) = log,r where a > 0 and
a#l.

such as, f(r) = logye, log x, log, & ete are logarithmic functions

¥
A
Drawing graph of y = log.r 1 R EE l“/'/:y =2
a5 ¢ = log,r hence, with respect to 1*;}* '
the inverse [unction of y = 27, y = 7
. ; T T V=g x
v the reflection of exponential function is . AP 59 % ¥ i
determined which is logarithmic function and 12 i 1 H ‘|j
symmetrical with y = =, il '.zi[ 0 -
| B | | |
Here, domain R = ((l.oc) and range D = /r s ! |
(~59,0) AT T
W
¥

Activity: Draw the graphs of these functions below and determine their inverse
Minctions

1) y=3r+2 2) y=a*+3 x>0 3) y=us-1
4 2 + 1
) y=- 5) y=3z 6) y=
=X r—1
T y=2" 8) y=4*
Example 30. [(z) = |—| Determine the function’s domain and range,
J
{ [ i
Solution: f(0) = |”| =3 which is nndefined.

- the function is not defined at o = 0 point, buat 15 defined at any other point.,

. Domain of the function Dy = R — {0}

T P =1, when x =0
p)=—={ 7T
# |ae] . - —1. whenr < 0
—

2023
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Example 31. y= flr)=1In
i

and range of the function,

22T

1= . . .
. @ > () and integer, determine the domain

Solution: As logarithm is defined only for positive integers.

i+ Y
>0 if .
=

(1) a+a>0anda—x=0or
(i) a+x<0anda—x <0

o
=d

(i) = r>—-aanda>x
=% —a<randr<a
codomain = {r:—a<r}in{r:r <aj}
= (—a,00) N (—00,a) = (—a,a)
(ii) = r<—aandn<x
— o< —aand » > a
domain = {r:r<—aln{z:r>al=a.
S We get from the domain of the given function Dy = (i), and (i) (—a.a)U
& = |—a,a)

F:,U -_—

+ o +
range: y = f(x) = lui JI — s

i m— i
= a+ 7 =ae¥ — reY

= y+ et =ae’ —n

= (l+e")r =ale'—1)

(e — ]
eV +1

a 15 real for all real values of ¢

Range of the given function By = K

Activity: Determine the domain and range of the function:
24+ by
1 = In 2] y=1In
) ¥ 2—x ) ¥ 3 =
4+ B4
3), y=In 4 = In
) ¥ 4—ua ) v B—.ur
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Absolute Value

In mathematics book of elass 9-10 absolute value is discussed elaborately, here
only definition is given.

For any real number & is zero, positive or negative, DBut absolute value of @
1s always zero or positive. Absolute value of » is expressed by |z| and defined

A5

] {1 whenx = ()
HE=

—a, when <0

Example 32. |0 =10, |3

=34 | -3 ==(-3)=3

¥
| |
pa— J —
Absolute Value Function
If x € R then TN
x when x =) X s Y it : X
y=flr)=|r| = B
—i when < ()
.. Domain Dy = R and range R; = [0, 00)
¥

Example 33. f(r) = ¢ 2 when —1 < r < (0. Determine domain and Tange.

Solution: f(r)= ra_'.ilﬂ, —l=zr<i

a's value is between —1 to ()

Therefore, domain Dy = (—1,0)

again, in the interval —1<r <0, flr) € {f::f—}. 1)

so, range [ [c::"';-'] 1)

Graphs of Function

Funetion is detected by representing geometrically in a plane. This geometrical
representation is the drawing of graphs. Here we discussed the method of drawing
graphs of exponential, logarithmie and ahsolute value funetion.

2625
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(1) Draw the graph of y = f(z) = a®:

(#) when a > 1 and # is any real number then: f(r) = a” is always positive.

Step 1. For positive value of x, the value of

Flz) is increased with the increase of r.

Step 2. When o =0, y = a" = 1, therefore,

(0,1) is a point on the line,

Step 3. For negative value of &, the value of

X:’

flz) is decreased with the increase of

r. e if @ — —oo then y — 0

Here, the graph of [unction y = a*, a > 1

is shown beside, Here Dy = (—o0,00) and

Ry = (0. ).

(i) When 0 < a < 1, xis real, then y = f(x) = a” is always positive.

Step 1. Observe if the value of » is increasing
from the right side of origin, i.e if ¥ —
oo then iy — 0.

Step 2. When & = 0 then y = @” = 1 hence

(0, 1) lies on the line.

Step 3. When a < 1, the value of & is

negative and monotone increasing to

the left side from the origin then y is A

monetone increasing. i.e y — oo,

1
Let, a= 3 <1l z=-=2, =3,+++ ., —n then

y=[flz)=a" = {é}‘* =2 y=2%...

y = 2" When n — oc then graph of y — oo,
y = flz) = a” is shown beside.
Here Dy = (—no,0¢) and Ry = (0, 00).

39
Y
|
’Jr
SEY AN
{] "l-1
= X
y
Y
. 1
h.‘.__- ot el |
#] "'":‘1:4-—! ¥
.8

and ranges:

Activity: Sketch the graphs of the following functions; mention their domains

) f()=2 2) fa)=(3)
3) fley=2¢"2<ex3 4 fla)=e* 2<e<3
5) flr)=3"
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(2) Sketch the graph of f(r) = log

(1) Let, 4y = f(r) = log,x when 00 < a < 1. the ftunction can be written as

=gt

Step L. When ¢'s positive value is increasing
andl inereasing, e,y — oo then x tends
b mero, Le o — (.

Step 2. As a” = 1 hence y = log,1 = 0, So
the line goes through (1,0).

Step 3. The negative value of », ie g
decreases below origin point, ie y —
—o0 then, o inereases continuously, ie
T — o0

In the figure beside, y = log,r, 0 < a <

1 is shown. Here Dy = (0,00) and Ry =

(—o0,20).

(11) when y =log, &, a > 1 then

Step 1. When a = 1, for all y, & is positive
and with increasing values of y, «x
inereases. Leif y — 20 then o« — oo,

Step 2. As a” = 1 hence y = logl = 0 So,
the line passes through (1.0)

Step 3. If for negative values of y, y keeps
inereasing i.e., it y — —oc then v tends
to zero. iexr — (.

Now, graph of f(r) =log,xr. a > 1 is shown

here Here Dy = (0, 00) and Hy = (—oc, 00)

Example 34. Draw the graph of flr) =
logyqr

Solution: Let y = f(r) = log,,r

As 10" = 1 hence y = log,,1 = 0 So, the
line passes through (1, 0), When & — 0 then
y —+ —oo. When & — oo then y — oo,

oy = logyyr goes upwards,

The graph is drawn helow:

Here D = (0, 00) and Ky = (—oc, o).

Higher Mathematics Classes IX-X

¥
=0 g X
i
\. ]#
T
1"7-
¥
¥ .4
7
Y EVOE T
i L = )
A
1.4
f 1
|
¥
|
] E
! |
i = o -
. ¥ A
X Jr-l“' o)
[
w

'r"l
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Example 35. Sketch the graph of f(r) = : 1
I
Solution: Let y = f(z)=In =
As €’ = | hence y = Inl = 0 So. the line P
passes through (1,0) When & — 0 then y — X F— ) X
—o0. When r — oc then y — co. i:
.y =In x goes upwards.
The graph is sketched here,
Here Dy = (0, oc) and Ry = (—oe, 00).
¥

4—x . )
Example 36. y= is a function,

1+ =

1) Determine the domain of the function,
2} Determine its inverse function.

3) If g(r) =1n y. then determine the domain of g(x).

Solution:
44—
J- G- L =
) Given. y 4+a
Here 4+ = 0 ie il & = —4 then y is undelined.
el ?": -4
. Domain of function = B — {—4}
4
2) Given, yy = 1 +::
or, #{y + 1) =4(1 — y)
A1 —y)
Let, flx)=y..x= f'(y) A
Now, y = 2 -1 'Jfll = -1
A T of, [ W)= —=——""[-a="l
or, dy +ay=4—xr 14-_1!1
or, xy+ =4 — 4y R e —{%ﬁ’l [Changing the
variahle|

3) Given, glx) = ln{y)
St i—x
44w 4+

~gle) =1In
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. d—
cogle) € Rt e =

Now 5% = 0if
14T

(V4d—a=0andd+a>00r

() d—r<Qand 441 <0
Now (i) = r<4dandax = —4
. Domin ={re R:a<4}inf{re R:2 > -4} = (—o00,4) N(—4,00) =
(—4,4)
again, (1) = r>4dand r < -4
SoDomain={aeR:e>4}n{ereR: 0 < —4} = (4, 00) N (—0c0.4) =2
- Domain of the given function = (—4,4) U @ = (—4,4)

Activity:
1} Sketch the graph ol y = loge using values of « and y [rom the table.

x| 05 [1] 2 3 1 3 | 10| 12
y | —03]10]03]05|06 07| 1 |LOV

2) To sketch the graph of y = log.x, make a table like it was done for (A)
using values of r and y, and then sketch the graph.

Exercise 9.2

I. Which is the simplest form of the expression { (rlu)lr__r'ﬂ } HJJ?
1) 0 2] 1 3) n 4} =
2. Ifa, b, p>0and a# 1,b%# 1 then
(¢) log P =log P x log, b
(i) log, /i x logyv/b x log /¢'s value is 2

(i41) plogay — ?I,]D%n—‘

Which combination of these statements is correct?

2025
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1) ¢ and 2) i1 and 3) @ and i 4) 4, 9 and 7t
Answer questions 3-5 when r. . 2 # (l and a” = b = ¢*
3. Which is correct?
1} = b-f 3:| a= .LE.I ,'j.} a L: 1} it .?{ g
4. Which of the followings is equal to ac?
1) b¥ bt 2) b b 3) bt 4) bt
If b* = ar. which one is correct?
S R 1 1 2 L. d 32 T
) —4+-—=-= 2} ——== I === 4) —4+-—=—
T oz r y =z i 2z r y 2

G. Show that,

"

2)
3)
4)
7.

2)

3)

4)

6)

a” " e
log, e + log, = + log, = =)

f . b E
log, (ab)log, (E) F log, (be)log, ( ) b log, (ca)log, {a) =0

I
log s x log ge x log -0 =8
log, log, log, (a”"h) =b

logia  log,b  logee

It - = then show that, a"b"" = 1
h—{! =1 ”._h
. lﬂgkﬂ Iﬂf__‘l;‘, l’] lngkt
If = = then show that,
y—=z == B—=uy
“_} pitapEtT iy = |
(2) o' tusts? | pettemtat | rtiauiyt o
g (1 + @ _ 145
It M = _2 I.]]En Hhr'ﬁ;\.r 1-]-13.5._ = . \/_-'
log, = 2

) r—at =1 >
Show that, log, = 2log, (r — v —1)
%

+/rt =1
W — b

It a* =" = a®**I** then show that, rlog, (“) =R
a

1

If ,'T'y"":_l =p, I..H.'.L— = q, .’l"jj"_]

= 7 then show that,

(b—e)log,p + (e — a)logeg + (a — b)logr =0

Forma-30, Higher Mathe, Class-9-10
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ab log,(ab)  be log (be)  ea log,(ca)

TV If = then show that,
a—+b b+ e+ a
0t = H-=¢f
8) If V£ 5) = uete—y) == 2z Fo—2) then show that,
log,.x log,y lng, 2

¥ =yt ="

8. Sketch the graph:

) y=3* 2) y=-3¥ 3) y=3"""

1) gy = =3¢+ 5) =3+t B g=3%"1
9. Write down the inverse function in each case, mention the domain and range

and sketch the graph:

1) y=1-2* 2) y=log,e 3) y=u*2>0

0. Determine f{r) = In (r —2) function’s domain Dy and range K.

11. Determine f{r) = ]ni !

function’s domain and range.

12. Sketch the graph mentioning domain and range:
1} f(z)= |z}, when =5 <2 <5
2) flx)=o+|7|, when =2 < » <2
S = |i—| when ¢ # 10
0, when x =0
t'i.i‘J—'-I
3

1} Convert (7) and (#7) into linear equation of 7 and y.

13. Given, 2. 2¥" =64 --- (i) and 6* - =72 (it)
2) Solve the equations and verify them,

3) Should z and y be lengths of two adjacent sides of a quadrilateral and
the angle included them be 907, state whether the quadrilateral would
be a rectangle or a square: find its area and the lengths of the diagonals.

14, Given, y =27
1} Mention the domain and range of the function.
2} Draw the graph of the function, and mention its salient features.

3) State whether the given function has an inverse fimetion. 1If so, is it
one-one? Sketch the graph of the inverse function.

2023
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15. f{r) =3 and g(z) =275+
1} Find the domain of f{x).

2) If fla) + glx) = 36 then find the value of .

3) I glx) = % then, sketel the graph of g(2) and determine domain

and range.



Chapter 10

Binomial Expansion

In our previous classes, addition, subtraction, multiplication, division, square and
cubw related algebraie expressions (single term, binomial and polynomial) liad
been discussed. When the power of a binomial or a polynomial expression is
more than three, determining the value of such expression is labourions and time
constuming. In this chapter, the working method will be presented in case of power
being more than three, Generally, formula will be demonstrated for the power of
i, by which the value of binomial expression of non negative integer of power
will be possible to determine. But at this stage the value of n will not exceed
a definite limit (n < 8). A triangle will be introduced called Pascal's Triangle
so that students can casily wnderstand and use the subject matter. The power
of binomial expression may be a positive or negative integer or [raction. Bul our
present diseussion will be limited to only positive integer of power. In higher

tlasses detailed discussion will be ineluded.

After eompleting this chapter, the students will be able to-
> describe the binomial expression:

describe the Pascal's triangle:

deseribe the binomial expression for general power;

find the value of ! and "

yvvyyvy

solve mathematical problems using binomial expression.

Binomial Expansion of (1 + )"

An algebraic expression consisting of two terms is called a binomial expression.
a+b, w—y, 1+, 1—22 a®—b® ete are binomial expressions. We first consider
a binomial expression of (1 + y). Now we multiply (1 + ¢) by (1 + y) successively
then we get (1+ )%, (L+y)*, (1+y), (1+y)? -+ ete. We know,

225
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(1+y)?=(+p)(1+y) =1+2y+y’
T+uP =1+ +9P =0+ +20+ %) =1+3y+ 3"+

Similarly it is possible to determine the value of (14 ¢, (1 + )", -+ ete by the
process of lengthy multiplication. But it will be lengthy and time consuming if
the powers of (1 + y) is increasing, So it will be better to find out a method to
easily determine the expansion of (14 y)n for any powers (say n) of (1 4 y). For
n=1({,1 2. 3, 4.+ i.e., for non negative values of n, our discussion is limited
in this context. Now we carefully observe the procedure,

Value of n Pascal’s Triangle Number of Terms
n =) (14" = 1 1
n=1 (14+) = |+ 2
=2 (14 y)* = 1+ 2y + ¢* 3
=73 (14y) = 1+ 3y + 3y + ¢ |
n=4 | (1+y)!= I+ 4y + 64 +44° + o 5
n=5 | (1+y)"=|1+5y+10y°+ 104" + 5y + ¢ i

On the basis of the above expressions, we come to the decision of the expansion
of (1 +y)".

1) In the expansion of (1 + 4)" the number of term is (n +1) i.e. number of
terms is greater than power.

2) The power of y is increasing from zero to 1. 2, 3,--- ,n ie. power of y is
increasing orderly up to .

Binomial coeflicient

The coefhicient of different powers of i on the above expansion is called Binomial
Coeflicients, 1 is considered as the coeflicient of y. If we arrange the coeflicients
of the above expansion,

n="1) 1
=1 1 1
= | |

=14 1 3 3 1

=41 & 1 1) 5§ 1




=3
et
2l
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If we ohserve we see, the coeflicients have formed a triangular shape. The technique
of determining the coefficients of hinomial expansion was first used by Blaise
Pascal. So it is called Pascal’s Triangle. We can easily determine the coefficients
of binomial expansion by pascal’s triangle.

Use of Pascal’s Triangle

From Pascal’s Triangle, we see that 1 is in both left and right side. The middle

term of the triangle is the summation of two number just above the numbers. [If

wee observe the following example, we can easily understand it,

Binomial coeffecients for n =35 n= 6 will be:

1 O 10 10 D 1
\VAVAVA
§ 15 20 15 0 |

s (L) = By L0 0 Syt

n=290—=

n==0—=1

(14 )% = 1+ 6y + 155% + 200° + 15g* + 64° + ¢
(L+y)" =1+ Ty+215% + 35 + 35y + 21" + Ty + "

Activity: Find the expansion of the following (using the above expansions);
(L+y)*=
(1+y)"=
(L+y)*"

It we nbserve carefully, we will nnderstand that this method has a special weakness.
For example, if we are to determine the expansion of (14 )", we need to know the
expansion of (1+y)*. Again it is necessary to know preceeding two coefficients just
ahove for any binomial coefficients. To get relief from this position we want
to directly find out the technique for determining the binomial coetficients. From
Pascal’s Iriangle we see that the power of coefficient of binomial expansion depends

. . . n
om power 1 amd position of the term, We consider a new symbaol where the
r

power i and the position of the term r are related. For example if n = 4, the
number of terms will be 5. We write the terms like this:

When n =4, number of terms i2 5: Ty, Ty, T, Ty, T5

(25
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Coetheients of them are 1, 4

i
4 4

Using new syimnbaol: (“).- (1) )
4 4 1 4 4x3 4y _ 4x3x2

L, (n) ~h (1) ~g (2) Tix2 (?) Tixaxs "

il _4x3x2x1_1
4]  1x2x3x4

[You will understand easily from Pascal's triangle.|

Using new symbol (n =1, 2, 3, ---) Pascal’s Triangle will be like this:

e
= ) gf:f(zf ()

=S00000

Therefore from the triangle ahove we can easily say that coefficient of third term

(Topq) of (L4+4) is (j) and coefficient of third (Tyy) and fourth (Ty) of (14 4)°

are G) and (d) respectively, Generally, coefficients of (r + 1}th term (T,4,) of

(L+ymis ()

o T . —_—
Now, to know the value of ), wee apain observe the Pascal's Triangle. From
=

the two sides of Pascal’s Trangle, we see that

()1 () () ()
()1 () () ()

Taking n = 5 we get,

5 5 _ '5 CBxd
GJ l‘t)zd‘ﬁ)_|xz_l“
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5 Exd %3 5 IxdxFIx2
t)_lxzxu_m‘@)_lxzxaxi_h

(5) Sx4x3x2x1
anrl ' =

5]  1x2x3x4x5
. fh 5 9% [(6=1) x (b—2)
Therefore, in ease of it can be said, = e
(3) (3) 1x2x3

(n) _Gx(6—1) % (6—2) x (6—3)

4 1 ¢ 20¢ 3ocd

Generally, we can write,

) () -

(n) S nxm=-1)x(n=2)-(n—r+1)

r) L2 xdxdasemr

Using appropriate sign,

(1+y)t= (;)y” I (Dy‘ I (;)JF | (;);ﬁ | G) y*

=1+ 4y + 6y* + 4y + o

: 5 (3.0 (3.1 AT AT AW LA
(L+y)” = (U)y =+ (Ju + (g)y + (3)!.* = (Ju + (,):u
=1 4 5y + 10y* + 10 + 5y + o°

and expansion of (1 + y)"

(1+y)" = (E)y" + (T)y' 1 G)y“ + (z);;“ G eraf (:) "

(=1) 5 nn=1)@=2) ;

1
=1+y* +ny' + = i+ T3

nin — ”y" N nin—1){n—2) ,

L (1)t =1+ny+ 175 T2.3 T A L

Example 1. Expand (1 + 32)°

Solution: With the help of Pascal’s Triangle

2025



Chapter 10, Binomial Expansion 241

1 5 10 1w 5 1
(14 32)% =14+ 5(3x) + 10(32)2 + 10(32)* + 5(32)* + 1(3x)°
= | + 157 + 907* + 2702% + 4052 + 24377

Using binomial theorem-

(1+37r)% = (;) (37)" + G){aﬂ‘ + (;) (3r)2 + G) (37)° + G){aﬂ"
| (i){u.-;-}ﬁ

(1432)° = 1+

5 Bk 5.4+3
a3 iy

R e

- 1 + 152+ 9022 + 2702 + 4052 + 2434

4:3:-2
3 )
(3)"+ 53

D222y )V +1-(3x)°
A 1o(3
T-3.3.40 Tries)

Example 2. Expand (1 — 3x)°

Solution: Using Pascal’s Triangle

1 5 10 10 5 1
(1 —32)° =1+ 5(—3x) + 10(—3x)* + 10(—32)* + 5(—3x)* + 1(—3x)°
=1— 152+ 9022 — 2702" + 40527 — 2432°

Using binomial theorem-

(1—=3x)%= (ﬁ){—:j.-::}ﬂ + (:) (=3x)! -+ (;) (—8z)* + (Z){—Ii:r}” + (i)(—:t.-e.-ﬁ
+(:) (=3x)"

5 "'.-.J":l' 1 5'4'3
= 1--—1'["-3.7'] |'Ir—2{"-3.1"} +.l-2-3

Forma-31, Higher Mathe, Class-9-10

(=3x)* +

(=3a) 4+ 1 (=32)°

5
l-

Mh
l'.A.u:-

2
1
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=1 =152 + 90x% — 270s° + 40hr? — 2432°

Remark: From the expansion of (1 + 32)” and (1 — 32)°, we see that both the
expansions are same, By changing only the signs of coeflicients we get one from
the other, ie. +, — 4.+

Activity: Expand (1 + 22%)7 and (1 — 2a4%)7

a
Example 3. Expand up to the ffth term of (1 4 = )
=

Solution:

Using Binomial expansion, expand up to the ffth term of (14— )" as follows:
' T

20 (8Y, 20 B\ 20 (5), 20 (8),2. . (8),2
1+ (ﬂ)fI)U+-(l)cI1 +-(2)c£11+-(a)cfai+-(4)fmj4
= =

R T

L B76
1:2 ¢ 1.-2.3

16 112 448 1120
+—+—

. L o
2 16 112 448 112
o T ] — 14 bt up to the fifth term|

| Try }'uursﬁll' using Pascal’s Triangle|
2
Example 4. Find the cocfficients of #% and x% in the expansion of (1 — T}“

Solution: By binomial expansion, we get

7= . BeT 2 B.7-6 o 8-7-6.-5 , "
=t e Gt Ce e @
=1—-2r"+ é;e L — El:r."+--

; : L ; g
Here we see that in the expansion of (1 — _—L]l:" the term containg 2% is absent, So

] " ! » ] * s "
coetlicient of 7% is () and coeticient 7% is — 8

2025
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- coefficient of o is ) and coetficient % is

Activity: Verify using Pascal's Triangle.

