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Preface

The importance of formal education is diversified. The prime goal of modern
education is not to impart knowledge only but to build a prosperons nation by
developing skilled human resources, At the same time, education is the best
means of developing a society free from superstitions and adheres to science
and facts. To stand as a developed nation in the science and technology-driven
world of the 21st century, we need to ensure quality education. A well-planned
education is essential for enabling our new generation to face the challenges of
the age and to motivate them with the strength of patriotism. values, and
ethies. In this context, the government is determined to ensure education as per
the demand of the age.

Edueation is the backbone of a nation and a eurrieulum provides the essence of
formal education. Again, the most important tool for implementing a
curriculum is the textbook, The National Cuarriculum 2012 has been adopted to
achieve the goals of the National Education Policy 2010. In light of this, the
National Curricnlum and Textbook Board (NCTB) has been persistently
working on developing, printing, and distributing quality textbooks. This
organization also reviews and revises the curriculum, textbook, and assessment
methods according to needs and realities.

Secondary education is a vital stage in our education systen. This textbook is
catered to the age. aptitude. and endless inquisitiveness of the students at this
level, as well as to achieve the aims and objectives of the curriculum. It is
helieved that the book written and meticulously edited by experienced and
skilled teachers and experts will be conducive to a joyful experience for the
students, It is hoped that the book will play a significant role in promoting
creative and aesthetic spirits among students along with subject knowledge and
skills.

In this era of 21st century, the role of Mathematics is very important in the
development of knowledge and science. Besides, the application of mathematics
has expanded from personal life to family and social life, Keeping all these
things in mind, the Mathematics Textbook has been easily and nicely presented.
Several new mathematical topics have been included to make the Mathematics
useful and enjovable for grade IX and X students of the secondary level.

It may be mentioned here that due to the changing situation in 2024 and as per
the needs the texthook has been reviewed and revised for the academic vear
2025. It is mentionable here that the last version of the textbook developed
according to the curriculum 2012 has been taken as the hasis. Meticulous
attention has been paid to the textbook to make it more learner-friendly and
error-free. However, any suggestions for further improvement of this book will
be appreciated.

Finally, I would like to thank all of those who have contributed to the book as
writers, editors, reviewers, illustrators and graphic designers.

Octaober, 2024 Prof. Dr. A K M Reazul Hassan
Chairman
National Currienlum and Textbook Board, Bangladesh
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Chapter 1

Real Numbers

History of numbers is as old as that of human civilization. Mathematies was
originated from the process of expressing quantity by syvmbols as numbers.
According to Greek Philosopher Aristotle, formal beginning of mathematics
started with its practice among ancient Egyptian priests, So it can be said that
number based Mathematics was created about two thousand vears before the
birth of Jesus Christ, After that numbers and operations on them have reached
today's universal form through the hands of different nations and civilizations.

Indiin mathematicians introduced frst the concept of O and decimal number
system for satisfying the need of ecounting natural numbers. This is considered
as 1 milestone in the representation of mumbers. Later on Indian and Chinese
mathematicians expanded the concepts of (), negative, real, integer and
fractional numbers which the Arabian mathematicians took on the basis with
medieval age. Muslim mathematicians of the Middle East are given the eredit
of expressing mumbers by decimal fractions. Again they first introduced
irrational numbers in the form of square roots for seolution of guadratic
algebraic equations in the 11th century. Historians think that around 500 A.D.
Greek philosophers felt the necessity of irrational numbers, especially sqguare
root of 2, for the purpese of geometrical drawing., In the nineteenth century
European mathematicians gave real numbers complete shape by systematization.
In order to satistying daily needs students are required to have clear
understanding about real numbers. In this chapter real numbers have been
discussed in detail.

At the end of this chapter students will be able to -

p classify real munbers.

p deduce approximate values of real numbers hy expressing it in
decimal fractions.

p classify decimal fraction

Forma-1. Mathematics. Class 9-10
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interpret repeated decimal numbers and convert fractions into
repeated deciinal numnbers,

convert repeated decimal fractions into fractions.
interpret infinite no-nrepeating fractional mimbers.

interpret similar and dissimilar decimal fractions.

yvyvyvy

carry out addition, subtraction. mumltiplication aned division operations
on repeated decimal fractions, and will be able to solve different relevant
problems.

Classification of Real Numbers

Natural Number: 1.2 3, 4,... et¢ are natural numbers or positive whole numbers,
2,35, 7,.... are primes and 4.6, 8.9, .. ___ ete are eomposite munbers. If GCD
(Greatest Common Divisor)of two integers is 1 then they are ealled mutually
primes. For example 6 and 35 are mutually primes,

Integer: All positive and negative fractionless numbers are said to be integers.
For example, ...,—3.-2,=1,0.1.2, 3, ... ete are integers,

Fractional Number: Numbers oxpressible as 4 are said to be [actional numbers
q
e 1 3 =5 4
where g # 0, g # 1 and p are not divisible by ¢, For example, 5 3 38 ot

are simple fractional numbers. In case of a simple fraction L s p < q. then the
y

fraction is called proper and if p > ¢ then the fraction is termed improper. For
|
axample 30 3

fractions.

. ... tte are proper fractions. 3 g

i
| =

. ooete are improper

i

[ i |

e | e

Sy g

H 1

L

. . : 14 .
Rational Number: Numbers of the form — are called rational when p and ¢

4 ”
are integers and g = (). For example, ? =1 l—; = 5.0, i; = 1.666, ... etc are

rational mumbers. Any rational number can be expressed as ratio of two mutually
prime numbers, All integers and fractions are rational numbers.

. . P
Irrational Number: If a number cannot be expressed in the form ~ where p

t
and g are intezers and g # 0, then it is called an irrational number. Root of a
natural number not equal to perfect square or its fraction is an irrational number.

2025
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For example. V2 = 1414213 ... 3 = 1.732. .. 7 = 1.115.. ., eteare irrational
numbers. No irrational niumber can be expressed as ratio of two integers.

Decimal Fractional Number: Rational and irrational numbers when expressed
using :-lnginml ﬁig?ﬂ are called decimal fractional number For example,
3 = 3.0, EJ = 25, 5 = 33333, V3 = L732..., et are decimal fractional
munbers, If there are finite nnmber of digits after decimal sign, then this is called
finite decimal fraction and if there are infinitely many digits, then it is called
infinite decimal fractions. For example, 0.52, 3.4152 etc are finite decimal
fractions. whereas i{ = 1.333....4/5 = 2123512367 .. ..ete are infinite decimal
fractions. Again, in case of infinite decimal numbers, il some degits after decimal
point are repeated, they are called mhbnite repeated decimal fractions. If digits
are not repeated, they are ealled infinite decimal numbers without repeatation.

I - - . .
For example, e 1.2323. .., 5.1654 ete are infinite repeated decimal fractious
and (L523050056 . ..,2,12840314 ... ete are infinite decimal numbers without
repeatation.

Real Number: All rational and irrational numbers are called real mumbers.
For exnmple, the following mumbers are real nmumbers.

| 1
0,41, £2, £3,+- +— s
2 3
V2, V3,.VBAT, [.23, 0.415, 1.3333 ..., 0.62, 4120345061 . . .

Positive Numbe‘g All real onmbers bigger than 0 are called positive numbers.
For example, 2, 5" 3 V2, (LALE, 0,62, 4. 120845061 . . ., ete are positive numbers,

Negative Number: All real numbers smaller than 0 are called negative numbers,
4

Forexample. 2. =5, 2. —2. —0.415, —0.62, —4.120345061 .. ., ete are

|
. 2
negative numbers.

Non-negative Number:All positive numbers including () are called nonnegative
numbers,  For example, (), .‘5,3.{!.{51‘2. 1.3, 2.120845. ... ete are no-nnegative

murnlers,

In the following chart we can see classification of real numbers,
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irrationul
inteer Hraction
i & .

i
i S — B -
positive | 0 l'LF,E;BTi"."E‘l &-;111]111!.'|
1 [ N infinite
infinite | {decimal

| prime || ] | nnn}.arimq iﬁ-l:f !T'H.‘-'i“j;impr;up{:rﬂ el | ﬁﬁitc |

repeated | (without
repeatation

Work: Show the position of the following mumbers in the classification of

g9

réal numbers ; 518 0l =, 12 Ei 1.1234, 0.323
- i 5

Example 1. Find an irrational number between /3 and 4.