Dol =]

Exercise 10.1

1.
(1 4+ 2z3°.

2.

the result.
1.

Lerms

.

D (1=22)*2) (1+32)

2
6. Expand 1) (1 —a)%and 2} (1+ 2r)® up to °

Binomial expansion of (x + )"

i

Find the expansion of (1 + 7)® by the help of pascal’s triangle or hinamial
theorem. With the help of the above expansion find 1) (1 — )" and 2)

According to the ascending power of #, expand the following up to first four
terms 1) (1 +40)® and 2) (1 —32)7
3. Expand (1 4+ 2)® upto first four terms. Find the value of (1.01)* by using

According to the ascending power of &, expand the following upto first three

Find the following expansion npto first four terms [using Paseal's Triangle
ar hinomial theorem|

We have so far discussed the expansion of (14+y)", now we shall diseuss the general
form of binomial expansion (z + y)

where n is a positive integer.

expansion of (x + )" is known as bionomial theorem.
We know,

(L+ gy}t =

o IHEI“

Now, (r+y)" = [-T{l 1 H:‘] -
T

—.’I"H{I | Ew)n

&I

2025
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I n n
(x+y)" ="+ (1)1:" Yy + (2) 22 + (3).:”' b T

This is the general form of hinomial theorem. Observe that it is similar to (1+y)".
Here, power of » is added from n to 0. We also observe that addition of power
of x and y in every term is equal to the power of binomial expansion. Powers of
a from initial term to the last term is decreasing from n to 0 and conversely the
powers of y is increasing from 0 to n.

Example 5.  Expand (@ +)? and from that expansion find (3 + 2x)°,

: (5 B aims, BN e, IR o i
Solution: (x + y)" = " + I aty+ | 4 |20+ R + 4 ryt + oy

5y +3 - o P32 5-4-3r2il¢+5-—1-3 'ZH 5
it — < Eadiisani iy
VT Y i Y
= 7% + 520y 4+ 1003y + 1022 + Syt + 47
. Required expansion (@ -H.f] r® + B’ t,r-l—lf}: y” + 1002y + Sy + o°

Now, pulting r = 3 and y = 2»
(3+22)° =33 +5-3"22) + 10 3%(20)? + 10 - 3%(20)* + 5 - 3(2)* + (22)°
= 243 + 810x + 108022 + 7202 + 24027 + 322"

(34 2)% = 243 + 810x + 10802 + 7202 + 2402 4 3247

i _ |
Example 6. Expand (1" + — | upto fourth term in decending power of » and
e

identifv the term which is free of x.

Solution: We get by hinomial theorem,

(o) =+ () () (Y + () () -

225
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. = | G-5-4 .1
:J.b | EJI.'I':i | .j_,...._r'l_... b d ..3-3....: v
12 x4 " 1-2-3 ¥
X 1
=g+ 60+ 16+ 20—5 + -+
e
.. Recmired expansion is % + 6a% + 15+ ?”ﬁ + -+« and r-free term 15

G
Example 7. Expand (3 : é) upte hrst four term in ascending power of 1.
Find also {1.995)7 upto four decimal places.

fa“cln]utimi: (fz = %)? =974 (Dzﬁ (u"é) " G)z (_.%) " (;):,14 (“

= T Tl o f2? 7-6:85 _f a3
=12H+f-ﬁ-1(—§)+ﬁ-52 (T) + 1_2‘3.1u(_§) A

. (2 - %) - 128 — 2240 + 16822 — T025 + - --

)+

e | =

T a ;
. Required expansion is (i‘ é) = 128 — 224a + 1682° = TOz* +

Now, 2 — 5 =1.995 or, 5 =2 — 1.995 Hence & = 0.01
Now, putting > = 0,01 we get

o1y 7 _ _
(z— ¥) = 128 — 224 % (0.01) + 168 (0.01)2 — 70 x (0.01)% 4+

T

or, (1.995)" = 125.7767 (up to four decimal places)

Required Value (1.995)7 = 125.7767

Finding the value of »! and ",

Ohserve the following examples:
2=2:1,6=3:2:1,24=4-3-2-1,120=5-4-3:2-1,+-:
We can hriefly express the product on right side by a svmbaol,

2=2:1=2L6=3-2:-1=3,24=4-3-2-1=4,120=5-4:3-2.1 = 8l,

Now we observe
P=4.5-2-1=4-4-1)-4=-2)-{4-3)
Bl=5:4-3.21=5:-(6=-1)+(5-2):(5-3):(5—-4)
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Therefore, generally we can write, nl =n(n — 1)(n = 2)(n = 3)-+-3-2-1 and n!
is called Factorial n. Similarly, 3! is called factorial of 3, 4! is called factorial of

d.

Again we ohserve:

5 5-4-3 5-4.3.2-1 5 5!

3 1:2-3 (1-2-3)-(2:1) 3Ix2 3% (5—3)

™ _ 7:6-5-4 7-6-5-4-3.2.1 7 7!

4/ 1:2.3:4 (1:+2:3.4)+(3-2:1) 43 4l (7T—4)
" n!

. Generally we can say ) = —
r rli{nm—r)!

Factorials of the right side can he expressed by this symbaol,

1 n!
= — = "C‘r
(r) rin —r)!
7 [ . 5 5 :
= ——— ] 1 — = Sk
(J 4i(7 — 4! ”m‘(J 35 — 3! 3

(3 Bl T Tt - n
['herefore, ( ) = MW 18 ( ) are ", equal,
r T

n n n n n nEr L. n ngt
bk (I) CE.- (2) G&r (3) E,i.- * (n) lf—"ﬂ:

! n! |

TE =
1&“ 11 F — n{;ﬂ = - ]
e know (rr) nlin—mn)  nlH o

l—m,u =1

Remember,

n=nn—-1)(n—-2)--3-2-1

;)= 0. reu=
()_"ﬂ_'ﬁiw G)="%=
()

oy =10 =1

=,

o 1 EY o o : b

Now we use "C instead of ( ) in binomial theorem, o
r
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(L+y) =1+ "Ciy+ "Coy® + "Cay* + -+ "Cry" + o+ "Chy”
nn—1) , nln—1)nr-2) .

or, (L+¢)*=1+ny+ TR A 3 e R i
= 1Y -1 -3y .
(L+y)"=1+ny+ ”{n—ly‘* + I ) },n'* + eyt

1-2 1-2-3

and similarly,

E_?.+y}n = 7™ “Ctﬂ'" 1I.|’+ nc'z_,rn Ey'2+ ”C;g-’l“” -Hfjd—““ il frC"rr:l,.rl -.ryr
e Dlogy"

n{n — l]J_n_:3 oy nin—1){n—2)

LY,
7 31 BRI

or, (& +3)" = 2"+ naly 4
"

njr— l}_rﬂ 2.9, wrn—1)(n— EJ'T“ 3

{24y = 2"+ nx® Ly' - 13 Y+ 5.8 H.'J T

(Ybserve : For positive integer n

the general term or (r + 1)-th term of binomial expansion of (1 + y)" is To =

T r ar T T
! =3 'y
" o rlf

n ; gy . : :
Here, ( ) or "% is the coeficient of binomial expansion

TI
(J_.__‘_yJﬁ = gy n(}lwn—ly_F ncz:!_.n—'_-'yi_i_ J:E‘Iraxn—:‘iy.++1”+ r?{:"ﬂy.l‘.l

min—=1) . nin—1)n—2)
T 3l

or (r+yi1" = r"+na"y+ Ayt

1 T
Creneral term or (r + L}th term T,y = ( ):;'""y’ or "Cla™"y" where ( ) ar
.

" is the coefficient of hinomial expansion.

B

Example 8. Expand (J.‘ e i)

3

H

Solution: By hinomial theorem

5 2 9
T — l = ;;':-’ -+ :C] ,'J'.'Ir1 I —l_ + n'f:‘;g:!-'n 3 —l. = n{-r,'i-f'n. ¥ _l-:
e 2 : h *
HE i._r{‘.rll.r,ﬁ—-l (_I_)-I + (_L)d
e £



248 Higher Mathematics Classes 1IX-X

2 11
!

3
‘] ) .I.._E :}.l:l .I....I.H

s
T

1 5
Solution: Using binomial theorem, (2: )

rd
2 i
== {')J‘I‘}H -|— H(-‘ [’2"{'2}: _i — u' _i Hr" {QI.ZJ-W _i +
2 LN a2 - a2 Lt a2
. 1 87 .. ., 1 &
:EH'J'”*_H'ET‘-T-'“'_..,+l_‘i '3*'-:1-”-—_1 P z 2 -2']‘-"-'1“'_“""
Lrgd A T KE
= 2562'% — 1024412 + 17922® — 1792 4+

T

Example 10, In the expansion of (Fc - %) . the coetlicient of & is 560
1) if k=1, expand up to fourth term.
2) determine r

F.

3) if in the expansion. coefficient of 2% is 15 times the coefficient of &®, then

determine the value of &,
Solution:
) if k= 1, the algebraic term is (1 — '—)i

Using binomial theorem

=] - — SR

3 3 27
2) Using hinomial theorem,

(k=3 =+ Tk () e ()" o ()
F TS (,_,E) - .Gﬁkg (__E) -

2025
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” .o 76, a* T-G-5 4
=kr_?kb"'!_+_k.u‘__ f-l,_
3. 1= 9 1-2.3 27 .
7:-6:5:4 5 ' T7.6-5-4.3, a°
I | S o ekttt Pl i
1-2-3-4 a1 1-2-3-4-5 243
T ™ . 3557 . L
=k —— kY + k — ke — = Skt
3 3 27 | 81
352
Here, coeflicient of &% is éli
bt 60
Aceording to the guestion, % = 560 or, 2! = ‘M;—;cﬁl. or, ¥ = 1296

R et ¢ ]

. T ,
3) Getting from the result of expansion of (.f.‘ — E) from just above,

g N T . 1.2’ . 5 3544 ) Tl
(L;_;i) g JE e T s B e (B0 e T g

3 3 4 27 &1 =]
g . —dbk* —
Coefficient of & is o and coeflicient of x° is 5
—35k1 Th? k! 27T » T 1h ;
.!"tL‘L-Urdtngl}x ?; == mﬁ % 15 or, F = ,ﬁ or, b=
= =]

Exercise 10.2

I. In the expansion of (1 + 2z + w3

(i) Number of terms (i) Second term is Gz (i) Last term is 2®
is 4

Which one is correct?

1) i, i 2) i, i 3) i, i 4) 4, ii and iii
l n
(r + —) cwhere nis even, From this information answer the questions 2
i
and 3.

2. IF (r+ 1)th term is free of = what is the value of ¢7

1) 0 2) g 3) n 4) 2n

3. If n =4, then which one is the fourth term?

Forma-32, Higher Mathe, Class-9-10
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iy |

Y.

1.

1

12.

13.
14.

Higher Mathematics (lasses IX-X

1. 4
1) 4 2) 4 .
) ) 3 - 1) =
The coeflicients of expansion of (@ + y)" are:
1) 5,10,10,5 2) 1,5,10,10.5,1
3) 10.5.5.10 4) 1.2.3,3.2:1
a8
In the expansion of (1 — ) (I | —) . the coethicient of o 1s-
1 1
1) —1 ay = 3 3 2 o
) 2) 5 ) ) -3
1y
What is the r-free term in the expansion of (.r'2 + F) 7
1) 4 2) 6 3) B8 4) 0
Ordering the coefficients of the expansion of (& + y)* we get,
4
1 4 1 . 2 1
1 2
) 1 & &5 1 ) 1 3 3 1
1 6 1w 6 |1 1 4 6 4 1
2 i
2 3 2 6 12 6
3 |
) 1 & § 2 ) 6 18 18 6
2 7 W 7T 2 6 24 36 24 6
Expand each of these: 6
1) (2+2% 2) (z—i)
' 2%
Determine the first four terms of these ex eumir:-ih" 5
1) (2+3x)° 2) ( = E\)

i
J. a 1
If (p — Ea') = r — 96z + sr° + - - -, determine p, r and s.

: ;2 S . A T\ 8
Determine the eoefiicient of &” in the expansion of (1 - E) :

A 6 ; ;
Fxpand (2 + JE) up to ¥ in ascending power of . Find the approximate
value of (1.9975)% up to [our decimal places.
Using binomial theorem, find the value of (1.99)% up to four decimal places.

. . AT _ . . .
lu the expansion ol (l I --) , coefhicients of 3rd term is the double of the

coeflicient of the 4th term. Find the value of 1. Also, determine the number
of terms and middle term of the expansion.

2023
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18.

19.

1=
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=3

1)

2)

A=

1)
2)

3)

Binomial Expansion 251

T3 .
In the expansion of (Ek — 5) cooflicient of &7 is 720, find the value of
aT.
E\S
In the expansion of (J“ + —) coefficient of ' is 160, find the value
L
of k.
(14-2)7 and B = (1 —2)®
Determine the expansion of A using Pascal’s Triangle.

Expand B upto four terms. Use the result to find the value of (0.99)%
upto four decimal places.

Determine the coefficient of 77 in the expansion of AB.

(A + Bax)" is an algebraic expression,

1)
2)

3)

tA=1 B=2andn=>5, determine the expansion of the expression
using Paseal's Triangle.

If B=3and n =7, in the expansion of the expression, coeficient of
at is 22680, Determine A.

If A=2and B = 1, then the coetfecients of 5th and 6th terms of the
expansion are same. Determine the value of 1

If @y, ay, ay a4 are four consecutive terms in the expansion of (1 + 7)™, then

il iy

(51
prove that + =

ay -+ ag+ag ap+ay

Which one is bigger? 99°9 + 100° or 101397



Chapter 11

Coordinate Geometry

The portion of geometry where the algebraic expressions of points, straight lines
and curved lines are studied is known as the Coordinate Geometry. This portion
of geometry is also known as the Analytic Geometry. With the plotting of
points on the plane, the straight lines or the curved lines or the ligures of the
geometric regions made by them such as the triangles, the quadrilaterals, the
circles ete. are expressed. The system of plotting of points on the plane was
initiated by a French mathematician named Rene Descates (known as
Descartes). The coordinate system of geometry initiated by Descartes is called
the Cartesian coordinate aystem after his name. The coordinate geometry and
the analvtical geometry are mainly based on Cartesian coordinate system. So,
Descates is called the initiator of the analytical geometry.

In the first part of this chapter, the tricks of determining the distance between
two points will be discussed through developing the concept of the Cartesian
coordinate system among the students. In the second part, the method of
determining the area of any triangle and quadrilateral created by straight lines
will be discussed. On the other hand, in the third part, the tricks of determining
the slope of a straight line and the simplification of the joining straight line
between the two points will be explained. No figure or equation associated with
the curved line will he diseussed here.  In higher classes, it will be discussed

elaborately.
After completing this chapter, the students will be able to

» explain the rectangular Cartesian coordinate system;

» find the distance befween two points;

B explain the concept of slope (eradient) of a straight line;
> find the equation of a straight line,
[

determine the area of a triangle using coordinate system:

225
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» find areas of triangular and quadrangular regions by measuring the lengths
of the sides;

B construct the geometric figures of the triangles and quadrilaterals by
plotting of points:

B present an equation of a straight line by plotting points.

Rectangular Cartesian Coordinates

We have been acquainted with the concept of plane in previous class. The surface
of a table, the floor of a room, the surface of a hook, even the paper on which
we write down, each of them is a plane. The surface of a foothall or the surface
of a bottle are curved planes, In this part, the tricks of determining the proper
position of any point lving on the plane will be discussed. For determining the
proper position of any definite point, it is necessary to know the distance of the
definite point from the straight line hisectors construeted on the plane. Tt is said
as a reason that only a point can lie at any definite distance from two straight
line hisectors.
If two such straight lines XOX' and YOV are drawn that intersect each other at
a right angle on any plane, XOX' is called the w-axis, YOY' is called the y-axis
and the intersecting point *()" is called the origin.

¢

—> ; — Fizy

i

,..

w [1

£ Of— 1 £ X

»
Now. let P he any point on the plane of the two axis. From point P, on XOX'
i.e., the p-axis and on YOV’ ie., the y-axis, the perpendiculars are respectively
PM and PN. Then the distance of point P from the y-axis = NP =0OM = u is
called the abseissa of P oor a-coordinate, Again, the distance of P from the s-axis
== MP = 0N = y iz called the ordinate of P or y-coordinate, The abseissa and
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the Ordinate are jointly called the Coordinate. So. in the figure. the coordinate
of P means the perpendicular distance of P from the g-axis and the r-axis and
by denoting them as & and gy, the coordinate of # is expressed by the symbol

Plr,y).

The coordinate index (#, ¥} means an ordered pair whose first element indicates
the absecissa and the second element indicates the ordinate. So, if & # y, by (@, y)
and (y. 7)., two different points are meant. Therefore, the coordinate of any point
depending on two axis intersecting each other at the right angle is called the
Rectangular Cartesian Coordinates, If the point is placed at the right side of the
y-axis, the abseissa will be positive and if it is placed at the left side, the abscissa
will be negative. Again, if the point is placed above the r-axis, the ordinate will
he positive and if it is placed below, the ordinate will be negative. On the r-axis,
the ordinate will be zero and on y-axis, the abscissa will be zero.

So. the positive abscissa and the ordinate of any point will be along QX amnd OY
respectively or parallel to them, Similarly, the negative abscissa or the ordinate
will be along OX" and OY"' respectively or parallel to them.

By the two axis of the Cartesian

coorilinates, the plane is divided into ¥

X0, YOX', X'0Y, YIOX these

four parts. Each of them is called a :hf:“jf_'m' I'“,T"j'?m
quadrant.

The quadrant XOY is taken as . -
the hirst and by turns the second, 0 '
the third and the fourth guadrant

remain  in auti-clockwise  order, 5':1“‘_'“:1:""1 41h;3ufd_rjn '
According to the sign of the point of

the coordinate, the point lies on the 4
different quadrants.

Distance between two points

Let, Plry,yy) and Q(re, y2) be the two different points on a plane. From points
P and ©Q, perpendiculars PM and QN are drawn on r-axis. Again from point 2,
draw perpendicular PR on QN

(25
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Now the abscissa of point P is = OM =
ry and the ordinate of point P is =
MP = i,

The abscissa of point QQ is = ON = 13
and the ordinate NCis = ..

From the figure we get,
PR=MN=0N-0M=x;—r
QR=NQ-NK=NQ-MP =yp:—1in
As per the construction, PR is a right
angled triangle and P¢) is the hypotenuse
of the triangle. So. as per the theorem of
Pvthagoras,

PQ* = PR* + QR*

or, PQ = £/PR? + QR?

or, PQ =2 \/(zg— )2 + (2 — 1)?

]
o
£n

Cxa, val

. The distance of P from Q is. PQ = \/(0s — x1)* + (12 — 11 )*

As the distance is always non-negative, the negative value has been avoided,

Again, in the same rule the distance from point Q) to P is,

QP = /(1 —xa)' + (i — )= /(T2 — 112 + (12 — i )?

. PQ=QP.

The distance from point P to () or () to P is equal.

Therefore, PO = V/{TJ — )+ —m)E=QP

Corollary 1. The distance of any point P(r.y) lving on the plane from the

origin (0,0) is

PQ = /(z —0p + (y — 0)*= /o2 + 4
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Example 1. Plot the two points (1, 1} and v
(2.2) on a plane. Find the distance between ] s
them. :
Solution: Let P(1,1) and Q(2.2) he the [ ol
given two points, In the figure, the two points ' r ' _ HJH
have been plotted on the plane ry. The YT T A T T T ¥
distance between the two points is /-
PQ = /(s —21)* + (2 = 1n)* |
=21 +(2-1)? |
== 12 + l'_l__ I 1

- v1T+1=v2 v
Example 2. Plot the origin O{0,0) and
the other two points P(3,0) and Q(0,3) on
the plane. Find the distance between each
of thein. What is the name of the geometric v
fizure after joining these three points? And TTTTT * TTI
why? - J\ H1H
Solution: The positions of the three points e -é ]
have been shown on the plane. PHG-G;}——
Distance (JP = \/[3 ﬂ}i"* + (0 = 0)? Nl r = X
=B+ 0P = V3 =3 unit. -: -+ -\:
Distance OQ = /(00— 0)2 + (3 —0)? - EEEEE
= 0P+ 3 = V3% = 3 unit, A
Distance PQ = /(3 —0)2 4 (0 — 3)? " e

¥

— \f'E.l + 9 = /18 = 32 unit.