Solution: Here, +/3 = 1.7320508 . ..

Suppose, a and b are two irrational numbers between /3 and 4.

Where a=+v3 +1 and b=+v/3 +2

Obwionsly a and b are both irrational nambers and both are hetween v'3 and 4.
That is, v3 <v3+1<yv34+2< 4

coaand boave the two desired irrational numbers.

In faet, we can eonstroet countless nomber of such irratioual nombers,

Basic characteristics of addition and multiplication processes of real

numbers :
1. If @ and b are real numbers, (i} o + b is o real number and (#4) ab isa real
munher.
2. If e and b are real mumbers, (i) e + b= b+ a and (i) ab = ba
3. la. b eare real numbers, (i) (a+0)+e = a4+ (b+¢) and (i) (ab)ec = albe)
4. If a is real number, there are only two real numbers 0 and 1 such that

({Y0#L (ii)a+0=0+a=cgand(iti)a-1=1-a=a

2023
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If @ is real nmumber. (i) a4+ (—a) =0 (if) Il 2 £ 0 then a - l —5|
i

on

(. If a, b, e are real numbers, a(b+¢) = ab+ae
Y. I a b are real mumbers,a < bhoran=hora > 6
8. If a. b, care real numbers and a < hthena+e¢ < b+¢
9. If a,b ¢ are real numhers and n < b then (¢) ae < be whenever ¢ > ()
(1) ac > be whenever ¢ < ()
Proposition: /2 is an irrational number.

Proof: Suppose, /2 is an irrational number.
p
q

Then there are two mutually prime numbers p, ¢ > 1 so that 2 =

2 il
i )
Or 2= 'r—z [squaring| that 1s 29 = B [ multiplying both sides by q |
i i
2
Obwvionisly 2q is an integer but e is not an integer, hecause p and g are natural
[}
numbers and they are mutually prime and ¢ > 1.
; i ; v
o 2q and T cannot be equal, that is 2g # _|"
{

“. /2 cannot be expressed in the form P that is V2 # £
q q

© /2 is an irrational number. O

Remarks : 0 is used as the end mark of logical proof

Work: Prove that +3 is an irrational number,

Example 2. Prove that when one is added to the produet of 4 consecutive
natural numbers this becomes a perfect square,
Solution: Let the consecutive integers be o, x4+ 1, x+2, r+3
If we add 1 to the product of these 4 integers we get:
ol 4+ Ljfa+ 2 e+ 3+ 1
=x{z+3)(z+1(z+2)+1
(* +30)(a* + 30+ 2)+ 1
=afa+2)+1 [Assume #* + 32 =a |
—a*+2a+1=(a+1)?=("+3+1)"
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which is a perfect square. Therefore, when 1 is added to the produet of any four
consecutive natural numbers, this becomes a perfect square.

Decimal Fractions

e

Each teal number can be expressed in decimal fractions. For example,
2 = 240, =
namely: finite, repeated and infinite decimal fractions.

|t

= 04, = = 0.333... ete. Decimal fractions are of three types,

Finite decimal fractions: In any finite decimal fraction there is only a finite
numbers of digits after the decimal point. Forexample, 0,12, 1.023. 7.832, 5467, ...
ete are finite decimal fractions,

Repeated decimal fractions: In any repeating dectimal fraction all or some
digits on the right of decimal point come again and again.  For example,
3.333 ..., 2.454545..., 5.12T657065. .. et¢ are repeated decimal fractions.

Infinite decimal fractions: In an infinite decimal fraction digits on the right
of decimal point never terminate, i.e. the number of digits on the right of the
decimal point will not be fnite neither will its part appear repeatedly, For
example, 14142135, .., 28284271 . .. ete are Iufinite deeimal fractions,
Remarks: Finite and repeating decimal fractions are rational numbers whereas
infinite decimal numbers are irrational numbers. Value of any irrational number
can be determined up to any desived decimal place. If mumerator and denominator of
a fraction can be represented by natural numbers, then the fraction = a rational
mnber.

Work: Classilv  the  [ollowing numbers  with  reassons:
1.723, 5.2333..., (L0025, 2.1356124. ... 0.01050105. .. and 0.450123. ..

Repeating decimal fractions

6)23(3.833 o4

18 Express the fraction % into decimal
50 fraction. Observe that when nunerator
18 was divided by denominator  the
st division process could not be completed.
20 Observe that in the result the digit
15 3 appears over and over again.  So
20 :1.83?3.., is A repeating decimal

18 number.

2

2125
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The decimal fraction for which the same digit or o set of digits in order appear
after decimal point is ealled repeating decial Faction.  The part of the
repeating decimal fraction that appears over and over again is called repeating,
The remaining part 15 nourepating,

In @ repearing cdecimal fraction if o single digit repeats, then o point s marked
above that digit, Otherwise point 5 marked on the first and the last repeating
digits. For example, 2.555 . . is written as 2.5 and 3.124124124 ., as 3,124,

In a decimal mumber i every digit after decimal poiot is repeating, then it 15 ealled
a pure repeating fraction. Otherwise the raction is called mixed, For example,

1.3 is a pure repeating traction and 4,235112 is a mixed repoating fraction.

1f in the denominator there are digits other than 2, 5 as o factor, then no

numerator will be divisible Ly that denominator. Sinee there eannot be any digit
other than 1, 2, . ... 9.at some stage as residue; the same numbers will appear.
Number of digits 1o the repeating part is alwiays less than the number in the
denominator,

=

3 :
Example 3. Fxpress 11 anil 3—:’ into decimal fractions.
i

‘ 95 .
Solution: — anil T: have been eonverted into decimal fractions as bhelow.
i
Actually 3 has been divided. 37)05(2 56756

But since 4 3= smaller than

11, O has been placed in the 74
dividend and o O has been 210
placed to the right of 3 and made it 30 185
11)30(0.2727 250
22 222
80 280
77 259
30 210
22 185
80 250
77 222
s g
3 i a5 2 5
T 0.2727 ... =027 o 2.56THG7. .. = 2.567

Desired decimal fractions are respectively 0.27 and 2.567
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Converting repeating decimal fractions into common fractions

Example 4. Convert 0.3, 0.24, and 42.3478 into common fractions.

Solution: In the following, 0.3, 0.24 and 42.347% have been enverted into common
fractions,
First 0.3 =0.3333. ..
0.3 % 10 = 0,333, .. % 10 = 3.333. ..
0.3%x1=0333...%x1=0333. ..

subtracting, 0.3 % 10— 0.3 x 1 =3
D3x(10-1)=3

03x9=3
T
,ﬂﬁ_ﬁ_g

Now 0.24 = (1L24242424 ., .
0.24 % 100 = 0.242424 . ., % 100 = 24.24242424 . , .
0.21% 1 =0242424, .. % 1 = 024242424 ., .

subtracting, (.24 = 00 = 24

o
s 024 = T
Finally 42 3478 = 42 JATRTATR ...

42.34'}'.4 3 10000 = 42.3478TATE . L % T = 4234 7R, TRTRTRTS.. ..
42 3478 w100 = A2 34THTATR. . = 100 = 42347878 ..

subtracting, 42.3478 x 0000 = 423478 — 4234 = 419244
419244 34937 287

H P T ;?I": = — —
AARHIN= "0 = 8os 825
. desired common fractions are repsectively 0.3 = B 0,21 = 33’ 42,3478 =
287
49t
2?525

Explanation: From the three examples above it appears that,

e Repeating fraction is multiplied with a number equalling 1 followed hy as
many (s as there are digits after decimal point of a repeating fraction.

223
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e The repeating decimal fraction has been multiplied with a number equalling
I followed by as many (s as many nonrepeating digits are there in the
repeating decimal fraction.

e Subtracting the second number from the first results in a whole number, Tt
may he noted that nonrepeating part has been subtracted from the repeating
decimal fraction by deleting decimal point aml repeating point.

e The result of subtraction has been divided by a number equalling as many
05 as many repeating digits were there in the original repeating decimal
fraction. followed by as many Us as there were nonsepeating digits after
decimal point.

e [n converting repeating decimal fraction into common fraction we have
denominator having as many 9s as many repeating digits followed by as
many s as many nonrepeating digits after decimal point. Numerator
equals a whole number we get after removing decimal and repeating points
in the fraction less the number obtained by deleting the decimal point and
all digits in the repeating part.

Remarks: Repeating decimal fractions ean always be converted into eommon
fractions, All repeating decimal fractions are rational numbers,

Example 5.  Convert 523457 into a common fraction,

Solution: 5.23457 = 593457457457 . ..
5.23457 x 100000 = 523457 457457 . ..

523457 % 100 523457457 . . .

subtracting, 5.23457 » 09900 = 522934
(.o 522934 261467 11717
. 5.23457 = = T
SR BOU00 49950 J‘i‘.u’l‘.JlEuE]I

; TSP 1 A

7. The required fraction is 5 19050°
Explanation: Sinee there arve 5 digits in the decimal part. the repeating decimal
fraction has heen multiplied by LOOO0O (5 Os after 1), Since there are two decimal
digits before the repeating part (1 followed by 2 0s), repeating decimal fraction
has been multiplied by 100, The second product has been subtracted from the first.
On one side of subtraction 15 a whole munber, and in the other the repeating
decimal number multiplied by (100000 — 1000) = 99900. Both sides are divided

Forma-2, Mathematics, Class 9-10
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by 99900 to and the common fraction is obtained.

Rules for converting repeating decimal fractions into common
fractions: = the result by sub tracting

Numerator of the desired fraction the integer obtained by deleting the decimal
point of the given decimal fraction and the integer formed by the nonrepeating
portion.. Denominator of the desired fraction = mumbers formed by putting as many
Us asmany digits in the repeating part followed by as many (ks in the nonrepeating
part after the decimal point.

These rules have been applied in the following examples to convert a repeating
decimal fractions into common fractions.

Example 6. Convert 45.2346 into common fraction.
452346 — 452 451894 225047 1172
== = == )
U‘I}'Iﬁjjg 290 4995 4915
i

-othe desived fraction is 45

Solution: 45.2346 =

4995
Example 7. Convert 32.567 into common fraction,
32067 - 32 _ 32535 _ 3615 1205 21
909 999 1l 37 a7

. the desired fraction is 325,
il

Solution: 32.567 =

Work: Convert (041, 3.04623, 0.012 and 3.3121 into common [ractions.

Similar and dissimilar repeating decimal fractions

If for two or more repeating decimal fractions number of digits both in repeating
and nonrepeating parts are the same, then they are called similar repeating decimal
fractions. Otherwise they are called dissimilar repeating decimal fractions. For
excanple, 12,45 and 6.32; 9,453 and 125,897 are similar repeating decimal fractions,
But, 0.3456 and 7.45789; 6.4357 and 2.89345 are dissimilar repeating decimal
fractions.

Converting dissimilar repeating decimal fractions into similar ones

Il we write repeating part of a repeating decimal fraction, the value does not
change. For example, 64537 = 6.453737 = 6.45373 = 6.453737. Here each one of

them is a repeating decimal fraction 6.45373737 .. .. which is an intinite decimal

20125
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number, If we convert this repeating decimal number into common fraction, we
will see that all of them are equal.

(4537 — 645 63802

6.4037 = =
Zhaih 9900 900()
. GAB3T3T—645 6453092 63892
Gedandrar 900000 099900 0900
6.4nangs  B153737 64537 6380200 _ 63802
RRE 990000 990000 9900

In order to convert into similar repeating decimal fractions every repeating decimal
must. have equal number of digits in nourepeating part. Repeating part mnst
have number of digits equal to lowest eommon multiple of digits in all repeating
parts,

Example 8.  Convert 5.6, 7.345, and 10.78423 into similar repeating decimal
fractions.

Solution:  Repeating decimal fractions 5.6, 7.345. and 10.78423 have
nonrepeating digits equalling 0, 1 and 2 respectively. Here 10.78423 has the
most number of digits in nonrepeating part, so in order to convert into similar
repeating decimal fractions we must have 2 digits in nonrepeating part of every
mumnber. 5.6, 7.345 and 10.78423 in repeating decimal fractions have respectively 1,
2 and 3 digits in the repeating part. LOM of 1. 2 and 3 is 6. So in order to
comvert into similar repeating decimal fractions we must have 6 digits in the
repating part of every number. So, 5.6 = 5.66666666, 7.345 = 7.44545454 and
1078423 = LOTRI23423.  Desired similar repeating decimal [ractions are
respectively 5.66666660, 7.34545454 and 10,78423423.

Example 9. Convert 1.7643. 3.24 and 2.78346 intosimilar repeating decimal
fractions,

Solution: In 1.7643 we have 4 digits in the nonrepeating part and it does not
have repeating part. In 3.24 number of digits in nonrepeating part is 0 and tha
of repeating part is 2 in 2.78346 number of digits in nonrepeating part is 2 and
that in repeating part is 3. Here the largest number of nonrepeating digits is 4
antl numbers of digifs in the repeating parts are 2 and 3, LCM of which is 6. So
each nmumber must have 4 nonrep 2 ating digits and 6 repeating digits.

5 LT643 = 17643000000, 3.24 = 32424242424 278346 = 27834634634
Desired similar repeating decimal fractions are respectively 1,7643000000,
3.2424242424 and 2.7834634634
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Remarks: In order to convert finite decimal fractions into similar decimal
fractions we must add sullicient number of (s at the end of the number to match
with nimber of nonrepeating digits. In case of repeating decimal fractions for
each munber, mumbers of nonrepeating digits have been made equal so should be
the case with repating digits.

Work: Convert 3,467, 2.01243 and 7.52506 into similar repeating decimal fractions.

Addition and subtraction of repeating decimal fractions

In order to add or subtract repeating decimal fractions, we need to convert
repeating decimal fractions into similar repeating decimals. Then addition or
subtraction must be carried out as in ease of finite decimal fractions. If addition
or subtraction of finite and repeating decimal fractions together are done. in
order to make repeating decimal factions similar, the number of digits of
non—repeating part of each repeating fraction should be equal to the number of
digits between the numbers of digits after the decimal points of finite decimal
fractions and that of the non-repeating parts of repeating decimal fraction. The
nmnber of digits of repeating part will be equal to L.C.M. as obtained by
applving the rules and in case of finite decimal fractions, necessary numbers of
zeros are to be used in its repeating parts. Then the same process of addition
and subtraction is to be done following the rules of finite decimal fractions, The
sum or the difference thus obtained will not be the actual one. It should be
observed that in the process of addition of similar decimal fractions it any
munber is to be carried over after adding the digits at the extreme left of the
repeating part of the decimal fractions. then that number is added to the sum
obtained and thus the actual sum is found. In case of subtraction the number
to be carried over is to subtract from the difference obtained and thus actual
result is found. The sum or difference thus found is the required sum or
difference.

Remarks:

. The sum or difference of repeating decimal is also repeating decimal
fractions. In this sum or difference the mumber of digits in the non-repeating
part will be equal to the number of digits in the non- repeating part of that
repeating decimal fractions, which have the highest number of digits in its
non-repeating part. Similarly, the number of digits in the repeating part of the
stiim or the result of subtraction will be the equal to L.C.M. of the numbers of
digits of repeating parts of repeating decimal fractions. IF there are finite
decimal fractions, the number of digits in the nonrepeating part of each
repeating decimal fraction will be equal to the highest numbers of digits that
oceurs after the decimal point.

2. Converting the repeating decimal fractions into common fractions, addition
and subtraction may be done according to the mles as used in case of fractions
and the sum or difference is converted into decimal fractions, But this method
of addition or subtraction needs more time.

2023
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Example 10,  Add 3.80, 2,178 and 589798,
Solution: WWe have 2 digits in nonrepeating part, and repeating parts have
respectively 2, 2 and 3 for which LCM is 6, At frst all these three respating
decimal fractions have been converted into similar repeating decimal fractions,
.89 5. 89895980
2178 = 217878787
5.80798 = 5.89798798
LLOT5T6574 [B+847+2=25 here 215 2 in hand
+2  here 2 of 25 has been added]
1197576576
Thedesired result is 11.9757G576 or. 11.97576
Remarks: In the result BTGAT0 is repeating part, But if we assume 576 in the
repeating part, then there will be no change of valne.