The name of the geometric fgure is
the isosceles triangle because the distance
between the two sides OF and OQ is equal.
Example 3. The three vertices of a triangle are respectively A(2,0), B(7.0)
and C'(3,4). Plot these points on the plane and construet the triangle. Find the
perimeter of the triangle upto five places of decimals.

e
=
S
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Solution: The position of A(2,0), B(7,0)
and (7(3,4) on the plane zy has been shown.

Of the triangle ABC.

The length  of the side AB s ¥
= /(T—2)2+ (0 —D)?
= 5% =5 unit 4%

The length of the side BO  is ]
=/ (3=T)2+ (4 —0)° , /

= (—4)2+42 = /16 + 16 = 4v/2 unit N ‘ﬂ‘:“, et X
The  length  of  the side  AC s
VI3 =2)2 + (4 —0)2

= m = '..fl_? nnit

.. Perimeter of the triangle = (AB + BC + y
AC) [sum of length of the sides]
= (6 +4v2 + VIT) unit = 14.77996 unit

(app.)

Example 4. Show that the points, (0,—1),(—2,3), (6,7) aud (8,3} are the
vertices of a rectangle,

=al

Solution: Let, A(0,—1), B{—2,3), C(6.7) and D(8.3) be the given points. Their
position on the plane 7y has been shown,

The length of the side AR is = x/l:-ﬂﬂ -0+ (3—(-1))2
= /(=22 + (12 = VT 16 = 2+/5 unit

The length of the side CD is = /(8 — 6)2 + (3 — 7)2
= /4 + 16 = 2+/5 unit

. The length of the side AB = The length of the side C'D

Again, the length of the side AD is = /{8 = 0)2 + (3 - (=1))*
= /R 12 = /80 = 41/5 unit

The length of the side BC is = /(6 — (—2))2 + (T — 3)2
= 8T+ 22 = /B0 = 4+/5 unit

Again,

Forma-33. Higher Mathe, Class-9-10
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¥
6.7 o
Lt |
~ N
! T 3 i O _ g 11 I N
. The length of the side AD = The length I Bl = EEE
of the side BC ﬂ ;
*. The lengths of the opposite sides are equal. e - _ L 1w
Therefore we can say that, ABCD is a ALt |
parallelogram.,
¥

The length of the diagonal BD is = \f{B 2} 2 +(3-3) )2 = \/lﬂz 4 ﬂ}z =
1O = 10 unit

Now, BD? = 100, AB? = (2¢/5)% = 20, AD* = (4/5)?

AB* + AD?* =20+ 80 =100 = BD?

As per the theorem of Pythagoras, ABD is a right angled trinngle and Z2BAD is
a right angle. So, it is proved that, ABCD is a rectangle.

Example 5. Show that the three points (—3, —3). (0,0} and (3. 3) do not form
a triangle,

Solution: Let. A{-3.-3), B(0.0) and C'(3,3) are the given three points. Their
position on the plane ry has been shown.

We know. the siun of the two sides of any triangle is greater than its third side,
Let ABC' is u triangle and AB, BC and AC he its three sides.

2023
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The  length  of  the side AB s
= /(0 —(=3))* + (0—(-3))?
= 32+ 3 = V15 = 3v/2 unit

The  length  of  the side BC s ¥

— V0P (3 0P mamas

= 37+ 3% = /18 = 3v2 unit

The length of the side AC s : ;

= /(34 3)2+(3+3)? : A

= /T2 = 6v/2 unit POUMEEEE AL

So, AB + BC = 333 + 3v/32 = 6v3 = AC AT

B3
Therefore, the sum of the two sides is equal _Mf. /

to the third side. So it is not possible to form
a triangle with them.
Again seeing the positions of three points on P

plane ry, we can say that the three points
are on a straight line and so no triangle can
be formed by them.

Exercises 11.1

I. Find the distance between the given points in every case:
1) (2,3) and (4,6) 2) (—3.7) and (-7, 3)
3) (a.b) and (b, a) 4) (0,0) and (sinf, cosf)

5) (—%.—1) and (%z)

o]

The three vertices of a triangle are A(2, —4), B(—4.4) and (3.3}

respectively. Draw the triangle and show that it is an isosceles triangle.

3. A(2.5), B(—1,1) and C'(2,1) are the three vertices of a triangle. Draw the

triangle and show that it is a right angled triangle.

4. Ascertain whether the points A(1,2), B(—3,5) and C'(5, —1) form a triangle.

an

value of &,

If the two points (—5,5) and (3, &) are equidistant from the origin: tind the

6. Show that, A(2,2), B(—2,—2) and C(—2v/3,2v/3) are the vertices of an

equilateral triangle. Find its perimeter upto three places of decimals.
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Show that the points A(=5,0). B(5,0), €'(5.5) and D{=5.5) are the four
vertices of a rectangle.

8. Ascertain whether the quadrilateral formed with the points A[-2,—1),
B(5.4), (6, 7) and D{—=1,2) 15 a parallelogram or a rectangle,

9. Which of the points A(10,5), B(7,6),C(—3,5) is the nearest to the point
F(3, —2) and which is the farthest?

1l From the point Plr, i), the distance of the y-axis is equal to the distance of
P from Q(3,2). Prove that, y* —4y —Ge+ 13 =10

11. The vertices of the triangle ABC are A(2,—1), B(—4,2), C'(2.5). Find the

value of the median A0,

Area of triangles

We know we get the region of a triangle if we connect straight lines with three
ditferent points that are not lying on the same straight line, That region of the
triangle mayv be different respective of the side and the angle, In this part we
will be able to determine the area of any triangle by linding the sides of the
triangle with the help of only one formula, With the help of this same formula, by
dividing any quadrilateral into the two triangles, the determination of the area of
the region of the quadrilateral will be possible. In this case we will determine the
area using the perimeter of the triangle (the sum of the lengths of the sides) and
the length of the side. To determine the area of a triangle-shaped or angle-shaped
land. the method ie. by the length of side, is very important. So. it is very useful
in determining the area of the land. It is said, as the reason, if the coordinates of the
vertices of the triangular or quadrangular land are not known or are not possible
to know but if the coordinates are known, we will be able to determine the area
more easily, In this part we shall determine the area of a triangle or a polygon by
these two methods,

Method 1: Determination of the Area Using the Length of Sides and
Perimeter

The determination of the Area: A triangle ABC has been shown in the
adjacent Hgure, A(xy, 1), Blry, ys) and C(ry, ys) are three different points and

225
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AB.BC and CA are the three sides of the triangle. With the help of the
formula of determining distance, it is possible to determine easily the lengths of

the sitles AL, BC anel CA. For example:
¥

E S

Taking ¢ as the length of side AB,
e=/(xy —x2)2 + (i — 1) umit
Taking « as the length of side BC, ¢ i
0= \/[.'I:g — aa)* + (g2 — ya)* unit
Taking b as the length of side AC,
= 1,_/{1'1 — r3)* 4+ (1 — y3)* unit

Atxy, v))

Bix, }'3]' g fl'x.'-l' Yl N
Y

Now taking the perimeter of the triangle as 2s,
25 = n + b+ ¢ [Perimeter = the sum of the lengths of the three sides.|
1 : _ . : ) )
S0 s = i[ﬂ. + b + ¢) unit, Here s is the half of the perimeter of the triangle

We can easily determine the area of any triangle with the help of s and a, b, ¢

The Formula for Determining the Area of Triangular Region

If in ABC, the length of the side AB is ¢, the length of the side BC' is a and
the length of the side €A is b and perimeter s 25, 5o the area of AABC is
f’l.q[,r: —a)(s — b)(s — ¢} square unit [The proof has heen given in the part of

mensuration of the Mathematios hook of class 9-110). The students shonld checls
out the |)1'r|{:F.]

By the following examples, the use of the formula will be easily understood.

Observation: There are different formulas for determining the area of different
triangles but here we shall able to determine the area of any triangle with the
help of only one theory.

Example 6. A(2.5). B(—1,1) and C(2, 1) are the three vertices of a triangle.
Draw a rough Hgure of the triangle and find its area by the perimeter and the
length of its side, Determine what tvpe of a triangle does it appear to be and
justify vour answer,
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Solution: The triangle has been shown in the figure.

Length  of the side AB s, ¢ =
VI—1-22+ (1 -5)?

= +/8+ 10 = 5 unit

Length  of the side BC is, a =
ST =T

= /9 + 11 =3 unit

Length  of the side AC is, b
ViZ—2)2+(1-5)

= 'a,ffi:f-l-lﬁ:‘l unit

1
s=—(a+b+ec)==(3+4+0D0)
2 2
|2
T2
o Aren=y/s(s —a)(s — b)(s — ¢) square unit
= /6{6 — 3)(6 — 4)(6 — 5) square unit

= /b x 3 x 2 x 1 square unit

= /0 ¥ 6 = 0 sguare unit

I

= 6 unit

From the figure we can understand that it is a right angled triangle.

proved easily by the theorem of Pythagoras.

Higher Mathematics Classes IX-X

¥
4(3,
g}l
e
CIRISEN'4 D i3
R ] ¥
¥
It can he

AB = =5*=05, Bl =a? =3 =9, CA? =t =42 =16

cBCT+CA* =9+ 16=25 = AB*®

co ABC is a right angle friangle. AB is hypotenuse and ZACE is a right angle.

Example 7. A(2, —4), B(—4.4) and C(3,3) are the three vertices of a triangle.
Draw the triangle and find the area by determining the length of the side.
Determine what type of a triangle does it appear to be and give a name of it and

justify vour contention.

2025
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Solution: The triangle is shown in the figure,

y
AB=c=/(4-22+{d- (-9 HH

— /36 + 64 = /100 = 10 unit B,

BC=a= /3= (=2)"+ (3 - 4)? - e R L)
=40+ 1 = /50 = 5+/2 unit : & f
CA=b=\/2—3F+ (—4—3P S f 2
= VT 40 = /50 = 5v/3 unit | N

Now, S=é{ﬂ—!—h+u}=é{lﬂ+5\f§+5ﬁ} =

= b+ 5/ 2 unit

a:-

o Area = \fs{cr —al{s — b)(s — ¢) square unil

— \/{5 F5v2)(5 + 5v2 = 10)(5 + 5v2 = 53v/2)(5 + 52 = 5+/2) square unit

= \/{5 -+ Exﬁ}{ﬁﬂ — 5) -5+ b square unit

=45 \/{5 +5v/2)(5v/2 — 5) square unit

= 51/ (5v/2)2 — 52 = 5y/B0 — 25 = 5v/25 square unit = 25 square unit

The given triangle is an isosceles triangle. Because BC = CA = 5v/2 unit i.e.,
the two sides of the triangle is equal.

Again, AB? = 10% = 100

BC? + CA? = (5v/2)* + (5v/2)% = 50+ 50 = 100
», AB* = BC* 4+ O A*

oo OVABC s a right angled triangle.

S0 AABC 15 a right angled and isosceles triangle.

Example 8. The three vertices of a triangle are A(—2,0), B(5,0}) and C(1,4)
respectively, Find the length of each side and the area of the triangle.
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Solution: The triangle is shown in the figure,

y
AB=c= B2+ 0—0¢ [T I1710 e
= Y=l N B A
BC=a=(1-5P+4-0p H /'\ i
= T6+ 16 = 4/2 unit I \\
CA=b=,/(-2- 1"+ (0 - 4)? X'e e e

ENFTEIT SN (7 B
=w,f‘.f+1ﬁ=5uuitl | | A{ _u: i 4 KE fﬂﬁml
.l;=g{u.+:’;-|—r;}=i|:?+:1\.ﬁ+5} I
=%[]2+4\@}=5+2\f§1mi1. NEEEEEE I

!

oL Area \./;i{d —a){s — b){s — ¢) square unit

— /(6+2V2)(6 +2v2 — 7)(6 + 22 — 4V3)(6 + 2v/2 — 5) square unit

\/(5 +2/2)(2v/2 — 1)(6 — 2v/2)(2v/2 + 1) square unit

= \/[5 + 2v2)(6 — 2¢2) (202 + 1)(24/2 — 1) square unit

= \/[EF — (2v/2)%)((2v/2)2 — 12) = /28 - T = 14 square unit

The given triangle is an obtnse angled triangle. Because, it has no side equal to
its any other side.

Ohservation: Among the three triangular regions whose area we have
determined, the first one is a right angled triangle, the second one is an isosceles
triangle and the third one is an obtuse angled triangle. The area of each triangle
has been determined with the help of only one formula. In the same way we can
determine the area of any other triangle. There will be more problems related to
the area of triangles in the exercise,

Example 9. A(L0), B(O1), C(—1,0) and D0, —1) are four vertices of a

quadrilateral. Draw the quadrilateral and find the area by determining its length
of any two sides and the diagonals.

Solution: In the adjacent figure by plotting the points. the quadrilateral ABC D
is shown, AB, BC,CD and DA are the four sides of the quadrilateral and AC
and BD are the two dingonals of the quadrilateral.

2025
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Side AB=c= /(1 -0+ (0-1)2

= \fl1—t = /2 unit I

Side BC =a= /(0 +1)*+ (1 —0)? ! | 1

- 1T+ 1 = +/2 unit e
Side AC =b=+/(1+1)2+ (0—0) B PR |
= V2% =2 unit [ I LIA TN T]
Side OD = /[-1-02+(0+1) = /2 X« 1—LLIF{T ._ﬂ.[l.ui 3 X
unit J
Side DA = /[0—T1)"+(-1-0 = V2 LS AN
unit. ' =
We can see that, AB = BC =CD = DA = ' 1

V2 unit ¥

.. The quadrilateral is a square or a rhombus.

Now, AB? + BC* = (V2P + (V2P =24 2=4= AC?

. The quadrilateral is a square.

The area of the quadrilateral ABC'D = 2x the area of the triangle ABC.

Now the perimeter of the triangle ABC is 2s = AB+ BC+CA =v24+2+2 =
2 + 24/2 unit

5= %{Hwﬁ}: I + /2 unit

. The avea of the triangle ABC is = \/(s(s — a)(s — b){s — ¢) square unit
s \/I:l V(1 + V2 \ﬂ](l Foal2 =21+ A/ ﬂj square unit

- \/(g’i+ 1)+ 1+ (v/2—1)+1 square unit

= 1/ (V/2)? — 1 square unit = /2 — | square unit = 1 square unit

.. The area of of the quadrilateral ABC D is = 2 x 1 square unit = 2 square unit.

Remark: By squaring the length of a square, the area can also be found. By
multiplying the length and the breadth of a rectangle, the area i3 also to be found.
But the area of any quadrilateral can not to be determined.

Example 10. Draw the quadrilateral having its vertices at the points A(—1. 1),
B(2,-1), @(3,3) and D{1,6). Find the length of its each side and one of its

diagonals and also the area of the quadrilateral.

Forma-34, Higher Mathe. Class-9-10
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Solution: By plotting the points on the plane xy, the quadrilateral ABCD is
shown. In the quadrilateral ABCD,

Side AB = a = +/3% + 22 = /13 unit J j . 8 X[
Side BC' = b= /1% 4+ 42 = /17 unit T TN 1 I
Side CD=d=+28 432 = m unit I _ !c / 3_‘!‘
Side DA = e = /22 + 52 = /29 unit | / £

Diagonal AC = ¢ = /4% + 22 = /20 unit Vi “ﬂ"f"”#; )! Tl w

In AABC, 2s =a+b+ec= {m IV e ) I _ SU a_‘\q—mz 3
20) unit : |

= (3.6056 + 4.1231 + 4.4721) unit = 12.2008 RN

unit | ! !

o8& = 6.1004 unit ;;

Area of AABC is = /s(s — a)(s — b)(s — ¢) square unit
= +/6.1004 x 2.4948 » 1.9773 x 1.6283 square unit

= /49.000 square unit = 7 square unit

In AACD, 2s =c+d+e= (\fﬂ_ﬂ F /13 4+ 29) unit
= (4.4721 4 3.60506 + 5.3852) unit = 13.462Y unil

. &= t.T315 unit.

Area of AACD is = y/s(s —¢)(s—d) (s — €) square unit
= /6.7315 % 22591 3.1256 x 1.3460 square unit

= 63.9744 square unit = 7.9983 square unit

" Area ol the quadrilateral ABCD is = (7.000 + 7.998) square unit

= 14.998 square unit = 15 square unit (app.).

Remark: The quadrilateral is not a square or a rectangle or a parallelogram or
a rhombus, This method is very useful in determining the area of such an obtuse

shaped land.

Example 11. The coordinates of the four points are respectively A(2, —3),
B{3,0), C(0,1) and D{—-1,-2).

1) Show that ABCD is a rhombus,
2} Find the length of AC and BD and ascertain whether ABC' D is a square,

2023

3) Find the area of the quadrilateral by the region of triangle.
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Solution: By plotting the points, the quadrilateral ABC'D has heen shown in

the figure.

1)

Suppose, a b, o, d are the length of the sides
AB, BC.CD and DA respectively and the

diagonal AC' = e and the diagonal BD = f. . . 4
a=+/(3-22+ (0437 =vI2E+ 3 =V10 |

unit [ I 1
b=yO=3P+(1-0P=vFFE=VI0 e
unit | HrT Y
g={—1=0P+ {21 =vy P+ ¥ e e AR

= /10 unit 1 L4243
i=/EFIP+(3+2P=VF+ 1 Y I

= /10 unit ——= l;;"'

Sinee a = b = ¢ = d = 10 unit
s ABCD is a rhombus,

Diagonal AC = e = /(0 —2)2 + (1+3)2 = /4 + 16 = /20 unit

and diagonal BD = f = /(=1 = 3)2+ (-2 — 0)2 = V42 + 2% = /20 unit
o It is seen that AC = BD therefore, the diagonals are equal.

AC? = (V20)* = 20

AB? + BC? = (V10)" + (VI0)" =10 4 10 = 20 = AC?

-, According to the theorem of Pythagoras £ ABC is a right angle.

.. The quadrilateral ABC'D is a square,
Area of the quadrilateral ABCD is = 2% area of the triangle ABC
Here in the case of AABC,

104+ v10+ 420 2104 2v5
S WS,

|
.R;:E[rl--kb-kﬂj

. Area of AABC,

I

V'8ls —a)(s — b)(s — e) square unit

= J(WVI0+ VB)(VI + V5 — VI)(VI0 + v/5 — VID)(VID + V5 — VD)

suare unit

: \/E\/}.ﬁﬂ +/B) VS (VID - \.ﬁ} square unit
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= \/5 ((W10)?2 = (v/5)2) = /5 - 5 = 5 square unit
Area of square ABCD is = 2 x 5 square unit = 10 square unit.

Remark: Easv method: the avea of a square ABC'D = (v/10)? = 10 square unit.

Method 2: Determination of the Area Using the Coordinates of the
Vertices

By this method the area of a triangle can be determined very easily with the
help of the coordinates of the three vertices of a triangle. If the coordinates of the
vertices of any polygon are known, the area of the polygon ean also be determined
in the same way, However, in real life, it is not possible to use this method, This
is hecause if we want to determine the area of a land and if the shape of the land
is triangle or sguare. the area can not be determined by this method since the
coordinates of the angular points are not known or are not possible to know. But
we can easily measure the length of the sides of a land and determine the area
hv the Method 1. S0, it is necessary for the students to have conceptions about
both methods. Method 2 for determining the area of triangles and polygons is
discussed below with examples:

The General Formula of Determining the Area of a Triangle: Let,
Alzy,m), Blws. ye) and Clzy, y3) be the three vertices of the triangle ABC. Like
the figure similar to below, the points A, B and C are arranged in anti-clockwise
order,

& By, vyl

X Dixs ) |O Eqxath Fix, o) X

From the hgure we get,

Area of polvgon ABCDF = area of triangle ABC + area of trapezium ACDE.
= area of trapezinm ABEF + area of trapezium BCDE.

Therefore we gel,

Area of triangle ABC' = area of trapezium ABEF + area of trapezium BCDE

225
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— area of trapeziuom ACDF,
. Area of the Triangle ABC
1 |
=X {(BE+AF)x EF + 5 X (CD+ BE)x DE — 5 x (CD+ AF) x DF

1 1
X (a4 m) = (1 _'-T'.!}""é * (wa+ ) % (79 —13) — 5 * (ys+n) % (11 —T3)

{1y + ways + wayy — w2y — Talp — Iyys)

Bl b= bD | = kD] =

X

Ay s T
1SS | e
R Y Vs Ry

Where in the side of multiplication as the positive sign ™, we get x 10+ Tayy + T3

and as the negative sign 2 we get —xai — ralla — Iy

r @ Ty I

So, area of triangle AALC =
M W W

sqquare unit

1
2

Remark: It is very important to remember that in applying this formula, the
Ty Fa Ty s
oo Y2 M3 W
Example 12. Find the area of the triangle ABC with the vertices A(2.3),
B(5,6) and C'(—-1,4).

vortiees must be taken in anti-clockwise order.