Note: In order to elarify addition at the rightmost digit we have solved the
addition in a ditferent way:
3.89 = 3.XOR080RI|RY
2178 = 2.17RTRTET|ST
580798 = 5.89798798|79
| L.9T5T65T6|55
Here after the end of repe ating part some more digits have been taken, These extra
digits have been separated by a vertical line. Then the addition has heen performed.
From the addition of digits just after the vertical line 2 in hands has been added
to the digits just bhefore the vertical line. It may he noted here the digit on the
right side of the vertical line is the same as the first digit of repeatation. Therefore
both the sums ore the same.
Example 11.  Add 8.9478, 2.346 and 1.71.
Solution: In order to make repeating decimal fractions similar we must have 3
nonrepeating digits and repeating part must have digits equal to LOCM of 2 and
3, that is 6. Now decimal fractions will be added,
B.O4TR = 8047847847
2346 = 2.346000000
471 =471T1N17L7
16.011019564 B4 0+ 141 =10, Here 1 is 1 in hand
+1  Here 1 of 10 has heen added)
16.011019565
The desired sum is 16011019565

Work: Add 1): 2.007 and 5.12768 2) 1.345, 0.31576 and 8.053678
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Example 12.  Subtract 5.24673 from 8,243,
Solution: Here number of digits in nonrepeating part should be 2 and that in
repeating part should be 6, LCM of 2 and 3. Now the numbers have been converted
into similar munbers, and subtraction has heen performed as follows:
5.243 = 8.24343454
5.24673 = 5.24673673
209669761 | subtracting 6 from 3 results in 1 in hand |
-1
299660760
The desired result is 2.99669760,

Remarks: [If the minuend starting at the repeating dot is smaller than the
subtrahend, we must subtract 1 from the rightmoest digit.

Note: In the following is explained why 1 is subtracted from the richtmost
digit in ditferent, way.

8243 =8.24343434)34
5.24673 = 52167367367
2.996G9760|6T

The desired result is 2.99669760/67. We have obtained the same results in both

the cases,

Example 13. Subtract 16.437 from 24.45645.

Solution: o
2445645 = 2445645
16.437 = 16.43743
801902 [if T is subtracted from G,we have 1 in
land]
-1
501901

The desired result is 8.01901

Note: In the following is explained why 1 is subtracted from the rightmost
digit in different way.
24.45045 = 24.45645/64
16437 = 16.43743|74
S.01901j90°

2025
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Work: Subtract: 1) Subtract 10,418 [rom 13.12781
2) Subtract 9.12645 fram 23,0394

Multiplication and division of repeating decimal fractions

[f repeating decimal fractions are first converted into common fractions and then
multiplication or division operations are performed, we can convert the result
into repeating  deciinal fractions, I fAmite decimal fractions and repeating
decimal fractions are multiplied or divided. then this rule should be followed.
However, in ease of division if both divisor and dividend are repeating decimal
fractions, then converting them into similar repeating decimal fractions will ease

the operations.

Example 14.  Multiply 1.3 with 5.7.

Solation:
43 = lﬁ—é_@_ﬁ
T 9 9 3
B BT =0 _ 6_3
. '} [a
: _ L 52 L7 e s
4jxﬁ?r jx F ﬁ R.037

The desired result is 25.037.

Example 15.  Multiply 0.28 with 42,18,

Solution: 98— 96 13
L'f{:_'._,_._'z:.._z,.:.
b 90 90 45

. 4218—42 4176 464

42.18 = = e

99 99 11

; £ 3464 6032
& e s D 204, O0C

e e
57 11 495 -

The desired result is 12,185,
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Example 16.  How much is 2.5 = 4.35 x 1.2347

Solution:
g5 2 _ 5
RTINS
. 435—43 392
Py e P o Bt
5 90 90
19— 12 1292
g3y J21-12 12261l
9010) 0900 495

x t
90 495 8910
The desired result is 13440628 (approx.)

- 13440628 .

. .5 3092 G6lL 119756
525 %435 % 1.231 = 2 ' -

Work: 1) Multiply 1,13 with 2.6. 2) How much is 0.2 x 1.12 x 0.0817

Example 17. Divide 7.32 by 0.27.

Solution:

P . 72B ] 726 185 280 e
L T.A2=027 = = = = 20.36
S 7.32 27 99 T %9 K.r] =18 1,406

The desired result is 26.36.

Example 18. Divide 2.2718 by 1.912.

Solution: T
o ._._._.f ;._;_I:
“aTIR S Y999 9999
- 1912 — 19 1893
314 — —
LO12 091) 00)

S oo 22716 1893 22716 990 120 g i
S2.2T18-1912 = e = = — = |.1881
r 9949 90 99499 . 1893 101

The desired result is 11881,

223



Chapter 1. Real Numbers 17

Example 19,  Divide 9.45 by 2.863,

Solation:
945 .. 2863 —928 2835
T 2863 = —aa— = a0
045 9835 045 090 IR0 x99 33
i gdn e reiy e 20 o B0 SR XN I g

100 7 990 100 T 2835 2x 2835 10

The desired result is 3.3

Remarks: Multiplication and division of repeating decimal fractions may not be
repeating decimal fractions.

Work: 1} Divide 0.6 by 0.9. 2) Divide 0.732 by 0.027.

Infinite decimal fractions

There-are many decimal numbers that have infinitely many digits after decimal
point, Moreover, a digit or & number of digits do not repeat as well, These are
called infinite decimal [ractions, For example, 5. 134248513942301 . . . is an inhinite
decimal fraction. Square root of 2 is an infinite decimal fraction. Let us caleulate
square root of 2.

1) 2 ( 1.4142135..,
1
24 ) 100
9
281 ) 400
281
2824 ) 11900
11296
28282 ) 60400
56564
282841 ) 383600
282841
2828423 ) 10075900
8485269
8284265 ) 150063100
141421325
17641775

Forma-3, Mathematics, Class 9-10
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In this way the procedure may continue indefinitely. So 2 = 1.4142135. . .is an
infinite decimal fraction.

Value and approximate values up to certain decimal point

It is mot the same Lo caleulate an infinite decimal fraction up to decimal places

or approximate it to certain decimal places, For example, 54325893 .. when
ealeulated up to 4 decimal places will give 5.4325 whereas its approximate value
up to 4 decimal places will give us 5.4326. However, these two values are same
if we calculate up to 2 decimal places. We can do the same for finite decimal
fractions as well,

Remarks: For finding values up to certain decimal places we must write down
those digits exactlv as they are. However, for finding approximation up to certain
decimal places we need to check the next digit. If that digit is 5 or more, 1 should

he added to the last position. Otherwise it will be kept in tact.

Example 20. Find square root of 13, and write down its approximate value up
to 3 decimal places.

Solution:

3 ) 13 ( 3.605551..,
9
66 ) 400
396
7205 ) 40000
36025
72105 ) 397500
360525
721105 ) 3697500
3605525
7211101 ) 9197500
7211101
1986399

. the desired square root is 3.605551..., and desired approximation up to 3
decimal places is 3.606

2025
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Example 21. Calculate values and approximate values of 44623845, .. up to
1,2, 3,4 and 5 decimal places 7
Solution: For the decimal fraction 4 4623845 ...
Value up to 1 decimal place is 4.4 but its approximate value up to 1 decimal
cligit is 4.5
Value up to 2 decimal places 15 4,406 and approximate value is 4.46
Value up to 3 decimal places is 4.462 and approximate value is 4.462
Value up to 4 decimal places is 44623 and approximate value is 4.4624

Vialue up to 5 decimal places is 4462238 and approximate value is 446235

Work: Calculate square root of 29 to 2 decimal places, and approximate it

to 2 decimal places,

Exercises 1

1. Which numbers are ircational?

: 16 S8 i
1) 0.3 2} \/; 3) \/l_?' 4) 7

2. Ifa, b e, dare four consecitive natural nambers which one of the following
will be oo whole S0)1a ried?
1) abed 2) ab+ed 3 abed + 1 1) abed — 1

3. How many primes are there from 1 to 10 7
1) 3 2) 4 3) 5 1) 6

4. Which one is the set of all integers?
1) {...,—=4; =2, 0,2, 4,...} 2) {...,-2, =1, 0, 1, 2,...}
3 fie—8 =10, 1 3,0} 4) {0, 12, 3, 4}

In case of real numbers

iy |

(1) Square of an odd integer is odd.
(#) Product of two even numbers is even.

(#e2) Square root of a munber that is not whole squared is an irrational
number,

Which one is true?



o
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11.

12.

13.

14.

Mathematics (lasses [X-X

1y ¢ and # 2) 1 and i 3) 1 and i 4) 1, 11 and #i1

Product of three consecutive numbers will always be divisible by which of
the following numbers?
1) 5 2} 6 3) T 4) 11

If o and b are two consecutive even numbers, then which of the following
numbiers 8 odd?
1) a? 2) ¥ 3) e* =1 4) 42

If @ and b are two integers, then what should be added to a* + 6 to obtain
A whaole squared !
1) —ab 2) ab 3) 2ab 1) ab

Prove that the following numbers are irrational. 1) /5 2) VT 3)

V10

1y Find two irrational numbers between (.31 and (.12,
. : N I
2) Find a rational and an irrational number between v—g and /2.

1} Prove that sguare of an odd integer is an odi integer.

2} Prove that product of any two consecutive even integers is divisible by

8.
Convert the following into repating decimal fractions:
1 T 2 &8
3 = 2 3) 4= 4) 3—
) G ) 11 ) 9 ) 15
Convert into simple fractions;
1) 0.2 2] 0.35 3) 0.13 1) 3.78 5) 6,2300
Express the follwoing into similar repeating decimal fractions:
1) 2.23, 5.235 2) 7.26, 4.237
3) 5.7, 8.34, 6.245 1) 12.32, 2.19, 4.3256
Add
1) 0.45+40.134 2) 2054 8.04 + 7018 3) 0.006+ 0.92 + 0.134
Subtract:
1) 34-213 2) 5.12-345
3) 849 — 5.356 4) 19.345 — 13.2349
Multiply:

1) 0.3x0.6 2) 2.4 x 0.81 3) 0.62x0.3 4) 42.18 x .28

2023
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15,

19.

23.

2025

Divide;
1) 0.3+0.6 2) 035+ 17 3) 237+045  4) 1.185+0.24
Witite down values and approximate values up to 4 decimal places .
1) 12 2) .25 3) 134 4) 51302
Write down which of the following numbers are rational aud irrational:
; — ]
1) 0.4 2) 9 3) V11 1) %
V3 27 i
5) — 6) — T 4 ) 5.639
a) 7 }) T ] ;: )

Lot n = 2¢ — 1, where @ € N. Prove that n® when divided by 8 gives 1 as
remainder,

V5 and 1 are two real numbers.

) Specify which one is rational and which one is irrational.
2} Find two irrational numbers between /o and 4.

4] Prowe that V5 is an irrational number.
simplify:

1) (0.3 x0.83) = (0.5 % 0.1) + 0,35 =-0.08

2) [(6.27 x 0.5) + {(0.5 x 0.75) x 8.36}] +
{(0.25 x 0.1) x (0.75 x 21.3) x 0.5}



Chapter 2

Sets and Functions

The term “set’ is well known to us. For example, dinner set, set of natural numbers,
set of rational nmmbers ete. As a modern concept set has versatile use. The
German mathematician George Cantor (1845-1918) first explained the concept of
sot, He introduesd the notion of infinite set, and ereated a sensation in mathematical

science. His notion is now known as set theory, In this chapter we shall solve

different problems by using concepts of set, diagrams and logic and idea of s

funetion will also be introdnced.,

After completion of this chapter the learners will be able to —

>

>
L 3
>

h J

express the concepts of sets and subsets through symbols.
describe how sets can be expressed.
define infinite sets, and distinguish hetween finite and infinite sets.
define and verify union and intersection of sets.

define power sets, and construct power sets of sets with two or three
eletents.

deline ordered pairs and cartesian produets.

prove simple set theoretic rules by using examples and Venn
diagrams, and apply these rules for solving different problems.
define relations and functions, and construct them.

determine domain and range.

draw diagrams for functions.

Sets

A set is simply a well aorganized object of real or imaginary world, For example,
the set of three text books of Bangla, English and Mathematies, Some othoer

2125
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examples are the set of first 10 odd natural numbers, set of integers, set of real
numhers ete, Sets are usually denoted hy the capital letters of English alphabet
like 4. B.C,... X\ Y, 2.

For example, the set of three numbers 2. 4, 6 can be denoted by A = {2, 4,6}

Each object or member of the set is called its element. For example, if B = {a,b}.
to express that e and b oare its elements the sign € is used to express the element.
aand b are elements of 5

oo e B oand we can read as a, is o member of B (a belongs to B)

he B is a member of b, (b belongs to B)

The above sel B does not contain ¢, So it is expressed as ¢ € B and is read as ¢
ig not & member of B (¢ dees not belong to )
Methods for expressing sets

Sets can be expressed using two methods, namely Roster method or tabular
method and Set Builder Method.

Roster method: In this method all members are listed and put inside {} and
if there are more than one element, then elements are separated by commas, For
example, A = {a,b}, B ={2 4,6}, € = { Niloy, Shuvro, Tisha } ete,

Set builder method: [n this method all elements are not listed rather their
common property is described, For example. A = {# : & is an odd natural number
b B = {r : x is the first five students of class IX } ete. Here, by " has heen

expressed such that. Since in this method element of the set is specified by rules,
this method is called Rule Method,

Example 1. Express A = {7, 14,21, 28} in set building method.

Solution: The elements of A are 7. 14, 21, 28,
Here, each element is a multiple of 7 and not exceeding 25,
oA ={a ] is a multiple of 7 and 0 < » < 28}

Example 2. Express B = {x :x, is a divisor of 28} by using roster method.
Solution: Here, 28 =1 x 28 =2x 14 =4x T
S factors of 28 are 1,2, 4,7, 14,28

Henee the desired set is B = {1,2,4,7, 14, 28}
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Example 3.Express ' = {r : r positive integer and 2% < 18} by using roster
method.

Solation: 1.2, 3.4, 5. .. are positive integers.

Here, if

£ =1then 2*=1*=1;il 2 =2then z*=2*=1

If =3 then 2 =32 =9;if r=d.then a2 =4 =16

If # =35 then 1* =35% =25 ; which is greater than 15.

- a5 per conditions the acceptable positive integers are 1,2, 3 and 4.

. the given set is C =1{1,2, 3,4}

Work: Express
1y € ={-9 —6,—-3,36.9} by using set building method.

2) Express B = {y:y integer and y* < 18} by using set building method.

Finite Set

The set number of elements of which can be determined bv counting is ealled
finite set. For example, D = {&.y, 2}, E = {3,6.9,...,60}, F = {& : & prime
and 30 < x < T0} ete are tinite sets. Here, set [ contains 3 elements, set £ 20
elements and set £ 9 elements.

Infinite Set

The set elements of which cannot be exhausted by counting is called infinite
set. For example, A = {r : o odd natural number}, set of natural numbers N =

{1.2.3.4,.. .}, set of integers Z = {....—3.-2,-1,0,1,2.3...}, set of rational
1

numbers ¢J = {{— ca and bointeger and b £ U}. sel of rational numbers B ele are
h

infinite sets.

Example 4. Prove that the set of all natural numbers 15 an inhnite set.
Solution: Suppose the set of natural numbers N is a finite set. Then this set
must have a maximum element K, where KeN, However, according to the
concept of natural numbers, if K is a natural number, then K+1 is also a
natural number which is greater than K. Therefore, K41 must be an element
of the set of natural numbers N, ie.. K+1€N.

2023
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But initially, we assumed K as the maximum element of the set N,
Subsequently, it turns out that K+1 is also an element of the set N, Similarly,
it can be shown that K42, K+3, .., are also elemnents of the set N,

Therefore, the set of natural numbers N cannot be finite, Henee, the set of

natural numbers is an infinite set.

Work: Determine which ones are finite and which ones are infinite sets:
1) {3.5,7}
2y 1,2,2%,..2%)
) O B e S
4) ar integer and & < 4}

5) {E—: - p and g are mutually coprimes and g > 1}
i

6) {y:y €N andy* <100 < y'}

Empty Set

[ a set does not have any element, the set is said to be empty set, and is denoted
by @. For example, the set of three male students of Girl's school, {7 &
NiW<ae <11}, {o€ N :rprime and 23 < & < 29} ete,

Venn-Diagram

John Venn (1834-1923) first expressed sets by using pictures,  Here every set is
represented by a geometric figure like rectangles, cierles and triangles in a plane.
These pictures have heen named after John Venn.

Subset

A= {a,b} is a set. Sets {a,b}. {a}. {b} can be formed from the elements of this
set. Again, we can form a subset @ with no elements at all. These sets {a, b}, {a}.
{b}. @ are subsets of set A, All the sets that can be formed from a set are called
subhsets of the original set. Subset is denoted by €. If B is a subset of 4, then we
write € A, B is o subset of 4. Among the subsets above {a, b} is equal to set
A. Each set is the subset of itself. again @ in formed from any set. ', @ is a subset

of any set.