¥
- ‘ - .H .rl.]
. | | .
Solution: The vertices A(2,3). B(5.6) and ] =T
C'{=1,4) are taken in anti-clockwise order. ¢l #ﬁ: ,
1 . 4',_ v | | | "?_3
Area of AABC = = ‘2 &5 | square ‘ J
213 6 4 3 Vi f | X
uui]t = ] I )
= 5“‘2 + 20 — 3 — 15 + 6 — B} square unit ||
1 - |
= E{ 12) square unit = 6 square unit
| |
v
¥

Example 13. The vertices of a triangle are A(1,3), B(5. 1) aud C(3,r) and its

aren is 4 square unit. Find the possible value of r.
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Solution:  Considering the wertices A{1.3).

anticlockwise order, the area of SAABC is

square unit

= E“ +0r + 9 = 15 — 3 = r) square unit

|
= i{-ir 8) = (2r — 4) square unit
According to the question, |(2r — 4)| =4

or, £(2r—4) =4

or, 2r — 4 = =4
Therefore, 2r =0 or, 8
sr=10, 4

Area of Quadrilateral

Higher Mathematics Classes IX-X

B(5,1) and C(3,r) are in

In the figure below ABCD is a quadrilateral. Its vertices are A{ay. ). Blae, y2),
Clieyg, y3), D(ry, yy) respectively and A, B, €, D are arranged in anti-clockwise

oriler.
¥

m-iqt ."".1.}

ity ¥

=1

S F

"“-rp .1'|_;| Bt-‘-:- !"3]

Now area of gquadrilateral ABC'D = area of triangle ABC' 4+ area of triangle AC'D

1

2

d1 g dp B
oM W W

£ g dg W
Moo We Mso N

—_— | =

~ 2

|
(T Ya-tTolp+ g —Toly —Tala—T1 Y3 )+ i{fﬁya'l' Talfa+T g =T — Tala—T13)

(25

oy



Chapter 11, Coordinate Geometry 271

1
= 5{3‘&}3 + Tays + gy + Tyly — Tl — Tale — TyYy — 1Y)
So, the area of Quadrilateral ABCD

1 £y e Fa Iy I .
= - square unit

Zlm e ows oW
Similarly, if Aley, 4 ). Blaw, ye), Cles. us), Dixy, yy) and E{xs, y5) are the vertices
of a pentagon ABCIME, and if the vertices are arranged in anticlockwise order,
the area of the pentagon ABCDE is the snm of the area of the three triangles
ABC, AC'D and ADE.

Like the area of the triangle and the guadrilateral, just in the same way, the area

of the pentagon ABCDE = ;

=

Ty Ty I Iy Ty ,
SCUATE LT
Mmoo M3 W ¥ oW

If the coordinates of the vertices of any polygon are to he known, in the same way

we call determine the area easily following the above method,

E

LH'J'-I-' .I-'d_]- F!I_:p |"_1,}

Elr. )

Afxy. vyl

-

b

Work: Establish the formula for the area of hexagon with the help of the
method of determining the area of quadrilateral.

Example 14. Find the area of the gquadrilateral ABCD with vertices A(1.4),
B(—4.3), C(1, -2) and D(4,0}.

Solution: Taking the vertices in anti-clockwise order, the area of the quadrilateral is
1]1 4 1 4 1 .
ABCD = 2le 3 -9 4| Fauare unit

1
5{3 + &+ 0+ 16+ 16 — 3 + 85 — () square unit

EHH] sguare unit = 24 square unit
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Exercise 11.2

L

AV

A(—=2,0), B(5.0) and C'(1,4) are respectively the vertices of AABC,
1) Find the lengths of the sides AB, BC, C' A and the perimeter of 2ABC.
2} Find the area of the triangles.

In each case find the area of the triangle ABC:
1) A(2.3). B(5.6) and C'(=1.4) 2) A(5.2). B(L.G) and C(-2,—3)

Show that the points A(1,1), B(4,4), C(4,8) and L)1, 5) are the vertices of
a parallelogram. Find the lengths of the sides AC and B0, Find the area
of the parallelogram using ares of triangle upto three places of decimals,
What is the area of the quadrilateral ABCD with the vertices A(—a,0),
B0, —a), Cla,0) and D0, a)?

Show that the four points A((, 1), B{-2.3), C{6.7) and D(&.3) are the
vertices of a rectangle. Find the lengths of its diagonals and the area of the
rectangle.

If AB = BC holds for the coordinates of the three points respectively
A(=2,1), B(10,6) and Cla, —6), find the possible value of a. Then find
the area of the triangle formed with the help of the value of a.

The coordinates of the three points A, B, (' are respectively Ala,a +
1y, B{—6, —3) and (5, —1}. If the length of AB is twice of AC, find the
possible value of o and deseribe the properties of the triangle ABC.

Find the area of the quadrilaterals as follows. [Use method no. 2);

1) (0,0), (=2.4), (6.4). (4, 1) 2) (1.4), (=4,3), (1,-2), (£,0)

3) (0,1), (—3.-3), (4.3), (5.1)

Show that the the area of the polygon with vertices A(2, -3), B(3, —1),
C'(2,0), D{—=1,1) and E{-2, -1) is 11 square umit,

The vertices of a quadnlateral, arranged in anti-clockwise order, A{3,4),
B(-4.2). C(6.—1) and D{p,3). Find the value of p if the area of the
quadrilateral ABCD is twice the area of the triangle AGC.
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Gradient or slope of a straight line

In this part of Coordinate Geometry, at first we shall diseuss what Gradient or
Slope means and how to determine the Slope or the Gradient of a straight line. By
using the concept of the slope how the algebraic form of the straight line appears
to be will be disenssed. If any straight line passes throngh two points, the nature
of that straight line and the determination of the equation of that straight line are
mainly the subject matter of the discussion. If two straight lines meet or intersect
at-any point, determining the coordinates of that intersecting point and triangles
formed by three straight lines denoted by three equations will also be diseussed.

Gradient or slope

In the figure heside, let’s consider the straight
line AB. The line passes through the two
points A(2,3) and B(6,7). According to the

: ; 2 4
figure, the line produces an angle # with : o

- . 8 e r . | Blﬁ.. ?ji 4
the positive side of @ axis. The angle # is S
the measurement of the inclination of the — T =5 —H
straight line AL with the horizontal r-axis. I AL : :jtmm_.
In Coordinate Geometry, we measure the Xii _ X
Gradiaut e of the line AB in the following . . o

WaN: [

. . |
Change of the coordinate of y B

"o Change of the eoordinate of x - COTT
T—-3 4 ¥
— T J_

6—-2 4

., gradient of the line AB, m =1

Generally, when a straight line AB passes through the points A(xl, yl) and
B2, y2). we express the gradient (m) as

2 W [r.imr] _ 1ise

i —
LT

La — @ rin

In reality, the relation between the slope m and the angle # produced by any

stradght line with the positive side of r-axis is, m = tan#, In the Agure above, in
ease of AB, slope of the line is m = 1 i.e., tand = 1 or, # = 45 (an acute angle)

Forma-35, Higher Mathe, Class-9-10
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.
H’[-Tz- Jlj:
Alxp ;)
X a7 * X
;':
Example 15. In each of the following
cases find the slope of the straight line ¥
passing through the given pair of points: Hj pe
1) A(2,3) and B(3.6) T /
2) AY(2,1) and B'(~1,4) B, 1[ 23]
g A13 1
Solution: N
1) ket e e Allim 02, F8 _ 2 o TR
Ope OF LIE: (3 3 = = =
P rim 3-2 -
3 _,
L ' 4—1 *
6 -
2) Slu{_;vnf the line 4B’ = — = —— |
=3

Note: In the ahove figure, it can he seen that the slope of the line AB is positive
and the angle producerd is an acute angle. Again from the same figure. it is clear
that the slope of the line A B is negative and the angle produced is an obtuse
angle, Therefore, from the above diseussion we come to the conclusion, if the slope
is positive, the angle produced by the line with the positive side of the r-axis is
an acute angle and if the slope is negative, the angle produced by the line with
the positive side of the x-axis is an obtuse angle.

If the produced angle is zero or right angle, what will be the slope? This has heen
explained with the help of the following example:

Example 16. The coordinates of the three points A, B and ' are respectively
(2.2). (5.2) and (2.7). Draw the lines AB and AC on the Cartesian plane. 1f
possible, Aind the slopes of the lines AB and AC.

Solution: The lines AR and ACT have heen drawn on the Cartesian plane.

2023
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From the figure, it is observed that the line
ARB is parallel to the & axis, while the line
AC is parallel to the y-axis. 0 { .
=iy =13 I
Slope of AB, m = T —— == =0 S
Lo I ¥ 2 3
Slope of AC' can not be determined by the
P
#270 bepause ¥y = ¥ = 2 B BT ET
J':’ — ';Il 5 i | -
and a2 — iy = 0. If 2y = x. then the slope X = i
of the line iz not determined but the line is
parallal to the y-axis. |

formula m =

Generally any straight line passing through
the point A(ry,y;) and B(rs ) has the

slope,

Ty = Iy — Ty

e ] |
p——

Tt

Observe: If r; = 74, the line is parallel to the y-axis i.e., a perpendicular on the
w-axis, It is not possible to walk on the perpendicular line or the vertical line. So,
the determination ol the slope is not possible.

Remark: Iu the above figure. on any point of the line AB, the ordinate i.e.,
y = 2 and on any point of the line AC, the abscissa i.e., @ = 2. Therelore, the
equation of the straight line AR is y = 2 and the equation of the straight line AC
Br==2

Example 17. Find the slope of the g
line passing through the points A(—3,2) and | J
B(3,-2). S EEEE
HEN
Solution: If m is the slope of AB, then L] ‘\ | Ly
& DR i mTES 5
= 'E"r.z !“'.H _ E.D. — ‘z { _.) — _4.. X!' | | ¥ ‘\M ! ¥
Ty — I T -3 =3 —( i ! 7] S
== I m}\g. .
As the slope 18 negative, the angle produeed | |
bv the line with the positive direction of the ) i T
T-axis is an obtuse angle. g
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Example 18. What is the value of ¢ il the {
three points A(1, —1), B(2,2) and C(4, 1) are 1 l JI f r 1,,'
collinear? I | |
Solution: As they are collinear, their slopes ! | fﬂ
will be same. So, we get, l . f
241 t-2 | ot
e e l | il Sl X
y - ; ] 7 o
. 3 t-2 | ';
or, + = i | [la-1
I 2
o, t—2=10 ]'
or, t =38 | .I /
So., value of 1 is 8, g +
Yr

Example 19.  A(t.3t), B(t*,2), C{t — 2.1) and D(1, 1) are the four different
points. I the lines AB and C' L ave parallel, find the admissible value of (.

21 —3f — 1
Solution: Slope of AB, ni; = T =) -
e T

Slope of CD, my =

1—t+2 3-—-1t

As the lines AB and CD are parallel, they have the same slope ie., my = ma
R

=&  Z=i

or, (1 —1t)* = (3—1)

or, =Lt =0-_1¢

ar,

Gr. =1 —=2=10
o, t==1lort =2

So. possible values of + are —1 and 2

Exercise 11.3

1. Im each case below, find the slope of the straight line passing through the
points A and B.
1} A(5,—-2) and B(2,1) 2) A(3.5) and B(-1,-1)
3) A(t,t) and B(f*, 1) 4) At t + 1) and B(3¢t,5t + 1)

2625
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2. The three different points A(t. 1), B(2,4) and C(1,

value of 1.

3. Show that the points A(0, =3), B(4, —2) and C(16,

3]
-1
=1

) are collinear; find the

1) are collinear.

4. If the points A(1,—=1), B(t.2) and C(t*t + 3) are collinear, find the

admissible value of t.

has slope 1.

5. Find the value of p if the line joining the points A(3, 3p) and B(4,p? + 1)

6. Prove that the points A{a, 0}, B(0.5) and C'(1. 1) are collinear if 1 | : =1
f

=1

0.

Equation of Straight Lines

b

If the points A(a.b), Bib,a) and C (£1 %) are collinear. prove that. a+h =
i1

Suppose, a definite straight line L passes through two definite points A(3,4) and

£2(5, 7). In the figure below, the line is shown,
Then the ain;m ot the straight line AR is
-4
1)
5 =8 b
Suppose, F[.r:..y:l is any point on the line

L. Then the slope of the line AP is my =

A )

r—43
Since AB and AP are segments of the same

mp =

1 ]

B(5,7)
line, hoth have the same slope. e
My = g P )
A(3, 4)
o, —% [From (1) and (2)] X » X
'1 = - o) i * *
3" =3 /

or, 3r =9=2y =8
or, 2y =3r—1

or, Y =

h.‘.'ll_f.-'-i'
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=1
again, slope of PB, my = — ... (4)
o

As slopes of AB and PB are same,

T“i = :Ir”.:;
", S
0, 5 = H [Frum (1) and {-51]1]

or, 15— 3z = 14 — 2y

or, 2y + 15 =3r+ 14

or, 2y =3z -1
) l i
or, I -—5,1"—5...{-1]

The equation (3) and (5) is the same equation. So, the equation (3) or (5) is
the Cartesian equation of the straight line £, If we observe, we will find that the
equation (3) or (5) is the single equation of x and y and it indicates a straight line.
So, nndoubtedly it can be said that the single equation of © and y always indicates
a straight line. The equations (3) and (5} can be expressed in the following way:

H=35¥—3
f,r—nl_f!my—?'_ﬂ
r—3 2 r-5 2
. $=4 T-4 y-T 7-4
g B=8 T p—k B5=3
e ;ff—l-l:”_imﬂ—I:m

T = =9

Therefore, it is said usually, if two definite points A{ay, ) and Brs, y:) lie on
any straight line, the slope

. o — 4y | rise rise
= —-—_|—1 |—
To— 21 | Fun | |run
and the Cartesian equation of that straight line will be:

=i p— I'ﬁ} Y=l
T — i :I—Jig

-

=1...{7)

From equation (G):
y—tn =mlr—ury)... ()
From equation (7):

y=tyr=mr—1mxy)...(9)

2025
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. From (8) and (9) we can say, if the slope of the line is m and the line passes
through the definite points (xq, 1) and (29, y2), the Cartesian equation of the line
will be determined by the equation (8) or (9). From the equation (6) and (7) we
uet,

_¥=_ u—

= Z ... (10)

=iy ¥—Ia

e
From the equation (10}, it is said clearly, if a straight line passes through two
definite points A{x, 1) and Bra, i), its Cartesian equation will be

Yy~ _ % 42 ﬂr&'—ﬂ:ﬁ yz—-ﬂ'!”_“”

— :T'| J"| — .'.?"__1 an— .f.'z .!'2 = .'?-"|

iy — . iy —
As.m = '.’.Ii Ul . ‘;2 UI

Ly — Iy €L Hi|
The ahove discussion is explained with the help of the following examples so that
the students can easily understand the slope of the straight line and the equation,

Example 20.  [Find the equation of the straight line connecting the points
A(3,4) and B({G, 7).
rise  T—4 3

. = — =]
n G6-—3 3

Solution: Slope of AB, m =
By applying the equation (8), the equation of the line AB is, y —4 = 1{z — 3)
or, y —4d=ux—3

or,y=r+1

By applving the equation (9), the equation of the line AR is, y — 7 = 1{x — ()

oy =amel
. . , 1 , o ooy=4 4-=7
By applying the equation (11), the equation of the line AB is 5§ _1
Tr— —0
i — t _li
" - - =]
vl r—3J J

or,y—4=1r—3
or;y =@-1

Observe that, by applving any one of the formula (8) or (9) or (11), the equation
of the straight line connecting two definite points can be determined. The learners
can use either one according to their convenience.
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Example 21. The slope of a definite straight line is 3 and the connecting point
of the line is (-2, —3). Find the equation of the line.

Solution: Given that. slope m = 3 and the definite point () = (-2, -3)

.. The equation of the line, y — y; = mle —ay)

or, y — (=3) = 3{= — (-2)}

or, y+3=3(r+2)

or, i = dr+3

. Reqguired equation, y = 3r + 3

Example 22. The straight line y = 32 + 3 passes through the point P{t, 4).
Find the coordinate ol P. The line intersects the r-axis and the y-axis on the
points A and B respectively. Find the coordinates of the points A and B.

Solution: The point P(t,4) lies on the line y = 32 + 3; so coordinates of I will
satisly the equation of the line.

So0,4=3-1+3 v
or, ¥=4-3 - . 1
1
or,t = —
' 3 l
. The coordinate of P is ({,4) = P (54) [ | AA05)
The line y = 3 + 3 intersects the r-axis at  Xe M1, 1) s +.X

A, So, the ordinate or y coordinate ol the
point A is 0. [Sinee g is 0 on all points of the

S-S, ,‘f
or, )=3r+3or, r=-1 NN NEEE
- coordinate of 4 15 (—1,0) ¥

Again, the line y = 3r + 3 intersects the y-axis at B. So, the ahscissa or x
coordinate of the point B is (0. [Since x is 0 on all points of the y-axis|
So,y=3 0+3or,y=3

. Coordinate of B is (0, 3)

Now, draw the line A5 on the Cartesian plane. The line AL intersects the z-axis
at the point (—1.0) and the y-axis at the point (0,3). i.e., when the value of x is

-1, the line y = 32 + 3 intersects the r-axis. Again, when the value of y is 3, the
line intersects the y-axiz. So, the hisector # of the line is —1 and hisector y is 3.

2025
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The general equation of such straight line which is not vertical can he expressed
in the following way.

y=mr 4

Here, the slope of the line is m and ¢ is the bisector of the y-axis. For me = () and
¢ = () of the line is shown in the first figure.

Again, parallel to the y-axis, i.e., the general equation of the perpendicular line
on the -axis is 7 = a. In the same way, parallel to the r-axis, i.e., the general
equation of the perpendicular line on the yaxis is y = b, See the fArst figure,

Observed, as the value of ¢ is positive, the line y = mx + ¢ intersects ¢ to the
positive side of the y-axis al a single distance. As the value of m{m = tant = 0}
is positive, the angle produced by the line y = mur + ¢ is an acute angle. As the
vialues of o and b are positive, the line 7 = a has been on the right side of the
y-axis and the line y = O has heen shown above the r-axis,

In the case of the negative values of a, b and e, the position of the lines are shown
in the second figure.

o !

4 m = i

o>l ‘_// yu b bl

X+ = X
/ & =it fu=ly

x=ar facd))

From first two flgures and above discussion, we can say clearly, if ¢ = 0, the line
y = i will pass through the origin (0,0) and if @ =0, the line will pass through
y-axis and it b = 0, it will pass through r-axis.

Forma-36, Higher Mathe, Class-9-10
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Example 23. Find the slope and the intersector of the straight line y—2r+43 =

0. Draw the line on the Cartesian plane.

Solution: y—2r +3 =1
or, y = 20 —3 | shape of y = mx + ¢ -
. Slope, m = 2 and Intersector of y-axis is

0= =3

Now, if the line intersects the r-axis and the

A{32.0
y-axis at A and B, we get, g = (3/2.0) »
3
The coordinates of the point A is (.—~ﬂ) /
2 B(0,-3)
- 3 /A
[Putting in s-axis y =0 & = 5] %

The coordinates of the point B is ({0, =3)
[Putting r = 0 in y-axis, we get y = —3

The line is drawn on the Cartesian plane,

Example 24. The line joining the points A(—1,3) and B(5, 15) intersects the
w-axis and the y-axis at the points P and @ respectively. Find the equation of
the line P and the length of PQ).

Solution: The equation of the line AB.
y—3  3-15

r+1 ~—=1-=5

—12

——— =2
—b

or,y—3=2r+2

or, y=2r+5...(1)
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5
From (1), the coordinate of P is (_51”)
and and the coordinate of €) is (D, 3)

the equation of the line P(Q).

r,r-—ri_ 0—5
5 —5
s 2 )
S
2y mn 2
% Qe+ 5 _E_I

or, 2y =42+ 10
or, y =2x+5

Remark: A0 and PO are the same straight
line.

Now, length of FQ =

\/(_5 ~n)j+(n—512

25 _ f125 5v5 .
= T+23-- T--Tl.'l'ﬂlt

Example 25. A(3,4), B(-4,2), C(6.—1) and

anti-clockwise,

283
¥
B(S, 15).
/
T 00, 5)
Q=) '
1':3."1,”1 llf ‘X
. 5 »
/
Al
v

D(k,3) points rotate

1) Show that the connecting straight line hetween points A and B form an

acute angle with a-axis,

2) I P{x,y) point is equidistant from A and B then show that, 1de + 4y =15

3) Determine the value of & if the area of quadrilateral ABC' D is thrice that

of AABC,
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Solution:
1} TIf the slope of AB is m,
2-4 -2 9
m = ===
ot ¥ T

As the slope i3 positive, the line forms acute angle with positive r-axis.
2) PA=/(z =32+ (y—4)?and PB = \/(z +4)? + (y — 2)*

As P is equidistant from A and B, PA = PB

LA =32+ (y—4) = (r+4)2 + (y — 2)

or, r* —6r+ 9+ =8y + 6= +8r+ 16+ 4> — 4y +4

or, —=6r — By —8x+ dy =20 = 25
ar, —14r —dy = -5
L ldr+4y =15

. L 13 -4 6 & 3
3} Area of quadrilateral AB‘:D—Z&L 5 —1 3 4‘

1 ; 1 1
= {6+ 4+ 1844k — (—16+ 12— k+0)} = 5 (284 4k —5+K) = - (234 54)

Area of triangle ABC = % ‘? _; fl .i‘
1 41
={6+4+ 24— (-16+12-3)} = =

1 41
According to the guestion, E{E'd +ok) =3 x 5

or, 23+ 5k =123
or, 5k = 100 or, & =20
co k=20

Exercise 11.4

1. If A(—1.3) and B(2,5) then, AB's
(i) length is /13 unit

. 2
1) slope 18 —
{#7) slope is 3

2625
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) §

ii.

(1i1) equation is 2o = 3y = 11
Which of the ollowings is true?