Let £ =1{1,2,3} and @ = {2,3}, R = {1,3}.then P, ¢ and R are subsets of P.
That i, PC P, QT Pand RC P.

Forma-4, Mathematics, Class 9-10
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Proper Subset

O the subsets constructed [rom a set, the ones thal have lesser muomber of elements
than the original set is ealled proper set. For example, 4 = {3.4,5,6} and
B = {3,5} are two sets. Here all elements of B are also elements of A, and
number of elements in [ is less than that of A.

;. B is a proper subset of A and is expressed as B © A,

In the examples of subsets () and R are each proper subset of P, Tt may be
mentioned here that & is a propér snbset of any set.

Example 5. Write down the subsets of P = {2,y z} and identify those that
are proper subsets,

Solution: Given, 7 = {ur, y, =}

Subsets of P are {z.y. 2} {x. g} {o, 2} {w, 2} {2} {n}. {2} @

Proper subsets of P are {z,y}. {=.z}.{p. 2} {=}, {w}. {2} @

Observation: Il number of elements ol a set is n, then it has 2" subsetls, and
number of proper subsets is 2" — 1.

Equivalent Set

If two sets have the same elements, then they are said to be equivalent sets. For
example, A = {3,5, 7} and B = {5.3,3, 7} are two eguivalent sets, then they are
denoted by A= B. Notethat A=Bifandonly if AC Band BC A

Again, if A= {3.5.7}, B={5,3.3.7} and C = {7.7.3,5,5}. then sets A, B and
(' are equivalent sets, That is A=B=(

Observation: If order of elements in the set are changed or cerfain element is
repeated set is not changed.
Difference of Sets

Let A = {1,2.3,4,5} and B = {3,5}. If we delete the clements of set B from
that of A then we get {1,2,4} and is denoted by AN B or A — B and is read A
delete I2,

A= B={1,2,34,5) —{3,6) = {1.2 4}

Example 6. If P={r:r isalactor of 12 } and ¢) = {2 is a multiple of 3
and x < 12}, then determine P — Q).

2025
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Solution: Given , P = {r : 7z is a factor of 12 }
Here, factors of 12 are 1,2,3,4,06, 12

. P=1{1,2,3,4,6,12}

Again, Q = {x: 3 is a factor of v and x < 12}
Here, multiples of 3 up to 12 are 3,6, 9, 12

-0 =1{3.6,9,12}

S P=-0Q={1234,6,12} — {3,6,9,12} = {1,2.4}
The required set is: {1,2,4}

Universal Set

All sets under disenssion are subsets of a definite set. For example: the set
A= {r,y} i5 a subset of the set B = {z, y, 2} Here, B set is called as universal
set with respect to set A.
Soif all sets under discussion are subsets of a given set. then the later set is said
to b universal set with respect to sets under discussion.
Usually nniversal set is denoted by 7. However, other symbols ean also be nsed

to denote universal set, For example, if set of all even natural numbers is €7 =
{2,4,6,...} and set of all natural numbers is N = {1.2,3,4,5,6,...}, then N will

e universal set with respect to the set (.

Complement of a Set

Lat {7 be nniversal set and A be a subset of Lr
[/, Then the set of elements outside of A is / /\
termed as complementary set of A The Af K A )'
complementary set of A is denoted by A° or « /
A Mathematically, A* =07\ A. _ o

Let, Poand @ be two sets. Then the elements of P that are not elements of @
are said to form the complementary set of P owith respect to (), and is written

Q@ =P\Q
Example 7. Il ={1.2.3,4506.7}, A={2.4.6,7} and B = {1,3,5}, then
determine A7 and 5.
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Solution: A° =7\ A= {1.2.3.4.5,6,7} \ {2.4.6,7} = {1.3.5})

and BE=U\ B ={1,2.3,4,5.6,7}\ {1,3,5} = {2.4,6,7}

The required sets are A° = {1.3.5} and B = {2.4,6,7}

Union of Sets

The set consisting of elements of two or more sets is said to be union of sets.
Let, A and B be two sets, The union of sets 4 and B s denoted by AU B and
read as A union B. In set building method AU B ={x: 2 € Aor» € B}

Example 8. If (" = {3.4.5} and £ = {4,6, 8}, determine U L)

C D

Solution: Given ' = {3, 4.5}

and D = {4,6,3}

L CUD = {345} U{4,6,8} = {3.4,5,6,8)
The set to be determined is: {3,4,5,6, 8}

cubp

Intersection of Sets.

The set consisting of common elements of two or more sets is known as
intersection set Let 4 and B be two sets. The intersection of sets A and B is
denotedd by A M B and read as A intersection B, In set building notation
ANB={r:r€ Aandr € B}

AN B AnBnc

Example 9. I P={reN:2<r<6land @ ={x € N :xiseven and
< 8}, determine PN Q).

<
=
L]
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Solution: Given.
P={reN:i2<ur<6}=1{3,4,56}
@={r€N:risevenand r <8} = {2,4,6,8}
L PAO={3.4.5.6} 1 {2,46.8) = {4.6)

The set to be determined is {4, G}

Disjoint Set
If there is uo element eommon to any two sets, then these two sets are ealled

disjoint sets. Let A and B be two sets. If A B = @ then A and B are said

to be mutually disjoint sets.

Work: I U = {1,3,5,9,7,11}, E = {1,5,9} and F = {3,7,11}. then
determine E° LI F* and E* 1 F*.

Power Sets

A = {m,n} is a set. Subsets of A are {m,n}, {m}, {n}. @, and set of all
sets {{m,n}, {m} {n}. @} of A is called power set of A. Power set of A is
denoted by P{A). So the set formed by all subsets of a set is called power set of

A given set,

Example 10.  Find the munber of elements of the power sets 4 = &, B = {a},
C = {a.b}.

Solution: Here PA) = {@}

o number of slements of A is 0 and number of elements of its power set s = | =
EU
Again P(B) = {{a}, &}

,munber of elements of B ois 1, and number of eleemnts of its power set 1s
= =00

and P(C) = {{a}. {b}, {a, b}, &}

o, number of elements of € is 2 and number of elements of its power sel is = 1 =
|}2

So, if munber of elements of a set s n, then number of elements of its power set is
o
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Work: If & = {1,2 3}.then determine P(G). Show that number of elements
of P(G) is 2°

Ordered Pair

Amena and Sumena of class VI occupied 1st and 2nd poesition repectively in
the annual examination, According to merit this ean be expressed as (Amena,
Sumena) pair. Similar definite pairs are called ordered pairs.

So, for a pair of elements if the positions are given and expressed, then the pair is
called Ordered Pair.

If the first element of an ordered pair is r. and the second element is 3 then the
ordered pair is denoted by (i, y). For the ordered pairs (i, y) and (@, b) will the
equal or (i, y) = (a,b) if and only if ¥ =a and y = bh.

Example 11. If (2r + 3.3) = (6. — y) then determine (r,y).

Solution: Given, (20 + y.3) = (6,2 — y)

As per conditions of ordered pairs,

2r+y =060 (1)

E—y =3 (2)

By adding equations (1) and (2) we get 3r =% 01 r =3
Putting value of » in equation (1) we gel, 6+ y=0or y=10

Sl y) = (3,0)

(Cartesian Product)

Mr Karim decided to eolonr interior wall of his rooms using white or blue eolour,
and outside wall using red, vellow or green. The set of colours of interior wall
is A = {white, blue} and that of outside wall is B = {red. vellow and green }
Mr Karim can colour walls of his rooms by (white, red), (while, yvellow), (white,
sreen), (blue, red), (blue, vellow), (blue, green) ordered pairs. The above ordered
pairs are writtena s below:

A x B = {(white, red), (while, vellow), (white, green), (blue, red), (blue, vellow),
(blue, green)}
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The above set of ordered pairs is called Cartesian Product set.

[n set building method, A x B = {{r, ) : 7 € A and y € B}

A 2 s read as A cross B

Example 12. If P={1,2,3}, ¢ = {3.4}. R = P ().then determine P » R
and R = ).