1) i, 7 2) i, iii 3) i, i 4) i, ii and ifi

In \/s(s —a)(s — b)(s — ¢), s means

1) area of triangle 2) aren of circle

3) half perimeter of triangle 4) half perimeter of circle.
A

3 3

B c

Aren of the triangle is
1) 12 sguare 2} 156 square 3) 0 square  4) 60 square
it it unit It

A1) BG._3)

Slope of the line AB

1) 2 2) -2 30 4) 6
Product of the slopes of o = 2y = W0 =0 and 2r + y — 3 =1 15

1) -2 2) 2 3 -3 4) —1
Equations y é + 2 and 5 — 10y + 20 = 0 indicate
1} two different lines 21 the same line
3) that the two lines are parallel 4) that the two lines intersect each
other
The intersecting point of y = a2 — 3 and y = —x+ 3 is

1) (0.0) 2) (0,3) 3 (3.0) 4) (—3.3)
r =1, y = 1. The coordinate of the point en which the two lines intersect
X-axis is
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1) (0.1) 2) (1.0) 3) (0,0) 4) (1.1)
=1, y = 1. The area of the region created by the two lines with the two
axes is
1) 5 Square unit 2) 1 square unit
3) 2 square unit 4) 4 square unit

Find the equation of the straight line which passes through the point (2, —1)
and whose slope is 2.

Find the equation of the straight line passing through each pair of points
below:

1) A(l,5), B(2,4) 2] A(3.0), B(0,-3)

3) Ala,0), B(2a, 3a)

In each case given below, find the equation of the straight line

1) Slope is 3 and intersector of y is 5

2} Slope is 3 and intersector of y is =5

3) Slope is —3 and intersector of y is 5

4) Slope is —3 and intersector of y is —5

Draw these four straight lines on the same plane. [By these lines it will be
understood in which quadrant the slope amd the symbol indicating hisector
will remain]

Find the points where each of the following straight lines intersects the r-axis
and the y-axis. Also draw the lines.

1) y=3x—3 2] 2y=>5r+6

3) Je—2y—4=0

Find the equation of the straight line passing through the point (&, 0) and
having slope & using k. Find & if the line passes through the point (5, 6).
Find the equation of the straight line passing through the point (5%, 2k) and

1
having slope —. If the line passes through the point (-2, 1), find the possible
value of £

|
A straight line with slope 3 passes throngh the point A(—2,3). If the line
passes through the point (3, &), what is the value of &7
A line with slope 3 passes through the point A(—1,0) and intersects w-axis

at the point B. Another line passing through the point A intersects w-axis
at the point €'(2,0).
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18.

2.

21.

22,

23.

[ ]
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¥
=1

1) Find the equations of the lines AB and AC.

2} Find the area of AABC,
Show that the two lines y — 20 +4 = 0 and 3y = 6 + 10 do not intersect
each other, By drawing the two lines, explain why the equation have no
solution.
The three equations y = # + 5, y = —a + 5, and y = 2 indicate the three
sides of a triangle. Draw the triangle and find the area.
Find the coordinate of the intersecting point of the two lines y = 30 + 4
and 3z + y = U}, Draw the two lnes and hnd the area of the triangle with
F-Axls.
Prove that the three lines 2y — ¢ = 2, y+ 2 = 7T and y = 2x — 5 are
concurrent, i.e., the lines pass through the same point.
y=x+3, y=r—3, y=—r+3 and y = —r — 3 indicate the four sides
of a guadrilateral. Draw the quadrilateral and determine the area in three
different methods.

A(—4, 13), B(8.8), C(13. —4) and D(1, 1) are the vertices of a quadrilateral,

1) Determine the angle that line BD forms with x-axis.

2] Determine the characteristic of quadnlateral ABC D,

3) Determine the area of that portion of quadrilateral ABC'D which forms

a triangle with r-axis,

Four corner points of a quadrilateral are P(5,2), Q(—=3,2), R(4.—1) and
5(=2,-1)

1) Determine the equation of straight line PS.

2} Determine the length of the diagonal of the sguare that has the same

area as that of quadrilateral P()SR.
3) Determine the area of that portion of quadrilateral PQSE which resides

in the second guadrant.



Chapter 12

Planar Vector

In physics, we have learnt about two types of quantities. One type is denoted only
by the magnitude [ quantity being measured by using addition {) or substraction
(=) signs]. The other type requires both magnitude and direction. The first one is
known as scalar and the second as vector, We shall discuss ahout vector quantities
in this chapter.

At the end of this chapter, the students will be able to-

describe sealar and vector quantities:

explain scalar and vector quantities with svmbols:

explain equal vector. opposite vector and position vector:

explain vector addition and rules of vector addition;

explain the subtraction of vectors:

explain the sealar multiple of vectors and a unit vector;

explain the scalar multiple of vectors and the distributive law:

yYvYyY vy Yy YTYYY

solve different geometrical problems using vectors.

Scalar and Vector Quantities

Measurement of things is necessary in all spheres of our daily life. Length of a
hody, measure of time, amount of money, measurement of volume and temperature
can be denoted by 5 em.. d minutes, 12 taka, 5 litres and 6° U, respeectively. For
these measurements. it is sufficient to state those quantities with their respective
units. Again, if it is stated that a man starting from a point first travels 4 metres
and then 5 metres; then to determine his distance from the starting point, it is
necessary to know the direction of his motion. It is not possible to determine
correctly how far the man has moved from the starting point unless the exact
direction of the motion is known.

The quantity which is completely deseribed by its magnitude with a unit or + or —
signs hefore magnitude is a Scalar Quantity. Length, mass, speed, temperature
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ete. are scalar guantities.

The gquantity whiclh, for its complete deseription, requires magnitude as well as
direction 15 a Vector Quantity. Displacement, velocity, acceleration, weight,
force ete. are vector quantities,

Geometrical interpretation of a vector: directed line segment

If one end of a straight line is termed as the initial point and the other end as the

terminal point then the straight line is called a directed line segment. The
directed line segment whose initial point is A and terminal point is B is denoted
by ﬁ Fach directed line segment is a vector quantity whose measurement is
the length of the line segment (represented by LlEU or shortly AL) and whose
direction is along the line AB straight from A to B,

Conversely, any vector quantity ean be expressed by a directed line segment where
the length of the line segment is the measurement of the vector quantity and the
direction represented from initial point to terminal point is the direction of the
vector, Hence, vector gquantity and directed line segment are the same, Directed
line segments are also called Geometric Vectors., Our discussion will be limited
to the vectors in a plane. By vector we shall mean Geometrie Vectors,

Any vector (directed line segment) which is a part of an unending straight line is
called the support line or just support of the vector.

Usually a vector is represented hy o letter eg. u = AB. To denote a vector, the
vector 18 underscored and its directive line segment is adorned with 4 — above.
= ﬁ means the initial point of the vector u is A and terminal point is B; its
direction 1s from A to B and its length |u| = |AB| is the length of the line segment

1} The school is situated 3 kilometres to the south of yvour home: What is
vour velocity if you require 1 hour to go to the school from vour home
on foot?

2} What is your velocity if you come home by a bieyele in 20 minutes
after the school breaks?

Forma-37, Higher Mathe, Class-9-10
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Equivalence of vectors and Opposite vector

Equal vector: A vector u is said to be equal to another veetor v if
1) [u] = |u| (Length of u is equal to length of v )
2) Supports of u and v are same or parallel.

3) Directions of u and v are same.

=

C + D

i i i
A— B C———D A— B

It is easily understood that the definition of eguivalence abides by the following
rules:

1) u=u

2) Hu=9v v=1u

[

3) Tu=vandy=w, 4 =w

If the support lines of u and v are same or parallel then we call briefly u and ¢

are parallel.

Note: A vector can be drawn al any point which is equal to a given vector,
Because if a point P and a vector u are given, we draw a straight line at the point
P which is parallel to support line of u. Now we take PQ line segment to the
direction of u and equal to |u| . Then according to the construction, PQ = u.

Opposite vector: v is called the opposite vector of w if
1) o] = |ul
2) Lines of support of u and v are the same and parallel,

3) The direction of v is opposite of that of u

If v is an opposite vector of u then u is also opposite of . It is clear from the
definition of equality that if both ¢ then w be the opposite vectors of u then v = w |
s Y

—u is the opposite veetor of u. If u = AB then —u = BA.

Addition of Vectors
If from the terminal point of a vector u another vector v is drawn. then u + ©
denotes such a vector whese initial point is the initial point of « and terminal

2023
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Let ﬁ =g ﬁ = v be two vectors such that the terminal point of u is the initial
point of ¢ then the vector _--11{2}-Y joining the initial point of ¥ and the terminal point
of v is called the sum of the vectors u and v and is denoted by u + v

Triangle law of addition of vectors: In the above diagram, if v and v are
not parallel to each other then w, v and u + ¢ vectors form a triangle; hence, this
addition system is ealled triangle law,

As a corollary to the triangle law of addition of vectors parallelogram law of
addition of vectors is as follows:

Parallelogram law of addition of veectors: If the magnitude and direction
of two vectors u and v are denoted by the two adjacent sides of a parallelogram
then the magnitude and direction of w + ¢ is denoted by that diagonal of the
parallelogram which passes through the point of intersection of the lines denoting
the two vectors. We shall prove it now.

Proof: Let OA and OB denote the vectors w and u deawn from any point O.
Diraw the parallelogram OACDE and its diagonal L? . Then the diagonal L? of

the parallelogram will denote the sum of 4 and v, ie. OC = u+ v.

—y
In the parallelogram OACB, we have OB and AC' equal and parallel, , AC' =
OB = ¢ [by transfer of vectors]

. Using triangle law, u + v = U_ﬁi + tﬁ = m + ﬁ = HT [Proved|

Note: 1) The sum of two or more vectors is also said to be their resultant.
The method of adition of vectors is followed in determining the resultant of forces
or veloeities. 2)  If the two vectors are parallel, the parallelogram law is not
applicable to their addition but the triangle law is applicable in all the cases.
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Subtraction of vectors

The subtraction of the vectors u and ¢ is u— v and it is equivalent to the addition
of u and —u (opposite vector of v) e w4+ {—u).

? :

L

&

Triangle law of subtraction of vectors: [f the initial points of u and ¢ are
same then initial point of u — » will be the same as the final point of ¢ and the
final point of ¥ — ¢ will be the same a2 the final point of 4. In short, the difference
of two vectors with same initial point is the opposite vector formed by the initial
points. Therefore, il v = H-} v =A(C then u — v = f‘% L., :.—1_1’3' : HE# = {:Lt
We shall prove it now.

bl

Proof: Line segment CA is produced such that AE = CA, parallelogram AEF B
is drawn. According to the parallelogram law of additions of vectors, AE + AB =
—F

AF.

Again AFBC is a parallelogram, as BF = AE = CA and since BF || AE, then
BF || CA.

ﬁk = ﬁ (by transfer of vector), hut ﬁ' = —p and ﬁ =311

Therefore u — v = E'E is proved,

Zero Vector

A veetor whose absolute value is zero and whose direction cannot be determined
s called a zero vector,

2625
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If u is any vector,then what is the value of u + (—u)?
Let = E then —u = E"fi
Henee, u —u = H} — FA’ = _I [by triangle law]

But what kind of vector is zﬂ? Its initial point and final peint are same. Henee
its length is zero. ie. ﬂ is to be understood as the point A. This kind of vector
{whose length is zero) is called zero vector and denoted by the symbol 0. This is
the only vector which has no fixed direction and support line.

For the introduction of zero vector we can say that u + (—u) = land u + 0 =

U+u=u

Virtually trial identity is involved with zero vector.

Laws of Vector Addition

Just like arithmetical addition, in vector addition commutative, associative and
eancellation law ean he used,

Commutative law: For any two vectors w . v, we get u+¢ = ¢+

Proof: Let {ﬂ = u and U—IJ; = v. Draw the parallelogram OAC'E and its
diagonal OC: OA and BC are equal and parallel. Also OF and AC' are equal
and parallel.

.'.(ﬁ={-}_.~i+,m=g+£: again, ﬁ=ﬁ+ ﬁ——- T’?’+(ﬁ =u+u
S+ v = v + u Therefore, addition of vectors obeys the commutative law.

Associative law of addition of veectors: For any three vectors w. v w we
have
(w+u)+w=u+(1+w)

Proof: Let, ﬂ =4z Eﬁ = v, BC = w, i.e. v is drawn from the terminal of u
and u i drawn from the terminal point of v. Join O, C' and A, (.
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A
Thr_-u{g+£}+.{:1=[m+ﬁ}+ﬁ=tﬁ+ﬁzﬁ
Again, u + (v + w) m+{ﬁ+ﬁ_ﬁ :m+ﬂ_& {?

Colu ) = w4+ (v 4 w); Henee vector addition obeys associative law,

Corollary 1.  The sum of three vectors represented by the three sides of a
triangle taken in the same order is zero. In the diagram above, ﬁ + ﬁ + A_fB =
OA+ A0 = -40 + A0 =0

Cancellation law of addition of vector: For any three vectors w, v, w, if
u+v=u+ u then, v =w

Proof: As £+£=£+£
St p(-u) =t (—u) [Adding —u in both sides]

O, U — -+t =u—t+w e v=u

Scalar multiple of a vector

If u is any vector and m is any real number, then what is understood by mu is
explained here now.

L. I m =0 then, mu =0 or zero vector

2. If m # 0 then, the length of mu is equal to |m| times that of u and the
supports of mu are same as that of u's. And,

1} If m = 0, then direction of pmu and that of u are same.

2) If m < 0, then direction of mu and that of u are opposite.
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Note: 1) ifm=0oru=0,then mu=02) lu=u(-1)u=-u
From the above definition, it is observed that, m(nw) = n(nw) = (mn)(w)

Both m.n > 0, both < (. any one > () and the other < (), anv one or hoth
is zero -after considering all these case separately, the reality of the rule can be
established, An Example of such cases is given below
LT S /A TR S
S e e B e R
A BV G D F' G
- —_—
Suppose, .J”lf.)f =BC =1
AC 15 produced up to (. such that OD = DE = EF = F(G = AB.
Ths:uE&=ﬁ+ﬁ+[ﬁ+ﬁ+ﬁ+F_(E=£+g+1'_f+g+y+g=t}£
Again, m= ?—i—(ﬁf—:ﬁz 2+ 20+ 2u = 3(2u)
—
And ﬁ =AD+ J'_(}r: = Ju + 3u = 2(3u)
- 2(3u) = 3(2u) =2 x 3u)

MNote: Il the support lines of two vectors are alike or parallel, then one can be
expressed as sealar multiple of the other,

In reality, if AB || CD then, E = mﬁ where, |m| = HT” - ‘d‘:ﬂ
|{*5| D

. —
1) ifm =6 ﬁ and 71 are alike in direction,
2) ifm=<0, E and {ﬁ are unlike in direction,

Distribution laws concerning scalar multiples of vectors
If m, n are two scalars and u and ¢ are two vectors then

Lo (m+nju=mu+nu

20 (w4 v) = mu + my
Formula 1. (m +n)u= mu+ nu

m

A mu ' onu O

Proof: If m or n is zero, then the law is obviously true.

Suppose both m and n are both positive and :’lf} =mu ., |U§ | = m|u|
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AB is produced up to C' so that |R| = 7t |14 E = 1l
?ﬂ = |:ﬁ?)| | |:§(2| = mnu| + nju| = (m + n)|y  AC = (m 4+ nju
But 4_(1" = ﬁ + ﬁ Conri 4+ nw = (m+

If both e, n are negative, then the length of (m + n)u is |(m + n)||u| and the
direction will be opposite direction of u, so the length of the vector mu + nu will

be |m||u| + |n||x| = (|| + |n|)|u| and the direction will he opposite of u. But, if
m| + [n| = |m +n|. In that case. (m +n)u = mu + nu.

me< () and n < (0 then,

Lastly, if among m and n, m > 0 and n < 0, then the length of (m 4+ n)u will
be (m] — |n))|u] and divection will be aligned with that of u, when |m| > |n| and
opposite to direction of 4, then veetor mu + nu will be aligned in direction
of (rm+ nju and their lengths will be same.

—
Ohbservation: Three points 4, B, C' will be co-linear il and only if AC be a scalar
multiple of

Remark: 1} If the support lines of two vectors are alike or parallel and their
directions are alike, then the vectors are called similar vectors . 2) The vector
whose length is 1 unit is called a unit vector.

Formula 2. m{u+v) = mu+ my

D
B. ,,/ B
e 2 u | ’ v
el . y
0 ’ A A

c ::?.M}
0
Proof: Let, U_—;t =i, ﬁ = v then (ﬁ == m + ﬁ-zg +v

OA is produced to € such that OC = m - OA, The straight line CD drawn at O
and parallel to AB meets the produced Q8 at 1), Sinee the triangles OAB and OC' D
are similar,

oC| _|CD| _ |0D)

oA~ @B B "

~OC=m -0A.CD=m- -AB,OD =m-0OB
CD =mAB — my

Henee,
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here, OC +CD = OD

or, m{tﬁ} + m{IB)} = m[iﬁ}

cotm 4+ e = mie + )

Observation: This formula is true for all values of m.

For ease of usage, the formulas related to Veetors are given below,

. wdv=wv4u

2 (uty)tw=u+(ugt+uw)
3. ut0=0+u=un

4 u+(—u)y=(—u)+u=0

5 fut+v=u+uwthen pv=w
G. mnu) = n{mu) = (mn){u)
7. Ou=10

5 lu=u

9. (-lju=—u

10. {m +n)u =1y +nu

Activity: Verily the formula (m + n)u = mu + nu for the vector u for dillerent
munerical vaues of m and .

Position Vector

With respect to a given point O in a plane, the position of any point P in the
plane can be fixed by OF. OF is called the position vector of F with respect to
€ and € is called the vector arigin.

) a P

Let © be a fixed point in a plane and A is another point in the same plane. The
vector U_r’i produced by joining O and A is called the position vector of A with
respect to O, Similarly, OF is the position vector of another point B in the same
plane with respect to the same point (),

Forma-38, Higher Mathe, Class-9-10
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0 ' A

Join A, B; Let, OA = a, 0B = b
Tllun(ﬂ—i-:i—ﬁzaﬁi.ﬂ. Q+EJ}:Q

.'.ﬁzh—g

Thus if the position vectors of two points are known. then the vector denoted by
the line joining them can be obtained by subtracting the position vector of the
initial point from that of the terminal point of the vector.

Observation: The position vector of a certain point may be different with respect
to different vector origins. In solving a particular problem the position vector of

all points of the problem are supposed with respect to the same origin,

Activity: 'Take a point () as origin on a page of your khatha, Then take
another 5 points on it at different positions and draw their position vectors

with respect to (.

Some Examples

Example 1. Show that,

1) —(-a)=a
2) —mia) =m{—a) = —(ma) where m is a scalar.
1
4) mg is a unit vector whose direction is along that of a
a
Solution:

1) According to opposite vector law, a + (—a) =0
again, (—a) + (—(—-a)) =0
Sl (=(-a)) =a+ (-a)
" (—(—a)) = a [Cancellation law of vector addition|

2) ma+ (—-mla=|m+ (—mlla=0a=

2023
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Again ma + m(—a) = mla + (—a)l = mi =0

som(—a) =—ma- -0 (2)
From (1) and (2), (—m)a = m(—d) = —ma
3) Asa# (0, so0la| #0
Let, @ = iu
S al”

Hence [a| = ﬁh‘_ﬂ = 1 and direction of @ and that of a are same, so a is a
unit vector whose direction is along a,
Example 2. ABCD is a parallelogram whose diagonals are AC and BD.
1) Express the vectors ﬁ BD in terms of the vectors ﬁ and ﬁ
2] Express the vectors E *l_D) in terms of the vectors :ﬁ anel B?

Solution:

1) ﬁ=._f_5+1:r_cz=j+ﬂ“§
Agr—}.in,ﬁ-l-ﬁ:j,ﬁ:ﬁ—j

The diagonals of a parallelogram bisect each other, So,

ﬁ=,_¢5+u_r¥=éﬁ+én T T

2 2
}1uflﬂ§=:m+{i%=é_rl b %E

Example 3. With the help of vectors, prove that the line segment joining the
middle points of two sides of a triangle is parallel to and hall of the third side.

b
Ll

Solution: Let D and E he the middle points of the sides AB and AC of the
triangle ABC. D and E are joined, It is required to prove that DE || BC and

DE = %BC‘.
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B i

By the triangle law of subtraction of vectors, ﬁ - _D) = E ------ (1)
and AC — AB = BC

hut 1_[,}' = :Z;ﬁ._ .ﬁ = E.ﬁ [ D and E are respectively the middle points of
AB and AC)

+ AC - AB = BC

We get,

Eﬁ— EE = J? i.e. El[ﬁ - .ﬁ} = ﬁt
~.2DE = B [from (1)]

and |DE| = éu@ or DE = %BC

Therefore the hines of support of the vectors ﬁ anl E Are same or peu":t.!_lf_%
But f"‘g and E-(_h cannot be same, Hence the lines of support of the vectors DE
and ﬁk i.e. the lines DFE and BC are parallel.

Example 4. Frove that by Vector methods that the diagonals of a
parallelogram biseet each other.

Solution: Let, the diagonals A€ and £ of the parallelogram ABC D intersect
at (.

4 N /B

Suppose, ?)) gm > ﬁ,(ﬁ g@ =.qd

It is required to prove that, |a| = ||, [b] = |d]

2625
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m+iﬁs=;_£5aud E+{ﬁ = E

since the opposite sides of a parallelogram are equal and parallel, HB = Rﬁ
i.e ﬁ+(ﬁ ~ﬁ+@

or,at+d="b+c

or, a —¢ = b—d [adding —e — d to both sides]

here the support of a and eis AC, ', The support of 4 — ¢ is AC

The support of band d is BD, . Thesupport of b—d is BD

If a — ¢ and b — d are two equal and nonzero vectors, then their lines of support
are same or parallel. But AC and BD are two intersecting straight lines which
are not parallel, Hence a — e and b — d are zero vectors,

sa—eg=Qora=candb—d=0 b=4d

vlal =gl [bl = |d]

Therefore, the diagonals of a parallelogram biseet each other.

Example 5. Prove bv vector method that the straight lines joining the middle

points of the adjacent sides of a quadrilateral form of a parallelogram.

Solution: Let P,(). R. 5 he the middle points of the sides of the quadrilateral
ABCD. Join P and ,Q and F. R and 5.5 and P. It is required to prove that
PQRS is a parvallelogram.

Lq:l.:—ﬁj=g,m=ﬁgfvf_ﬁ=gim=gﬁ
Then,@=ﬁ+@)=%m+é?= %(g—i-r_aj
Similacly, Q= 3(b+¢). ’5 = S(c+d) SP=(d+a)
But (a+ ) + (¢ +d) = AC + CA=AC — AC =0

L. (a+b) = —(c+d)
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2 PQ=Lat+h) = —5(etd) = RS = 5F

S PO and SR are equal and parallel.

Similarly, it can be proved that QR and P5 are equal and parallel,
;L PORS is a parallelogram.,

Exercises 12

. it AB || DC then
{4} ﬁ =i ﬁ' where m is a scalar quantity

(i) AB = DO
(i) AB = CD
Which one of the above sentences is true?
1) & 2)
3 i and & 4y ¢, et and

2. If the two vectors are parallel
(1) Parallelogram law is applicable in ease of their addition
(it) Triangle law is applicable in case of their addition
(2¢1) Their lengths are alwavs equal

Which one is true among the above sentences?
1) ¢ 2) #i
3) dand w 4) 2, it and i
3. Which one of the following is true if AB = CD and AB || €D?
1) ﬁ = f_'_)[s 2) Tﬁ = - {le where m = 1
4) ﬁ + ﬁ <0 4] ﬁ + mﬁ = [, where m > 1

Answer the questions 4 and 5 on the hasis of the information given below:

' is any point on the line segment A8 and a, b and ¢ are respectively the
position vectors of the points A, B and C' with respect to a vector origin.

i3 l;i vector is a —

(1) Point vector

(25
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o

L,

11,

13

15.

(#7) Unit vector
(171) Zero vector

Which one of these is right?

1) 4, i 2) &, i

3) i, dn 4) 1, i, and @

Which one is true in case of AABCY

1) 4B+ BC = €A 2) AB+AC = BC

3) CB+BA+CA=0 4) AB +BC +CA =0

If the diagonals of parallelogram ABCD are I(J} and 31[5 then, express
ﬁ and Wh through ﬁ and E and show that. ? + ﬁ = Zﬁh and

AC — BD = 2AB.

Show that,

1) ~(@+b)=—a—b %) ifa+bh=cthena=c—b
Show that.

1) a+a=32a 2) (m—n)a = ma— na

3y mla—b) = ma — mb

=Show that,

1) 1If each of a, b is a nonzero vector. then @ = mb can bhe true it and only
if, a is parallel to b

2} If both a, b are nonzero and non-parallel vectors, and if ma +nb =0
then show that, m=n = 0.

If a. b. c. d are the position vectors respectively of the points A, B, €. D then
show that, ABC D will be a parallelogram if and only if b —a=¢ —d.

Prove with the help of vectors that the straight line drawn from the middle
point of a side of a triangle and parallel to another side passes through the
middle point of the third side,

If the diagonals of a guadrilateral hisect each other, prove that it is a

parallelogram.

Prove with the help of vectors that the straight line joining the middle points
of the non-parallel sides of a trapezinm is parallel to and half of the sum of
the paralle] sides,
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Prove with the help of vectors that the straight line joining the middle points
of the dingonals of a trapezinm is parallel to and half of the difference of the
parallel sides.

D and E are respectively the middle points of the sides AB and AC of the
triangle AABC.

1) Express {E + ﬁ] in terms of ﬁ
2) Prove with the help of vectors that, BC' || DE and DE = éBC

3) If M and N are the middle points of the diagonals of the trapezinm
BCED, then prove with the help of vectors that MN || DE || BC and
1
MN = i{H{T — DE)
D E and F are the middle points of the sides B8C, CA and AB of the
MNABC, respectively.
1) Express "E?’ in terms of the vectors .[TE" arul {? .
2} Prove that E} - E - {ﬁ)’ =i:}

3} Prove with the help of vectors that the straight line drawn through £
parallel to BC must go through E.

2025



Chapter 13

Solid Geometry

Solids of different shapes are always needed and used in our practical life. Among
these. there are regular and irregular solids. The method of determining volumes
and areas of surfaces of regular solids and compound solids constructed of two
regular solids will be discussed in this chapter.

At the end of this chapter. the students will be able to

» draw the symbolic diagram of a solid:

> determine volumes and areas of surfaces of prism, solids of pyramid shape,
spheres and right cireular cones;

> solve problems using the knowledge of solid geametry;

B measure volumes and areas of surfaces of compound solids;

b apply the knowledge of solid geometry in practical areas.

Basic Concepts

Basic concepts of points, lines and planes have been discussed in secondary
general geometry, In solid geometry point, lines and planes are considered as

basic concepts.

1. Each of length, breadth and height of a body is called & dimension of the

hady.

2. A point has no length, breadth or thickness. It is an assumption. For
practical purpose, we use a dot (-) to indicate a point. It can be called a
replica of position.  Henece a point has no dimension.  So it is
zero-dimensional,

3. A line has length only, but no breadth and height, Hence a line is one
dimensional. For example, in the ligure below, AR is a line.
4. A surface has length and breadth, but no height. Heuce a surface is two-

dimensional. For example, in the figure below, ABGF is a surface,

Forma-39, Higher Mathe, Class-9-10
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5. A body having length, breadth and thickness is called a solid. Hence a solid
is three dimensional. For example, in the figure helow, ABCDEF( is a
oy,

r‘ D

Some Elementary Definition

Drawing a three-dimensional figure on a two-dimensional page or board is a hit
complex, 5o, drawing pictures with definitions in the classroom will help the
students grasp the concepts easily.

1. Plane surface: It the straight line joining any two points on a surface lies
totally on that surface, then the surface is called a plane surface or simply a
plane, The upper surface of the still water of a pond is a plane, The smooth
floor of a room polished with cement or mosaic is considered to be a plane.
But geometrically it is not a plane, for there are high and low points on the
Hoor. In the above picture, ABCD, ADEF, ABGF all are planes.

Observation:  Unless otherwise mentioned, lines and planes in solid
geometry are regarded as infinitely extended. Hence it may he inferred
from the delinition of a plane that if one part of a straight line lies in a
plane then the other part eannot be outside it.

2. Curved surface: Tf the straight line joining any two points on a surface
does not lie wholly in the surface, then the surface is called a curved surface.
The surface of a sphere is a curved surface,

3. Solid geometry: The branch of mathematies which concerns with the
properties of solids and surfaces, lines and points is called solid geometry,
Sometimes it is called Geometry of Space or Geometry of Three Dimensions.

4. Coplanar straight lines: If two or more straight lines lie in the same plane
or a plane can be made to pass through them, then these straight lines are

2023

suid to be coplanar, In the fgure above AR and C'D are coplanar straight
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lines but F'F is not coplanar with them.

Skew or non coplanar lines: Straight lines which do not lie in one plane
or through which a plane cannot be made to pass are called skew or non-
coplanar straight lines. In the Agure above, AR and EF are skew lines. If
two pencils are tied eross-wise like a plus sign or a multiplication sign, two
non-coplanar hines are formed,

Parallel Straight lines: Two coplanar straight lines are said to he parallel,
when they do not intersect each other, i.e.. they have no common point. In
the fignre above, AB and C'D are parallel straight lines.

Parallel planes or surfaces: Two planes are said to be parallel when they
do not intersect, that is, they do not have any common point. In the figure

above ABCD and EF(/H are parallel planes.

Line parallel to a plane: If a plane and a straight line are such that they
do not interseet though they are extended indefinitely, then the straight line
is said to he parallel to the plane, In the figure above, C'D is parallel to
plane ABGF,

Normal or perpendicular to a plane: A straight line is said to be normal
or perpendicular to a plane when it is perpendicular to every straight line in
the plane meets it. In the figure below on left, OF is normal to the plane,
as it is normal to all of AR, CD, EF residing on the plane.

P N

STAE /

Oblique Line: A straight line is said to be an obligue line to a plane if
it is neither parallel nor perpendicular to the plane, In the figure above on

right, MN, ST are oblique lines.

Vertical Line of Plane: A straight line or a plane is said to be vertical
when 1t is parallel to phunb line hanging freely at rest, In the figure below
on left, ARCD is a vertical plane and PR vertical line.
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Horizontal line or plane: A plane is said to be horizontal when it is
perpendienlar to a vertical line. Again a straight line is said to be horizontal
when it is perpendicular to a vertical line or when it lies in-a horizontal plane.
In the figure above on left, ABEF 15 a horizontal plane and PQ isa horizontal
line,

Planar and skew quadrilateral: A quadrilateral is said to be plane when
its sides lie in the same plane, Again a quadrilateral whose sides do not lie
in the same plane is ealled skew quadrilateral. Two adjacent sides of a skew
quadrilateral lie in one plane and the other two adjacent sides lie in another
plane. Hence the opposite sides of a skew quadrilateral are also skew. In
the above figure on right, ABEF is a planar quadrilateral and BCFE is a
skew guadrilateral.

Angle between two skew straight lines: The angle between two skew
straight lines is the angle between one of them and the line drawn through
any point in that line parallel to other. Again il two straight lines parallel
to skew straight lines are drawn at a point, then the angle formed at that
point is equal to the angle between the skew straight lines.

Cr
b_—
B .-
A - B
0 == P

Let AB and €D be the skew lines, Take any point O and through O, draw
OF, 00, parallel to AB.CD respectively. Then the angle POQ indicates
the angle between the skew lines AD and CD. In other words, £ BRQ also
denotes the angle between AB and CD where 1 is on AB and QR is parallel
to C'D,

2625
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16.

Dihedral angle: If two planes intersect in a straight line, then the angle
hetween the two straight lines drawn from any point on the line of
intersection and at right angles to the intersection line is called a dihedral
angle.

a D
:'1
0 M
c = B

The two planes AB and €D intersect along the straight line AC. From
(). any point on AC, two straight lines OM in the plane AE and ON
in the plane C'D are drawn such that each is perpendicular to AC at O.
Then ZMON is the dihedral angle hetween the plane AB and CD. Two
intersecting planes are said to be perpendicular to each other when the
dihedral angle between them is a right angle.

Projection: The projection of a point on a given line or a plane is the
foot of the perpendicular drawn from the point to the line or plane. The
projection of a line straight or curved on a plane is the locus of the feet
of the perpendiculars drawn from all points in the given line to the given
plane. It is also called orthogonal projection. In the higure, projections of
a curved line AB on plane XY and a line CD are shown as curved line ab

and straight line cd.
7

~B

L

ﬂ‘ :‘

Relation between two straight lines

1} Two straight lines may be coplanar in which case they must either be parallel

or meet in a point.
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2} Two straight lines may be skew in which case they will neither be parallel
nor will they meet in a point.

Axioms

1) A straight line joining any two points in a plane lies wholly in that plane.
thongh produced indefinitely. Hence if a straight line and a plane have
two common points, they will have innumberable common points along the
straight line,

2)  An infinite number of planes ¢an be drawn through one or two given straight
lines.

Relation between a straight line and a plane

1) If a straight line is parallel to a plane, then there will be no common point
between them,

2) It a straight line cuts a plane, then they will have one and only one point
comimon to them.

3) If a straight line and a plane have two common points then the line will
completely coincide with the plane

Relation between two planes
1) If two planes are parallel then they will have no common point.

2) If two planes intersect each other, then they will intersect one another in a
straight line and they will have innumerable common points.

Solid

We know that a book, a brick, a box or a spherical ball is a solid and occupies
some space, Again, a piece of stone or wond, a part of a brick, a frazment of coal,
a lump of dried sticky soil ete are also examples of solids. But these are irregular
solids.

The body enclosed by plane or curved surfaces and occupving some space is called
a solid. At least three straight lines are required to enclose a portion of a plane,
s0 also four planes are required to enclose some space. These planes are the {aces
or the surfaces of the solid and the line in which two such planes intersect is an
edge of the solid. A hook or a brick has six faces and twelve edges. A ericket ball
is enclosed by a curved surface.

(25
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Activity:
1) Write the name of a regular and an irregular solid individually,

2} Mention some uses of the solids cited by vou,

Volume and area of surface of uniform solids

1. Rectangular Parallelepiped

A B
o i A c
C ’ :
b
4 . VB

The solid enclosed by three pairs of parallel planes s called a
parallelepiped. Each of the six planes is a parallelogram and the opposite
faces are congruent. A parallelepiped has twelve edges divided into three
arOIIps.

The parallelepiped of which the faces are rectangles is called a rectangular
parallelepiped, The rectangular parallelepiped of which the faces are squares
is called a cube. The faces of the rectangular parallelepiped and the faces of
the cube in the above diagram are ABCD, A'B'C'D', BCC'B', ADD'A',
ABB'A', DCC'D and the edges are AB, A'B', CD, C'D’, BC, 5'C', AD,
A AN, BE, CC7, DIY. The only diagonal shown is 30, the rest have
to be drawn.

Let the length, breadth and height of the rectangular parallelepiped be
respectively AL = @ units, AD = b units and A4A" = ¢ units.

1) Area of the whole surface
Sum of the areas of the six faces

= 2 (the area of the face ABCD + the area of the face ABB A + the
area of the face ADD A ) = 2(ab+ac+he) square units = 2{ab+be+ca)
sfuare units

2) Volume = AB »x AD »x AA’ cubic units = abe cubie units
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3) Diagonal
BD' = \/BD? + DD? = \/AB? + AD? + DD” = /a? + 17 + % it
Cubhe

For a cube, ¢ = b = ¢, Therefore,

1) Area of the whole surface = 2(a® + a* + a*) = 6a” square units

2) =a +a-a=a’ cubic units
3} = /a2 + a2 + a? = v/3a units
Example 1. A rectangular parallelepiped has its length, breadth and

height in the ratio 4 ;3 : 2 and the area of its whole surface is 468 square
metres; Hnd the diagonal and the volume of it.

Solution: Let the length. breadth and height be respectively 4o, 32 and
2o metres.

Then, 2{4r - 3z + 3r « 2x + 2r - dv) = 468

or, 32 =468 or, 22 =0 ', =3

o The length of the solid is 12 metres, the hreadth is 9 metres and the height
is 6 metres.

Hence, the length of the diagonal = V12249 +62 metres =
V14 + 81 + 36 = /261 metres = 16.16 metres(approx. )

And volume = 12 % 9 x 6 = (48 cubic metres

Activity: Measure the length, breadth and height of a hardboard box
(cartoon or box containing a bottle of medicine) and find its volume,
area of six surfaces and the length of a diagonal.

Prism

A prism is a polyhedron, bounded by two parallel polygonal faces and the
other faces always being parallelograms, The parallel sides are known as
bases and the sides are known ss lateral faces. If all the lateral surfaces
are rectangular it is called a right prism: otherwise they are ealled obligue
prism. Practically right prisms are frequently used. The prism is named by
the shape of its base, For example, triangular prism, quadrilateral prism,
pentagonal prism ete.

2025
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If the base is a regular polyveon, the prism is called a regular prism. If the
base is not a regular polygon. the prism is known as an irregular prism.
So by definition all rectangular solids and cubes are prisms, Right triangular
prism made of glass is nsed for the seattering of light.

1) The area of total surfaces of a prism
= 2 (area of the base) 4+ area of the lateral surfaces
= 2 (area of the base) + perimeter of the base x height

2} vn]u]n{] = ATreA. {'_I-f ﬂ]n base x ]'H‘]ghT

Example 2. The lengths of the sides of the base of a triangular prism are
3,4 and 5 cm respectivelvy and the height is 8 em. Find the volume and area of
its total surfaces,

Solution: The lengths of the sides of the base of the prism are 3 ¢m, 4 em
and 5 em respectively.

T s |
Sinee 32442 = 52, its base is a right angled triangle whose area= ke 4x3 =6
8q. cm. So, the area of all the surfaces = 2x 6+ (34+4+5) x 8 = 12496 = 108
s, em, and volume of the prism = 6 % & = 48 cubic em.

So, the area of all the surfaces is 60 sq. cm. and the volume is 48 cubic cm.
4, Pyramid

A solid Agure with a polygonal base and triangular faces that meet at a
common point is called a pyramid.

Forma-40, Higher Mathe, Class-9-10
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vertex

The base of a4 pyramid is & any polveon and its lateral surfaces are of any
triangular shape. But if the base is a regular polygon and the lateral faces are
congruent triangles, the pyramid is called regular pyramid. The regular
pyramids are eve-catching. The line joining the vertex and any corner of
the base is called the edge of the pyramid. The length of the perpendicular
from the vertex to the base is called the height of the pyramid. Usually, a
solid with a square base and four congruent triangles meeting at a point i3
considered as a pyramid. These pyramids are in wide use.

A solid enclosed by four equilateral irangles is known as regular
tetrahedron which is also a pyramid. This pyramid has 3 + 3 = 6 edges
and 4 vertices. The perpendicular from the vertex falls on the centroid of
the base.

1} The area of all surfaces of pyramid = Area of the base + area of the
lateral surfaces

But if the lateral surfaces are congruent triangles,

. 1 ,
The area of all surafes of the pyramid = Area of the 11'«2L.~.1i:+§ [ perimeter
of the base x slant height )

Il the height of the pyramid is fi, radius of the inscribed circle ol the
base is v and | is its slant height, then | - VIE+ 2

1 : .
2} volume = EK area of the bhase x height
Example 3. The height of a pyramid with a square base of side 10 cm.

is 12 cm: Find its area of all surfaces and the volume.

Solution: ’];ht- perpendicular distance of any side of the base from the
I

centre r = T cm. = 5 cm,, The height of the pyramid is 12 em.

2023
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{mly |

Therefore, the slant height of any lateral surface = VA? + 1?2 = 127 452
= /144 + 25 = 169 = 13 cm.

1 .
.. The area of all the faces = [10 x 10 + EH x 10) x 13] sq. em.
= 100+ 260 = 360 sq. cm.
1
And its volume g % (10 x 10} % 12 cubic em. = 10 x 10 x 4 = 400 cubic
.

Therefore, the area of all surfaces of the pyramid is 360 sq. cm. and the
volume is 400 cubie e,

Activity:

1) Draw a regular and an irregular (1) prism and (2) pyramic.

2) If possible, fins the total surface area and the volume of the solids
drawn by vou.

Right circular cone

The solid formed by a complete revolution of a right-angled triangle about
one of its sides adjacent to the right angle as axis is called a right circular
cone.

In the figure, the right circular cone ABC is formed by revolving the right-
angled triangle (AC about (A, In this ease, if # is the vertical angle Z0AC
of the triangle then it is ealled the Semi-vertical Angle of the cone.

I the circular cone has the height QA = ki, radius of the base OC' = v and slant

height AC' = [, then

1 2 : ;
1) Area of the curved surface Ex circumference of the base x slant
height
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* 2mv =% [ = 7rl square units

AR N

2)  Area of the whole surface = Area of the curved surface + area of base
= wrl + 7 = wr(r +1) square units

1
3 Volume = Ex area of base x height
= —ar*h cubic units [You will learn the method of deduction of this
formula in higher classes]

Example 4. [If a right circular evlinder has a height of 12 em. and a base
of diameter 10) em., then find its slant height, the area of the curved surface
and the whole surface and its volume .

}
Solution: Radius of the base r = % ot = 5oenl

Slant height | = Vvh? 4+ 12 =+/122 +5* =13 ¢m
Area of the curved surface = wrl = 7 % § x 13 = 204.2035 sq ¢m (approx)
Area of the whole surface = 7r(l +v) = 7 x 5 x (13 + 5) = 282.7433 s cm

- 1 :
(approx) Volume = gﬂ."zh o Err % 5% x 12 = 314.1593 cubic cm (approx)

Activity: Collect a conieal cap used in birthday or any ceremonial parties
and find the volume and the area of its curved surface.

Sphere

The solid formed by a complete revolution of a semi-cirele about its diameter
as axis is called a sphere, The centre of the semi-circle is the centre of the
sphere, The surface formed by the revolution of the semi-circle about its
dinmeter is the surface of the ﬁpl!r:rrr.

."-H-F-
-
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The centre of the sphere CQAR is the point O, radius OA = OB = OC
and a plane perpendicular to (24 and passing through a point at a distance
i from the centre cuts the sphere and [orm the circle QB R. The centre of
this circle is P and the radius is PB. Then PB and OF are perpendicular
to each other.

L OB*=0P!+ PB?

L PBE=0B - 0P =r*—}*

If the radius of the sphere is r then

1) Area ol the surface of the sphere = dmr® sq units

1 N
2) Volume = —ar* enbic units

3) Radius of the circle formed by the section of a plane at a distance

from the centre = +/rs = H* unit

Activity: Find the radius of a toy ball or a foothall, Hence find its

volume,

Example 5. An iron sphere of diameter 4 em. is Hattened into a cireular

iron sheet of thickness 3 e What is the radius of the sheet?