Solution: Given, /' = {1,2.3}. Q = {3.4}

and R=PnNn@={1,231n{3.4} = {3}

s P B ={1,2,3) x {3} = {{1.3). (2.3).(3.3)}

and R x Q= {3} x {3,4} = {(3.3). (3,4)}

Work:
3 & 'U — { - H 3 v 1T y
1) I (2 B 5 I) = (1_. 5 2).1:31'..11 determine (i, y).
{3

2) HP=4{1,2,3},Q=
and (PrQ) = Q.

.4} and R = {z, y}.then determine (PLQ) x R

Example 13. Determine the set of natural numbers that have the same residue
23 when they divide 311 and 419.

Solution: The natural numbers that leave 23 as residue when they divide 311
and 419 will be bigger than 23 and will be common factors of hoth 311 — 23 = 288
and 119 — 23 = 396.

Let the set of factors of 288 are larger than 23 be 4.

Here 288 = 1 x 288 =2x 144 =3 x B =4 x T2 =6x 48 =8x 3 =9x 32 =
12x24=16 = 18

oA ={24,32,36, 48,72, 96, 144, 288}

Let the set of factors of 396 greater than 23 be 15,

Here 396 =1 %396 =2% 198=3x 132=4xW=0xG6=9 < 44 =11 x36=
12 % 33 = 18 x 22

-ooB = {33,306, 44, 66,99, 132, 198, 396]

< AN B = {24,32, 36,48, 72,96, 144, 288} 1 {33, 36, 44, 66,99, 132, 198, 396}
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S ANB = {36}
The required set is {36}

Example 14.  Of 100 students 88 passed in Bangla. 80 in Mathematics and 70
in both subjects, Express the information in Venn diagram, and find how many
students failed in both subjects.

B MU
N

PQ_H.J
K_Ei/
F

Solution: In the Venn diagram rectangular area represents U0 the set of 100
students. The set of students who passed in Bangla and Mathematics are denoted
respertively by B and M, As a result the Venn diagram is divided into 4 disjoint
sets denoted hy P.Q), R and F.

Here, the sel of students passed in both subjects is @ = B m M, cardinality of
which is 70

P is the set of students passed in Bangla ouly, Its cardinality iz |P| =88 —70 =18,
R is the set of students who passed only in Mathmatics. . [R|=80-70=10

Students who passed in at least one subject s PUQ U R = B UM, and
corresponding cardinality is 18 + 10 4 70 = 98

F' is the set of students who failed in both the subjects, and [F| =100 —98 =2

comumber of students failed in both the subjects is 2.

223
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Exercises 2.1

1S

2N

Express the following sets in set builder notation:

1) {xreN:&*>9and £ < 130}

2) {weZ:a®>5and z® < 36}

3) {x € N :uxis factor of 36 and x is a multiple of 6}

4) {r €N :z*> 25 and & < 264}
Express the following sets in set builder notation:

1} {3,5,7,9,11}

2) {1.2,3.4.6,9,12, 18, 36}

3) {4,812, 16,20, 24, 28, 32, 36,40}

4) {4, 5, £6}
IfA=1{234}, B={1,2n}and C = {2,a, b} then determine the following sets:
1) B\C 2) AUB 3 ANC
4) AU(BNC) 5) An(BUL)

IF 0 = {1,2,3,4,5,6,7}, A= {1,3,5}, B = {2.4,6} and C = {3.4,5,6,7},
verify the following statements:

1) (AUBY =A'NB
2) (BNCY =B uc”
3) (AuB)NC=(AnC)u(BNC)
4) (AnBluC =(AuC)N{BUC)
If QQ={x,y}and B = {m, n, 1} then determine P()) and P(R).
If A= {abl, B={abhecland € = AU B then show that number of

clements of P(C7) is 2%, where nois the number of elements of O
1) B{er—1,y+2)=(y— 2.2+ 1), then determine x and .
2) I (ar —ey,a” — ) = (0L ay — ex), then determine (r, y).
30 I (6 — gy, 13) = (1. 52 + 2y).then determine (., y).
1) I P={a}, @Q=1{b.c} then determine I = ) and ¢ ¢ P
2) HA={3.45} 8={4.5,6} and € = {x, ¢} determine (AN B) x O,
3) HP=1{3.57},Q=1{5 T} and R= P\ Q. determine (PU Q) x R.

Forma-3, Mathematics, Class 9-10
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9. I Aand B are respectively sets of all factors of 35 and 45, then determine
AU DB and AN B.

10.  Determine the natural numbers that divide both 346 and 556 to have 31 as
residue.

L. Of the 30 students of & class 20 like football and 15 ericket. Number of
students who like both the games is 1. Determine using Venn diagram the
number of students who do not like either of the games.

12, Of 100 students 65 passed in Dangla, 48 in both Bangla and English and 15
failed in hoth the suhjects.

1} Express the above in Venn diagram along with brief description.

2} Determine the munber of students who passed only in Bangla or passed

only in English.

3} Determine union ol the sets of prime [actors of number of students
passed and failed in both the subjects.

Relations

We know Dhaka is the capital of Bangladesh, New Delhi is of India and Bangkok
is ol Thailand. There is a relation hetween capitals and countries. This is country-
capital relation. This relation can be expressed as a set in the following way:

Thailand Banglkok

[ndia New Delhi

/
llll\@u.llgIadL-.s} — Dhaka

e o

Country Capital

That is country-capital relation = {(Bangladesh, Dhaka ), {India, New Delhi).
(Thailand, Bangkok)}.

If A and B are two sets then, nonnull subset R of ordered pairs of their Cartesian
product 4 = I is said to be a relation from the set A to the set B, Here set R s
asubsel of the set A =« B, That is, HFC Ax B

2025



2025

Chapter 2. Sets snd Functions 35

Example 15. Let us assume that A = {3,5} and B = {2, 4}
s A B=13,5} x {2,4) = {(8,2),(3,4),(5,2), (5,4)}
s B C{(3:2):(3:4).(5,2), (5, 4) }

when for an element x of set A and an element y of set B (r,y) € R, then it is
written o iy and read that o is related to g, that is, . is related to g using velation &,

If x> y.then R = {(3.2), (5.2).(5.4)}

and if x < y then B = {(3,1)}

Awain, if there is a relation from set A to set A, that is, R C 4 x A, then Risa
relation of 4.

If x € A,y € B is related, then the nonempty subset of ordered pairs (r, y) is called

relation.

Example 16. If P = {2.3.4}, @ = {4,6} and for elements of P and ¢ a
relation y = 2 exists, then find the relations.

Solution: Given, P = {2.3,4} and () = {4.0}
According to the question B = {(z,y) ! 2 € Py € ) and y = 2z}
Here, P % Q = {2,3,4} x {4,6} = {(2.4), (2,6), (3, 4). (3, 6), (4, 1), (4, 6)}
B ={(2,4), (3,6)}
The required relation is {(2.4), (3,6)}
Example 17, 1f A={1,23} B={0 2 4} and elements of A and B have the
relation @ =y — 1, find the relations.
Solution: Given, A ={1,2,3}, B = {0,2,4}
Aceording to the question, relation R = {{z,y) : v € A,y € Band x = y—1}
Here, A x B ={1.2.3} % {0,2.4}

= {(1,0),(1,2), (1,4).(2.0),(2, 2), (2. 4), (3, 0). (3, 2), (3.4}}
~R=1{(01,2),(3,4}}

Work: It C = {2 5,6}, D = {4,5} and the relation # < y holds between
elements of ' and D.find the relations.
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Functions o
Let us cousider the relation between A and 5: ”\ f N
[ 3 —*5

For the relation y =2+ 2 | | II |

if @ =1 thef 'y =3 | 2 —I|—|—P 1 ‘

if = 2theny=4 / Wziws
ifr=3theny=25 \ ] A \J /
I ' > ;| =l -
That is, there 12 exactly one value [or y for each value of & and » and y are related
by ¥ = x + 2. So two variables » and y are related in such a way that for each
value of r there is exactly one value of y. Then y is said to be a function of 7.
Usually function of r is denoted by y, fla), glr), Flr).

Let y = 2% — 20+ 3 be a [unetion. Here, for each value of @ there is exactly one
value of y. Here, both » and i are variables. Although both of them are variables
value of y depends upon the value of &, That i3 why & 15 said to be independent
variable and y dependent variable

Example 18. If f(r) = r* — 42 + 3, then determine f(—1).
Solution: Given, f(r) = a% — 42+ 3
SN =(=1PF —4-1)+8=1+4+3=8

Example 19. If g{x) = o +ax?—3e—0 then for what value of o will bel g(—2) = 07

Solution: Given,g(v) =" + a2 — 3o — 06
Lg(=2) = (=20 4+ a(=2)7 —3(=2) -6
=—8+4a4+6-6=4a—8

As per question gi—2) =10
Jda—B=llorda=Rarn=2
Soita = 2:then g(—2) ='(k
Domain and Range

For ordered pairs of any relation the set of frst elements is said 10 be domain
and the set of second elements is said to be range.