4
Solution: Radius of the iron sphere = 3= 2 em

_ 4 . B2
S, 1ts volume = F{h‘ * 2 = —q cubic em

Let, the radius ol the sheet = r em; The thickness of the sheet = 3 11

I} 2
i§ - . . )
S Volume of the sheet = 7r- = ﬁ cubic centimetres = =mr-

£

. -, 3
By the given condition, —nr* = —w or, r¥ =16 or, r =4

i, 1

. Radius of the sheet = 4 ¢m

Example 6. A right circular cone, a semi-sphere and a cvlinder of equal
heights stand on equal bases. Show that their volumes are in the ratio

| R i %

Solution: Let the common height and the radius of the equal bases be [
and r units respectively, Since the height of a semi-sphere is equal to its
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radius.
|
So, volume of the cone = Em' = Em" cubic units

: ; 1.4 2 - g
Volume of the semi-sphere Efgﬂ'ra‘j . im-E cubic units

Volume of the eylinder = mr*h = 7 cubic units

I o 2 g Ay 3

Efrr"*:ﬁrvfsrn‘a"J':E:E Al IR [ e

Example 7. The length, breadth and height of a rectangular block of

.. Required ratio =

. : I ; ;
iron are respectively 10,8 and 5— em. How many spherieal shots of radius

12 em. ean be made by melting the bloek!?

g L ) 1 . :
Solution: Volume of the iron block = 1) x 8 = -.’:E cubic cm. = 440 cubic
CIn.

Let the required number of shots = n

4 1. .
~. Volume of n shots = n % —w(=)" = 2= cubic em
& M2 1
nw 10 = 6
By the condition of the question, % = ddl) or, n = % = 840).34

. Reguired number of shots is 840

Example 8. If the volume of a right circular eone is V|, the area of its
curved surface is S, radius of the hase is r, height is h and semi-vertical
angle is . Then show that,

rh’tana  wr? ;
1) &= = —— sguAare units.
COSE sina
1 T . )
2) V = —whitan’a = - cuhic units.
3 Stana

(25
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Solution: In the above diagram, height of the cone @A = h slant height
AC =1, radius of the base OC = r the semi-vertical angle ZOAC = a

Here slant height 1 = /12 + 2

2 PR v
From the diagram, it is seen that tana = —

h
"
Lo = ftancey or, = - = reoto
tano
1) S = arl = arvh?+ htan’a = arhivl +tan’a = arhvsec?a
Thtano ,
= mrhseca = w(htann ) hsecor = ———— square units
O
o T T Cos e ,
again, 5 = arhseca = reoto = —— = —— sguare units
COsLY COsS0 S1100 S0k
i I i} I .z ! -3 2 [ r 4 2
2] V= -mrh = =w(htana)*h = —mhtan‘a = == tan o
3 3 3 3 \tana
3
mr ) ;
= eubic units
Jtana

7. Compound solid

A solid body consisting of two solids is a compound solid. Exaples of a few

compound solids are:

1) A prism placed on a rectangular solid is a compound solid when both
of them have identical sarface.

2} If the base of a triangular prism and that of a regular tetrahedron are
identical, they can be used to make a compound solid.

3) If the radius of a hemisphere and that of the base of a cone are cgual.
they can form together a compound solid.

4} A capsule is a compound selid having two identical hemispheres at two
ends of a cireular evlinder with base radius equal to the radius of each
hemisphere.

In this wayv, two or more solids can be combined together to make a
compound solid. Many beautiful architeetural constructions are compound
solids. The items used for exercises are made of such compound solids,
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Activity: Draw and describe a compound solid on your own. Write down
formula for its surface area and volume, if possible,

Example 9. The length and radins of a ecapsule is 15 em. and 3 em.
respectively, Find the volume and total area of the surfaces of the capsule,

Solution: The length of the capsule is 15 em. Since the two ends of the capsule
are hemispherical, the length of its cyvlindrical part f = 15— (3 +3) = 9 cm.
Therefore, the total area of the surfaces of the capsule = area of the surfaces of two
hemispheres 4+ area of the surface of the eylinder

1 . ;
=0 3 x dr? 4+ 2mrl = 4x (3 + 27 x 3 x 9 = 907 = 282.74 sq cm (approx)

and the volume of the capsule

4 B .
=2 é X :L:'.'rr"q + i = qm{Bj" +m(3)* x 9 = 1177 = 367.57 cubic cm. (approx)

Example 10.  The outer diameter of a hollow iron sphere is 15 cm. and
thickness is 2 em,

1) Determine the volume of the hollow portion.

2) I a solid sphere is made out of the iron used in the sphere mentioned, then
what would be the area of the total surface of the solid sphere?

3) The solid sphere fits fine in a cubic box, What is the volume of the hollow
space inside the box?
Solution:

1) Given, Outer diameter of the sphere is 15 em.

15 .
oo Outer radius of the sphere = = o, 7.5 cm. and thickness of the

sphere is 2 em,

2025



Chapter 13, Solid Geometry 321

.. radius of the hollow portion of the sphere = (7.5 — 2) em. = 5.5 em.
) . ) 1. 1
. volume of the hollow portion of the sphere = gwr-J = 37 X (5.5)* =

696.9116 cubic em (approx)
2) Here, radius of the sphere is 7.5 cim.
.. Volume of the sphere = %*.rr % (7.5)* = 1767.15 cubic em. (approx)
. Volume of the iron used i;l the sphere = (1767.15 - 696.9116) = 1070.2384
cubic cm (approx)
Let, radius of the solid sphere is » cm,
. Volume of the solid sphere = %ﬂ' % r cubic em.

As the iron of the hollow sphere is used to make the solid sphere, volume of
the iron is equal to the solid sphere’s volume.
1
,—i?r = 1070.2384 or, r* = 255.5 or, r = 6.3454 cm.
. Burface area of the solid sphere = 4w x (6.3454)° = 505.9748 sq cm
(approx)
3) wohune of the solid sphere 6,3454 em.
codiameter of the solid sphere = 2 % 6.3454 cm. = 12.6908 cm.

As the solid sphere fits the hox, so the box’s side length will be the diameter
of the solid sphere. Therefore, the length is = 12.6908 em.

.. Volume of the box = (12.6908)% = 2043.9346 cubic em (approx)

Volume of the solid sphere = Volume of the iron in hollow sphere
= 1070.238%4 cubic cm (approx)

.. Hollow portion’s volume of the box = (2043.9346 — 1070.2384) = 973.6962
cubic cm (approx)

Exercise 13

1. A rectangular parallelepiped’s length is 5 cm, width 4 em and height 3 em.
What's its dingonal?
1) 5v/2 em 2) 25 ¢m 3) 2542 em 4) 50 em
Forma-41, Higher Mathe, Class-9-10
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Lengths of other two sides except the hyvpotenuse of a right-angled triangle
are 4 cm. and 3 cm. If the triangle is revolved about the larger side, the
evolyied solid will be a

(#) right circular cone

(#d) right eirealar eyvlinder
(#ii) the area of the base of the evolved solid is 97 square centimetres,
Which one of the above sentences is correct?
1) i 2) i 3) i i Ay i i
Answer to the questions 3 and 4 according to the informations given below,
A spherical ball of diameter 2 em. exactly fits in a eyvlindrical box

What is the volume of the cvlinder?

1) 27 ce 2) 4w co 3) 6w cc 4y 87 cc
What is the volume of the unoeccupied portion of the ulmd%

A ) 2 ﬁ w

1) g & 2) 3 e 3) — e 4) 5

Answer to the questions 5 and 6 awmr{img to the informations given below,

A metallic solid sphere of diameter 6 em, i3 melted and a right circular
evlinder the radius of whose base is 3 em, is made,

What is the height of the evlinder made?
1) 4 cm 2) 6 em 3) 8cm 4) 12 em

What is the area of the eurved surface of the eylinder in square centimetres?

1) 24m 2) 427 3) 2w 4) 96w
(Calculator can be used. If required, you can assume m = 3.1416)

The length, breadth and height of a rectangular parallelopiped are
respectively 16 metres 12 metres and 4.5 metres,  Find the area of its
surfaces, volume and length of a diagonal.

A rectangular tank of length 2.5 metres, breadth 1O metre stands on the
ground, Il its height is 0.4 metre, ind the volume and its area of the interior
surface.

Find the area of the whole surface of the enbe whose edge is equal to the

2023

diagonal of the rectangular solid whose dimension are 5,4 and 3 em.
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10.

16.

17.

15.

19.

200,

A hostel building is to be constructed for 70 students in which each student
gets 4.25 square metres of Hoor and 13.6 cubic metres of space. If the
hostel room is 34 metres long, what will be its breadth and height?

If the height of a right circular cone is 8 em and the radius of its base is 6
em, find the area of the whole surface and the volume.

The height of a right circular cone is 24 em. and its volume is 1232 cubic
cm. What is its slant height?

The length of two sides at the right angle of a right-angled triangle is 5 cm. and
3.5 cm. Find the volume of the solid formed by revolving iv abont its greater
side.

Find the surface and volume of a sphere of radius 6 cm.

Three spherical balls of glass of radii 6,8 and r em. are melted and formed
into & single solid sphere with radius 9 cm. Find the value of r.

The cuter diameter of a hollow sphere is 13 em. and the thickness of the iron
is 2 cm. A solid sphere is formed with the iron used in the hollow sphere.
What will be its diameter?

A colid sphere of radius 4 em. is melted and formed into a uniform hollow
sphere of outer radius 5 em. Find the thickness of the second sphere.

The radius of a solid sphere of iron i3 G e, With the iron contained in it
how many solid cvlinders of length 8 em. and diameter of the base 6 cm.
can be formed?

22
A spherical ball of rading — em. exaetly fits into a enbiecal box. Find the

=
volume of the unoceupied portion of the box.

A sphere of radius 13 em, i cut off by a plane perpendicular to its diameter
through a point at a distance 12 em. from the eentre. Find the area of the
plane formed.

The outer length, breadth and height of a wooden box with top are
respectively 1.06,1.2 and (0.8 metres and its wond is 3 em. thick. What is
the area of the inner surface of the hox? What will be the cost of painting
the inner surface of the hox at the rate of Tk. 14.44 per square metre?

How many bricks each of length 25 em., breadth 12.5 em. and 8 cm. will be
required to construct a wall of height 2 metres and thickness 25 em, around
a rectangular garden with length 120 metres and width 90 metres?
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The length and breadth of a rectangular solid are in the ratio 4 : 3 and its
volute is 2304 cubic centimetres, The total cost of making a solid with lead coating
at the bottom at Tk. 10 per square centimetre is Tk. 1920. Find the
dimensions of the solid.

A conical tent has a height of 7.50 metres, How much canvas will be required
it it is desired to enclose a land of 2000 square metres?

Lengths of two sides of a prism with a pentagonal base are 6 cm. and 8 cm.
and the length of each of the other three sides is 10 em., height is 12.5 cm.
Find the total area of the surfaces and the volume of the prism,

The height of a regular hexagonal prism having side of 4 em: is 5 em. Find
the total area of surfaces and the volume,

A pyramid is situated on a regular hexagon of side 6 em. and its height is
10 em. Determine the total area of surfaces and the volume,

If the length of an edge ol a resular tetrahedron is 8 em., find the total area
of surfaces and the volume.

The lower part ol a construction is a parallelopiped of length 3 metres and
the upper part is a regular pyramid. 1 the base of the pyramid is of side

2 metres and the height is 3 metres. find the total area of surfaces and the
volume of the construction.

A godown of two-part roof is construeted on a land of length 25 metres and
width 18 metres, [ts height is 5 metres. Each part of the roof is of 14 metres
wide, Find the volume of the godown.

1) Find the total area of surtaces of the solid shown in the diagram.

iy C"

Al : B

Ty 3 m

A Hem B

2) Find the approximate number (to the nearest integer) of solid spheres
of diameter 1.8 cm which can be made after melting a cube whose sides
are equal to the diagonal of the solid.

2625
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32. The diameter of the hase of a tent like a right circular cone is 50 metres and
its height is & metres,
1) Find the slant height of the tent.
2) How much land in square metres will be required to construct the tent?
Find the volume of the vacuum space inside the tent.

3) What will be the cost of the canvas of the tent if its price is Tk, 125
per square metre?!



Chapter 14

Probability

In our everyvday life we frequently use the word ‘probability) For example, the
probability of Jaadol passing the SSC examination this year is really poor, the
probability of Bangladesh winning the Asia cup is high, the probability of the
temperature rising tomorrow is high. the probability of raining today is very thin
et

Therefore, we talk about probability only when there is a donbt about an event
occurring.  And the possibility of the event occurring also depends on the
magnitude of non-oceurrence, But this procedurs can not give any munerical
value, In this chapter, we will know about different formulas and procedures for
assigning a numerical value to the probability of the occurrence of an event, and
we will also be able to deseribe certain events, impossible events and possible
events after stndying this chapter.

After studying this chapter, students will be able to —

» cxplain the concept of probability:

» describe certain events, impossible events and possible events by giving
daily-life examples;

» describe the consequences of repetition of an event;

» find the probability of an event happening repeatedly:

> solve simple and real-life problems regarding probability.

Basic Concepts Related to Probability

Random Experiment: A random experiment is where vou know all possible
outcomes of the experiment, but vou can not say the exact outeome of a certain
attempt in this experiment. For example, we know all the outeomes of throwing

(25
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# dice, but we can not exactly tell which outcome will occur hefore throwing the
dice, S0 the experiment of throwing a dice is a random experiment.

Event: An outcome or a combination of outcomes of an experiment is called an
event, For example, getting 3 after throwing a dice is an event. Again, getting an
even number in this regard is also an event,

Equally Likely Ewvents: If the possibilities of the outcomes of a random
experiment oceurring are same, which means no outeome is more or less
likely to happen than any other outcome, the possible ontcomes are called
equally likely events. For example, the occurrence of a head or a tail in the
tossing of a coin are equally likelv events, unless the coin is defective or biased in
some way. Therefore, getting head and tail are equally likely events.

Mutually Exclusive Events: Two or more possible outcomes of a random
experiment are called mutually exclusive event if the occurrence of one of those
events precludes the possibility of the other events, For example, in the tossing
of a coin, the ocenrrence of a head and a tail are mutually exclusive events since
it head occurs then tail can not oceur and viee versa. That means head and tail
can not oecur at the same time.

Favourable Outcomes: The outcome of interest of an event in an experiment
is called favourable outcome. The number of favourable outcomes of getting an
odd number on throwing a dice is 4.

Sample Space and Sample Point: The set of all possible ontcomes of a
random experiment is called the sample space. The tossing of a coin has two
possible outcomes: Head and Tail. If the result of this experiment is expressed
as S, we can write S = {H, T'}. So in this case the sample space is S = {H, T}
Suppose two coing are tossed simultaneously, Then the sample space is § =
{HH HT.TH . TT}. Every element of a sample space is called a sample point.
The experiment of throwing a dice once has the sample space S = {H. T}, and
here each of H, T is a sample point.

Determination of Logic-Based Probabilities

Example 1. Suppose an unbinged dice is thrown. What is the probability of
getting 57

Solution: The possible outeomes of throwing a dice are ; 1,2,3,4,5,6. Since
the dice is unbiaged, these outcomes are all equally likely, So the possibility of a



328 Higher Mathematics Classes 1IX-X

particular outeome is one-sixth. So the probability of getting 5 is We write

1
this as P(5) = =
Example 2. What is the probability of getting an even number on throwing
an unbiased dice?

1
G

Solution: The possible outcomes of throwing a dice are 1.2.3,4,5,6. The even

numbers among these onteomes are 2. 4, 6. So there are three outeomes where we

can get an even number on the dice, which means there are 3 favourable ontcomes.

As all outcomes are equally likely, the probability of getting an even munber on
5

G

. P (even number) =

the dice is

= | s

So we can formalize the following definition of probability:

by

nmber of cases favourable to the event

Probability of an event = — -
' total number of possible outcomes

The number of cases favourable to an event can be minimum zero and maximmm
n (all possible outcomes), Il there 15 no case favourable to an event then
probability becomes zero. And when the amount of favourable outcome is n.
then the probability is 1. Therefore, the probability of an event ranges from () to

1.

Two Special Events

Certain Events: An event which is sure to oceur is called a certain event, The
probahility of any certain event is 1. For an instance, the probability that the
sun will rise tomorrow from the east is 1, the probability that the sun will set in
the west in this evening is likewise 1. The probability of not seeing the sun in
the night is also 1. The probability of getting H or T is also 1. The probability
of getting even or odd in an experiment of throwing dice is also 1. These are all
certain events.

Impossible Events;  An event which will not occur. that means which is not
possible to ocenr in an experiment is called an impossible event. The probability
ol an impossible event is zero. For instance, the probability that tomorrow the
sun will rise in the west or set in the east. is zero, The probability of seeing the
sun in the night is zero too, Similarly, the probability of getting a 7 in throwing
a dice is also zero. All these events mentioned here are impossible events.

2025



Chapter 14, Probability 329

Example 3. In a bag there are 4 red. 5 white and 6 black balls. A ball is
chosen at random. What is the probability that the ball will be 1) red, 2) white
and 3) black ?

Solution: Total number of balls in the bag is 15, If a ball is chosen randomly,
any of the 15 balls may be drawn, Therefore total number of outeomes = 15.

1) Suppose the event of drawing a red hall is &, There are 4 red balls in the
bag. So the number of favourable cases [or this event = 4.
nmunber of events favourable to draw a red ball 4
mB(R) = = —,
total number of outcomes 15
2) Suppose the event of drawing a white ball is W. There are 5 white balls in

the hag, S0 the number of favourable cases for this event = 5, . P(W) =
mumber of events favourable to draw a white hall h 1

Lars

total number of outeomes i 5
3) Suppose the event of drawing a black ball is B, There are 6 black balls in the
bag. So number of favourable cases for the event = 6.

number of events favourable to draw a black ball G 2
s PBY= = - =

total number of onteomes 15

=

Activity:
1) An unbiased diece is thrown. Find the probability of getting:

(1) 4 () an odd number (4¢) 4 or a number greater than 4 (7o) & number
less than 5,

2) A bag contains similar type of 6 black, 5 red, 8 white marbles. A marble
is drawn at random from the bag. Find the probability that the marble
is:

() red (i) black (#ii) white (iv) not black.

Data Based Probability

In the logical approach to determining probabilities, the outeomes are required
to be equally likely. However, in reality the outcomes are not equally likely in
all cases. Moreover, in many situations, it is nol possible to apply the logical
approach. For example. todav's weather forecast savs that the probability of
raining today is 30%, the probability of Brazil winning the world football cup is
40%. the prohability of Bangladesh winning the Asia cup is 60%. Then statement

Forma-42. Higher Mathe, Class-9-10
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are based on statistics or data of past records and this is the concept of data-based
probability.

Suppose, a coin is tossed 1000 times which resulted in head 523 times. So the

b

relative frequency of getting head is = (1.523. Suppose, a coin is tossed 2000

times which resulted in head 1030 times. So the relative frequency of H in 2000

) i EA . )
fimes is 5000 = [1.515. From this we can understand that, the more times an

experiment (tossing of a coin) is done, the closer the relative frequency will be to
the probability of getting a head in a single tossing of the coin. This is called data
hased probability,

Example 4. According to meteorological recorids, it rained on 21 davs in the
month of July last vear. What is the probability that it will rain on fourth of July
this vear?

Solution: As out of the 31 days in the maonth of July, it rained on total 21 days

. o : . .21

last vear, the probability of raining on a particular day of July this year is 37"
" e . .21 ‘
Therefore the probability of raining on fourth of July is 3"

Example 5. In a swvey among the readers of newspapers, it was found that
65 persons read the Prothom Alo, 40 persons read the Bhorer Kagoj, 45 read the
Janakantho, 52 read the Jugantor. If one person is chosen at random from these
readers, what is the probability that the person reads the Jugantor? What is the
probability that the person does not read the Prothom Alo?

Solution: Here, the total number of readers is (65 4 40 + 45 + 52) = 202.

The number of persons reading the Jugantor is 52. So, the probability that the

chosen person reads the Jugantor 15 :E:;E

65 persons read the Prothom Alo. Number of persons who do not read the
Prothom Alo is (202 — 65) = 137, So, the probability that the person does not
137

i 5] IT .'}'t ;'3. -."=_
read the Prothom Alo is s

Activity: In a survey among the first year students in s university, it is found

that 284 students have taken Economics, 106 have taken History, 253 have
taken Sociology, 169 have taken English. If a student is chosen at random,
what is the probability that the student has not taken Sociology?

2023
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Determination of Probability using Sample Space and Probability Tree

Ii has been already mentioned that the set of all possible outcomes of an
experiment 18 called the sample space. Often the sample space of an experiment
is quite large. In such cases, the counting of all sample points and the formation
of the sample space may be cuunbersome and can even lead to mistakes. In such
cases we may build the sample space by using the probability tree, and use it to
find the probability of various events.

Example 6. Suppose. two unbiased coing are tossed together, Form the sample
space, find the probability of getting H on first coin and T' on second coin.

Solution: The tossing of two coins may be treated as a two step process. In the
first step, one of the coins is tossed which may result in either H or T In the
second step. the other coin is tossed which may, likewise, result in either H or
1. All possible outeomes of this experiment may be exhibited in the form of a
probability tree diagram as follows :

| Outeome of first eoin |

H- - i

| Onteome r::f ::ivmnrl ol | Uutmuw nl second coin l

"‘x H /
\TJ QH/

So the sample points are; HH HT.TH,TT. So the sample space will be
{HH.HT.TH.TT}. Here the number of sample points is 4 and the probability

of observing a sample point is 1 So the probability of getting A on the first
coin and the probability of getting 7" on the second coin will be, P(HT) = 1

Example 7. Suppose, an unbiased coin is tossed thrice. Show the sample space
using a probability tree and find the probabilities of the each of the following
events. 1) getting just one tail, 2} petting head in all three tossings, 3) getting
at least one tail.

Solution: The tossing of the coin three times may be treated as a three step
process. In each toss the number of possible outecomes are two, which are i or T
The total result s shown below, using probability tree:
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First coin

Second coin Second coin |

’I:hil;r_i ::mn"

o g_ H/ N H/ \1_ H
(i HIH Kfm:r GITH\' ( HT;"\ (rrn (1:”1;'\1 KTTH\'I TTT )
. ) PN ANC I KA N4 NS

The sample space is: {HHH HHT HTH HTT. THH, THT, TTH TTT},
Here the total mmumber of sample points is 8 and the probability of any one of
1

these oubcomes is %

1) The sample points (ontcomes) containing just  one  tail  are
{THH, HHT, HTH} =3,

3 . 1
AT = 5 (a3 possibility of occurring every sample point is _8}

2)  Getting head (H) in all three tossings is the ontcome {HH H} = 1 outcome.
: 1
P(HHH) - 3
3) The sample points containing at least one tail (T') are all except HH H which
means {HHT, HIU'H HI'T, THH, THT, TTH,TTT} =7.

:, Plat leastlT] = =

Example 8. An unbiased dice and an unbiased coin are thrown and tossed
once,  Form the probability tree and write down the sample space. Find the
probability of getting 5 on the dice and H on the coin,

Solution: The throwing of a single dice and the tossing of a single coin may be
treated as a two step process. In the lrst step, G possible outeomes are possible
which are {1.2,3,4,5.6}. In the second step, the tossing of the coin will result
in 2 possible outcomes which are H or T. The corresponding prohability tree is
shown helow:
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I Al 1 T T I H T
\ lr.f" \ -, # v " _“\I
H7) (1) (2H @ SH‘@HH H ﬁ@ 6T )
(1) (o7) (2#) (;j \4E) () ()T (88 ) (6T )
Therefore, the sample space will b

{1H.1T,2H 2T 3H, 3T, 4H 4T, 5H.5T,GH.GT}.
Here the total number of sample points is 12, -, The probability of getting 5 on

the dice and H on the coin is P(5H) = 17

Example 9.  The probahility that a person will travel from Dhaka mal{huhm
by bus is — and that he will travel from Khulna to Rajshahi by train is =, Use a

pu_:im‘mhl,j. tree to determine the probability that the person will travel to Khulna
by bus and will subsequently travel to Rajshahi not by train,

Solution: The probability tree will be

ot by bus

Khulna

\“ '\ut train By train,”

y] Rﬂ]hh}lh] Rajshahi | i Rajshahi

K

hulna

frI
/’-I

By train

Rij Hhé.lhi

Therefore, the probability that the person will travel from Dhaka to Khaloa by

s i
3 \{‘:nt train

5=

bus and then from Khulna to Rajshahi not by train is

; c 2 3 6 3
P[Khulna by bus. Rajshahi not by Em-in] = Pt 5 0 — N

Activity:
1) Write down all possible outeomes of three tossings of a coin using a
prohahility tree and find the sample space.  From these, find the
probability of getting (¢) the same outcome in all three tossings (i) at
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least 21" {#ii) at most 27"

2} Construet a probability tree for throwing of one dice and two coins.

Exercise 14

1. Which is the probability of getting 3 in a throw of a dice?
1 1 2
1}, 2) = 3 = 4
) 5 ) 3 ) )

Answer guestions 2 and 3 based on the information given below:

e | =

A ball is drawn at random from a bag containing 12 hlue, 16 white and 20

black balls.
2. What is the probahility that the ball is blue?

1 1 1 1
) T Y 35 3 3 4 9
3. What is the probahility that the ball is not white?
| 2 | |
1) - ) — uy o
) 3 2) 3) 16 ) 45

3
Answer questions 4 and 5 based on following information:
A roin is tossed thrice.

4, What is the probability of getting a head more number of tines than getting

a tail?
1 1 1 2
1) - 2) = 3 = 4) =
) < ) 3 ) 5 )
5. What is the probability of getting T zero number of times?
10 9) 1 3) 1 )
) 3 ) 3
(. In the case of throwing two coins-
(#) Probability of getting at most one H = (.75
(i2) Probability of getting at least one H = 0.75
(¢2¢) HII is a sample point.
Which one of the following is correct?
1) 4,44 2) i, wi 3) i, di 4} 1, e, i

(25
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L0,

11,

Thirty tickets are numbered serially form 1 to 30. The tickets are mixed
thoroughly and one ticket is drawn at random. Find the probability of the
serial number of the ticket being 1) an even number 2} divisible by 4 3)
less than 4 4) greater than 22.

In a certain lottery 570 tickets have been sold. Rahim has benght 15 tickets.
The tickets are mixed together thoroughly and one ticket is drawn at random
for the first price. What is the probability of Rahim getting the first prize?

What is the probability of getting an even number or a number divisible by
3 in a single throw of a diece?

According to the report of a health centre, 155 habies were born who were
underweight, 386 babies were bhorn with normal weight and 98 babies were
born who were overweight. One babv is selected at random from these
habies. What is the probahility that the baby was overweight?

The employees employved in a factory can be classified based on the types of
work they perform. as mentioned helow:

Classification | Number of Employees
Managerial 157
Inspection 52
Production 1473
Office Work 215

If a person is selected randomly, then what is the probablity of the person
heing-

1) involved in management duty?
2) involved in managerial or production duty?
3} not involved in production duty?

Out of 2000 newly licensed drivers. the following number of drivers violate
the traffic rules in a single year.
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Number of Violation of Traffic Rules | Number of Drivers
[ () ' 1910 |
1 46
P 15
3 12
4 f
More than |4 n

Iy Out of these 2000 drivers, if one driver is chosen at random what is the
prabahility that the driver has violated traffic rules once? 2) What is the
prohability that the driver has violated traffic rules more than 4 times?

Form a probability tree for tossing a coin and throwing a dice successively.

Fill up the following table with the help of probability trees:

Tossing of a coin All possible onteomes | Probahility
One tossing of a coin M) =
Two tossings of a coin P(1H) =
| PHT) =
| Three tossings of a coin P[ﬁHT] =
P(2H) =

The probability that a certain person will travel from Dhaka to Rajshahi

by train is 5 and that subsequently the person will travel from Hajshahi to
- i
Dinajpur by hus is = Using a probability tree

1} Find the probability that the person will travel from Dhaka to Rajshahi
not by train and then travel to Dinajpur by bus,

2} Find the probability that the person will travel from Dhaka to Rajshahi
by train and then travel to Dinajpur not hy bus.
The probability that a person will travel from Dhaka to Chittagong by

2 3
train is 5 the probability that the person will travel by bus is 7 and the
1
probability that he will take a fHight is 9 The probability that subsequently

the person will travel to Cox’s Bazar by bus is — and the probahility that

r

5
he will travel by car is Z. Use a probability tree to find the probahility that
he will travel by train to Chittagong and then by bus to Cox’s Bazar.
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17. A two-taka coin is tossed four times, (Denote its side with Water Lily Hower
by L and the side with the primary school going child by ()

1) If the coin is tossed twice rather than four times, what is the probability
of getting a L and that of not getting a €7

2) Draw the probability tree of the possible events and write down the

sample space.

4)  Show that, if the coin was tossed n times, the total number of possible

events is 27,

18, There are 8 red, 10 white and 7 black marbles i a basket. A marble is

chiosen randomly.
1} Find all possible outcomes.
2) Find the probability of the marble being (1) Red and (2) Not white .

3} If four marbles are picked up one by one without replacing any one of
them. then find the probability of all the marbles being white.

Forma-43, Higher Mathe, Class-9-10



Answers to exercises

Exercises 1.1

5 1) A={1,4.5"1,9,11.13,15.17, 19}
2) B=42,3.8;7,11.13,17,149}
3) &=1{8.57 11,1817, 1&]‘}
1) D=1{1,2,357,9.11,13,15, 17,19}
G, 1) =8 2y L 3) 24
7. 04 s, 3
6. 2) A 178
21 1y 2< a3 2) v= lonxr>5 3) BEZvid=x<35}
22. 1) 3 <=4 3y 4 r<h
a) 1l<x=<3 4y z<t, z =26, z<10
23 1) AuB={-3-2-10123 2} AUB={6}
24. 1) AnEB={02} 2) AnB={b¢e}
25 1) 10 2} a0

Exercises 1.2

A 1) (i) dom S = {1,2,3,4}, range & = {5, 10, 15, 20},
51 = {(5,1),(10,2),(15.3), (20,4)}

(217 5 and 57 each is & unetion
(41 ) one-one function

2) (i) dom & ={—3,—2.—1,0,1,2,3}, range 5§ = {—1.0,3, 8},
g1 = {(8, —3), (3. —2), (0, —1).{=1,0), (0, 1). (3.2), (8.3)}

{#4) S function, 5! not a function , since (0,1}, (0, —1}, (—3,8)
(3.8), (—2.3), (2.3) images are not ditterent

(7i1] not one-one function

I 5

3) (i) dom & = {ﬁ I: 7 [ Tanee & =1-2,-1,0,1,2}

g1 _ {(n,_ é) (L1 (-1, 1) (2‘- %) ’(_2’ g)}

it} & not a lunetion sinee (1, 1) and (1, —1) have different images,
57! function

{114} not one-one function

2025



4) (i) dom S =
(17) S.57! both are functions
{(#1¢) one-one function

(1) dom §={2}, range 5 = {1,2,3}, §~' =

5) {(1,2

(#4) 5 not a function, 5! function
(##1) not one-one function

1) 0,23 2 a

10. 1} dom FF=R, range F =R

Exercises 2

(o + 1%+ 2)(r +3)

(2a — 1){a+1)(a+2)(2a+ 1)

o H
2)
3) (w4 1) (x*+uw41)
(®+y + 2}y + y2 + 2r)
5)
6)
7)

8)
10. 1) 1

—(z—y)y—2)(z —=)
—(a—=Hh)(b—clle—a)la+b)(b+e)c+a)
{3z + 4y — 2)(5x — Gy + 3)

(3 + 4y — 22)(5r — Gy + 32)
2) 0 3)

449

{=3,-1.0,1,3}, range S={-3,-1,0,1,3}, 5= 8§

(2,2),(3,2)}

4) 1+
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Exercises 5.1

3
-3 =
2

2—+/3,2+v3
:Lm —/33), }115+ V33)

SO R e
E{—i = -j?j {:[—T ] -jl':|

£(9— VITB), 5(9+ VI0B)

4, 4

_-_li-{ 7 v’ﬁ),—‘l[ 74 VBT)
1
512

Exercises 5.2

1. 13 2 ﬁ
b
9 9
5. B Bl =
g
25 1 3 0
b 22 2 0 =2 =
9 L7 i 2 11
Exercises 5.3
7
1. 2 T
- “ 3
4. & h, 2
7. 3 500
11
0. —1.0 11. 2
2' 9

Higher Mathematics Classes IX-X

= m|.;;|l:l".'|

—
b2

12, 2,3

225
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Exercises 5.4

L (2,3), (%% ) 2. (3,4), (— i)

3. (0,0), (13,13), (3,=2). (=2.3) 4. (0,0), (5:5), (2,—=1), (—=1,2)
(). (4 o (59 (5
[112]. L'_l.'_l'z;}

8. (7,5), (=7.—5), (v2,—6v32), (—V2.6v2)

9. (3,4), (4,3), (=3,=4), (=4,=3)  10. (2,1), (2,=1), (=2.1), (=2, =1)

Ll |

'_-I

o 18 2 3 2
12. (1,3), (-1.-3), (v’_ v”_) (_E_ﬁ)

Exercises 5.5

1. 16 m., 15 m. 2. 13,9

3. length 8 m., width 6 m. 4 19

5. (length, width) = (G,4) m. or (16, lé} 11,

6. length 25 m., width 24 m. 7. length 8 m., width 6 m.
s, 36 0. 83 m.

10. length 20 m., width 15 m.

Exercises 5.6

{x, y) respectively:

1. (2.3) 2 @1) (
4. (1,2) 5. (3.3)

5 L 5 4 ; L 2 5§ 5 o1
R (—2,:{:5) 8. (1,2), (—5,—5) 9. (2,£2), (—E,ii)

!"s.p||—'
|
s |

o S
=2 T =T~
=
=
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Exercises 5.7

13, Impossible since both the mumbers will be mmltiple of 5.

14 x{r+ 1) = lin + 6 where n, ¢ are integers. The last digit of x is either 2,3
or 7,8. But such a number ean never be a perfect square.

15 11 times 1. 22 times I7. 143 times

Exercises 6.1

[T
= < - - O i ,
i3 T & 1]
2 ¥ . | =
k1 } T ™ }
2 3 4 L
e S
> O t : »
[l 1 2 I
i = b
£ — i
1 H i T
r} - : A EI _1i }
[ 3 2 I ]
=0
iJ- : ; . i
4 5] L] i
- i =3 N
& - - >
2 3 4 5
- |
= | o—+——1 ro
] 1 2 3

Exercises 6.2

r42
1. :!_4-+T<t2£i,l’}e:;:ct8

43
2, dr+(x—3)=40,3<r=< —
9

3. T0r+ 200 < 500.0 <2 <5
4. ¢ < 100, 0 < < 390

B, obdr=<4),H<a8B

2025
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G. Father's age < 42 years

7. [If the current age of Jeny is 7, then 14 < 7 < 17

*

If time is t seconds then + = 50

=

; ; . il
If flying time is t hrs. then t = Jg

) 9
10, If Hying time is ¢ hrs. then f = Eﬁ

11, If the number isa then (} <+ < 5

Exercises 6.3

12, Prices of rubber, pen and notebook are redpectively Tk, 19, Tk, 26 and
Tk. 55

13. 8
14, 72° 36°
15. One of length and width will be from o =1 to 7 m., the other one 8 — i m.

16.  Hint: Such a triangle can be constructed for whicha < e, b < e, a+b < c+1
and @ and b can be made ag big as desired,

7. Sajib will reach earlier

Exercises 7

15 r 1 1 1 .
1-.]- E”. ; } 2 2 5 e ey _— l.__ﬂ' LI }
1} 20,30, 2r 2} 5, 55 3) 110" 240° 7+ 1) 1) 1,01 (r even) and
o3 0D - L — (=1
{J' ELIL” ~J_:| 3"—9 —'ﬁ 31_1 fJJ LL ]_, —._2...—
10. 1) n>108  2) = 03 %9
1. 1) 2 2) 7 3) —; 4) sum diverges
5) .
T ) in ol
12, 1) —("—1) — — 2y — (10" —1) —
) 81{ ) o ) SJ( )
1
13, condition v < —2 or & > 1) 2um = =
3 305 1 103
14. 1) — 2y 2 3} 1] d——o
) 11 :I 004 ) 3330 ) 0990
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Exercises 8.1

L. 1) (i) 13177 radians (approx) () 0.9759 radians (approx) (i) 0.5824
radians (approx)

2) (i) 110°46"9.23" (i¢) T5°29'54.5" (éiv) 55°54'53.35"

3. 12,7549 m. (approx) 4. 57 km./hr (approx} 5. g radians | g radians
L 2T oW 4w -

6. FRiia 7. 562 km. (approx) 8. 1,135.3 km. (approx)
9. 4.78 Im,.r‘sl (approx) 1), 1 km. (approx) 11. 1.833 radians (approx)
12, 11459 m. (approx) 13, 1745 m.(approx) or 1.75 km. (approx)

Exercises 8.2

1
k., = 2y 2
) 75 |
f ; 1
2. tan# % sin# —g 3. coRd = _\—"_'?' tanA —2
4, amind = "}E tand — 43 5. AMA = —— o8 = k2
5 13 13
2 z
g T
L — y&. il
: 27 17 5 53
12 1 e 2 —= ] == 4 >
) 4 ) 12 :I ] ] i
13. 2
Exercises 8.3
; 1
A g M | 27 0 31 undefned 1) —
1 4
. 5
a) 73 6) undefined Ty — 5 =) 5
9. 1) 0 23 a) =2 4) 2 2} 2
11 27 4 A5 Kk
i, Sy ERS i I Gk 4y ==
) 5] ) 3 3 ) 3 ) 4
w W T W v i
12 1 - 2 - ] - 4 - - 7 -
) 5 b3 ' % )% 3 R
2 4w i D  dw Dw Ww
| L T i 2 =7 T R = e
3 ) 3 3.‘1 5 o ) fi rli e i ) A rrl l |
w dxr bw Tmw w B Tw ™ T
4] -, —. —, — H) — —. —. G) —. —
) 13 5 ) g ) &6 6 B " 33
T B
T) 0, =, 7 s &
i R 3 5 T

11,

2025



Exercises 9.1

b 2] = 3
l'IlrJ J Ir) ‘J {a o
4) 1 n) 1 i) I[EJ”"
3
5 1) 0 2] 0 3) 5
9 1) z=0 2} w=1, y=1 3) z==-2, y=-2
) r=-1, y=1

Exercises 9.2
9. 1) r=In{l —y) 2) z=1W¥
3) ==L/

11. Dy=(-1,1}, Ry=R
12, 1) D;=[-5.8), R;=[0.5] 2) Dy=[-2.2. Ry=[0.4]
3) D; =R, Ry ={-1,0,1}

Exercises 10.1

1. 1+ 5y + 10y + 100 + 5y + "

1) 1—5y+104% — 104 + 35" — o°

2) 1+ 10x + 400% + 80x® + 802 + 3227
1) 14 245+ 2402 + 128023 + - .-

2) 1 — 21+ 18002 — 9453 + . -.

3. 1+8x?+ 28z +56x%+ ... and 1.082856

1’

4. 1) 1- 10z + 40z*
2) 1427+ 3242+ -

5.001) 1 — 142® + 84t — 2802" 4+
g 24 32
B A4 ==
4 ! g e
A - B | 35 1
3 1 T B
) A 4 oz 5 gd

6. 1) 1—6x+1563F 2054 ...
2) 14 127+ 607 + 160z 4 - ..
Forma-44, Higher Mathe, Class-9-10
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Higher Mathematics (lasses IX-X

Exercises 10.2

=

9.

1) 32+ 80x° + 80x* + 402 + 1058 4 2"

96 60 20 L5 3 |
] = I T T AT 7 BN atty SRy 1 LI T W=
2). 94 T - o i det  Bgb ’ Gda?
1) G4+ 576w + 21602° + 432005 + - -
340 160 20
9) 109 — g e 2 g
H H :1"2 :[r'i

p=2.r=04:8= 0G0

7

5 D
64 + 48z + 152% + z7° + - - -, 63.5215
AL.20810
;i K
n = 8, no. of elements 9 and middle element —:

-

1) ¢=4632) k=2
L™ higger

Exercises 11.1

= ooy on

1]

1) V13 units 2) 442 units 3) la — b|w/2 units
4) 1 units 5) +/13 units

f:=-—55
16.971 (approx)
B near, A far

3
=4/ 13

Exercises 11.2

2.
3.

1) 7 units, 44/2 units, 5 units, 12 + 44/2 units
2) 14 sq. units
1} i sq. units 2) 24 sq. units

\f’gﬁ units, v"'fﬁ units, 11.972 sq. units

2025
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o

R

10.

347

2a® s5¢. units

10 units, 10 units, 40 sq. units

; - 19 , . .
If @ =5 then —~ 84 units, If o = 15 then 5 5. units

.
3
If @ = 2 then, ABC right-angled triangle, AC' hypotenuse and ZBAC right

angle

g==2:0

1) 21 5q. units 2) 24 8q. units 3) 15 sq. units
09
o= ?

Exercises 11.3

]
L1 -1 2 3 30 4) 2
1
2000 ey g = oo 12
5 ;
Exercises 11.4
W, y=2r-5
1. 1) y=—r+6 2) y=r—23 i) y=3r—3a
12 1) y=3r+5 2) y=38r -5 3) y=-3r+5
4) y=—-3r-5 6 i
13. 1) (1,00, (0,—3) 9) {—é,u}.{u.:ﬂj 3) {'E,U). (0, —-2)
4. y=4k(r—k), k=23
1 "
15, y= (e +k?), k=—1.2
5 et
17, 1) py=3¢+9%and y=-2r+4 2) 15 s5q. units
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Exercises 13

7. (36 sq.m., 20.5 m., ¥64 cnbic m. 8. 1 cubic m. , 7.8 sc.m.
9. 300 sq.cm. 0. 875 m.. 3.2 m.

11. 301.G sqg.em., 301.6 ce 12. 25 cm.

13. 64.14 cc 14. 452.39 sq.em., 4.8 ce
15. 1 cm. 16. 11.37 cm.
17. 1.06 em. I5. 4 units

19. 1308.82 cc 20. 78.54 sq.em.
21. 748 sq.m., Tk. 107.98 22, B3800 units
23. 16 ¢m., 12 em., 12 cm. 24. 2086.49 sq.m.
25, T8 sq.em., 1550 ce 26. 203,14 sq.em., 20785 co
27, 296.38 sq.em. 31177 e 28, 110,85 sq.em., H0.34 oo
29. 40.65 sq.cm., 16 co 30, 466280 oo

Exercises 14

_ | 7 a 1
|
8_ =z
38
2
g_ =
3
L]
i 2
039 1 or 1630 194
1. 1) — gy == ) it
1897 1897 1807
23 1
12, 1) —— 9} ——
) To00 ) To0
% 25
15 1) — 9y =2
- 1) & ) &
1
;e
" 15

2025
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