Let  be a relation from set A to the set B, that is, i € A » B, For the ordered
pairs of B the set of first elements will be the domain of £ and the set of second

elements will be called range of K. The domain of B is denoted by Dom B and
range by Range R

2023
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Example 20. Find domain  and  range of the relation
Solution: Given, S = {(2,1),(2,2),(3.2).(4.5)}

The first elements of the ordered pairs of S are 2,2, 3.4 and the second elements
are 12,2, 5

.. Dom § ={2,3,.4} and Range 5 = {1,2,5}

Example 21. HA={(4L 1,23} and R={(ry):reAyceAandy=r+1}
then express I in tabular method and determine Dom B and Range R
Solution: Given, R={(x,y): v € A ye A y=ux+1}

From the conditions of B we get gy =0+ 1.

Now for each » € A determine the value of y = 2 + 1.

2| 0]|1]2]3
lp|1(2]3)|4
Since 4¢ A, (3. 4) ¢ B. .. R = {(0,1),(1,2),(2.3))
o Dom = {0.1.2} and Range & = {1,2.3}

Work:
1) If § = {(—3.8).(—2.3), (—1.0).(0.—1),(1.0).{2.3)}, then determine
domain and range of 5.

2) Let 5= {(r.y):7.y € Aand y — = = 1}, where 4 = {-3,-2.-1,0},
Determine Dom & and Range 5.

Graph of a Function

Visual display of a function is said to be graph. In order to clarify the concept
of a lunction  signilicance of graph is important, French philosopher and
mathematician Rene Descartes (1596-1650) was the first to play pioneering role
in introdueing relations between algebra and geometry, He introduced a modern
coneept in geometry by defining the position of 4 poeint in two dimensional space
by drawing two straight lines perpendicularly crossing each other. He termed
the perpendicular lines as axes, and their point of intersection as origin, Let two
perpendicularly erossing straight lines XOX' and YOY' be drawn on a plane,
Any point lying on this plane can be uniquely determined through these two



ok Mathematics lasses IN-X

straight lines. Each of these perpendicular straight lines is called axis. The line
NOX' parallel to horizon is called z-axis, and vertical line YOY' 15 called
y-axis and peint O of intersection of these lines is called  Origin,

The signed perpendienlar distance of a point, loeated in the plane determined by
two axes, from the axes are called coordinates of the point. Let P be any point
on the plane determined by two axes. Let us draw perpendiculars PN and PM
from P to XOX and YOY'. Then PAM = ON which is perpendicular distance to
YOV [rom P and PN = QM which is perpendicular distance from P to XOX',
If PM = and PN = y, then coordinates of point P are (i, y).

.‘L!

[l WS
i i AT
: i 'JH_' ul i
| ] h o8
' i

o ' |

< =+ —
| b o 2N !
¥ L] L]
{ ! !
¥

T

Here v is called abscissa and y is called ordinate. These coordinates are called
Cartesian coordinates. [t is very easy to depict a function nsing Cartesian
coordinate system. Usnally values of independent variable is set along o axis, and
those of dependent variable alomg y axis,

In order to draw a graph for the function y = f(), some values of independent
variable are chosen from domain, and with corresponding values of dependent
variables ordered pairs are formed. After that these ordersd pairs are placed on
the plane. The resultant points are then connected with line which is known as
graph of the fuetion y = flr).

Example 22. Draw the graph for the function y = 2r, where -3 < <3

Solution: Caleulate values of y for somme values of ¢ from the domain —3 < v < 3,
and draw a list,
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In the graph paper each considering side of each smallest sguare as of length points
of the list are marked and added. This results in the graph of the function.

9 59
=3yt +1 (l)

Example 23. If fiy) = ~——= sthen showe that - | =Ffl1l—4y

p fy) v — ) f " fll-y)

T

; =3+ 1

Solution: f(y)=————
U Yl —uy)

[ 3 = =¥ et
(—) —:s(l) g1 l=sv+y
o f Ly \w y _ '
o (;;) ' 1( 1) =1
o [ g .
i i u

1=3y+yt o 1=-3y+y°
T Cy—1 w1
(1—y)? =31 —py)2+1

(1= = (1-u))
LByt - -3 -2kt + L
B (1 -1 —1+y)
=33 - =346y — 3y + 1

_

Again, f(1—y) =

y(l—y)
—14+3y—y -1 -3y+y"
Coull=w) =)
1=y +y
Cogly—=1)

”, G) — f(1-y).



40 Mathematics (lasses TX-X

Example 24. Let Universal set be U = {r o e Nand v <6}, A={r:x
prime and r < 5}, B= {7 : r even number and ¢ <6} and ' = A\ B

1] Determine A%
2) Provethat, AUB = (A\ B)U(B\ A)U (AN B)
3) Prove that, (ANC) x B=(Ax B)n(C x B)

Solution:
1) Given, U={x:x € N and x <06} ={1,2,3,4, 5,6}
A={r:x prime and » <5} = {2,3, 5}
A=\ A=1{1,2,8,4,5,6} = {2,3,5} = {1,4,6}

(5

Griven,
B ={x:r prime and » < 6} = {2 4,6}
L AUB={2,3,5} U {2,406} ={2,3,4,5,6}--++ (1)
A\ B=1{2,3,5} - {2,4,6} = {3.5)
B\ A={2,4,6} - {2,3.5} = {4.6}
AnB=1{235}n{2.4,6} = {2}
(A\BYU(B\A)U(ANE) ={3,6} u {46} {2} = {2,3.4.5.6}---(2)
Therefore comparing (1) and (2) we get,
AUB=(A\BYU(B\ AU (AN B)
3) From (2) we get,
C=A\B=1{375)}
AneC ={2,3,5}n{3.5} = {3,5}
SANC) x B={3.5} x {2.4,6}
= {(3,2),(3,4).(3,6),(5.2), (5, 4), (5.6)} - -+ (3)
Ax B={23.5} x {2.4.6)
= {{2,2),(2,4), (2. 0),(3,2): (3, 4); (3,6, (5, 2), (5:4), (5.6} }
O B ={3,5} =-{2,4,6}
— {(3,2),(3,4).(3.6),(5,2), (5. 4), (5.6)}
(Ax BYNn(C x B)

223
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= {(2,2),(2,4).(2,6), (3,2}, (3,4),(3.6). (5, 2).(5.4). (5. 6)}
M {(3.2),(3.4),(3,6),(5.2),(5,4), (5,6)}
= {(3,2),(3,4).(3,6),(5,2),(5,4),(5.6) } -+~ (4)
Therefore, comparing (3) and (4) we get,
(ANC)x B=(Ax B)n(C x B)
Example 25. Let A={4.56.7}, B=1{0,1,23}and R={(r.y):z € A,y €
Aandy=r+1}

1) Prove that, sets A and £ are mutually disjoint.

2) Determine P(B) to show that number of elements of P(8) is 2%, where n is
the numhber of elements of 3.

4) Express the relation K in tabular method and determine its domain.

Solution:

1) Given, A= {4,5,6.7} and B = {1}, 1, 2,3}
wANB={4,5067}Nn{0,1,23}=2
Smce ANMB=@

Therefore, A and B are mutually disjoint .

2) Given,
B=4{0,1,2,3}
S PB)={{0}, {1}, 12}, {3}, 40, 1}, {0, 2}, {0.3}, {1, 2}, {1, 3}, {2, 3},

{0,1.2},{0,1,3}.{0,2,3}, {1.2.3}.{0,1. 2,3} . @}

Here number of elements of B s 4 and number of elements of the power set
g2t =18
. if n is the mmmber of elements of B then number of elements of power set
is 2,
conumber of elements of P(B) satisfies 27 formula,

3) Given, R={(r.y):rveAyeAandy=2+1}and A= {4,5,6,7}
From the conditions of £ we get y=w +1
Now, tor each » € A draw a list by finding values of y =z + L.

Forma-f, Mathematics, Class 9-10
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};r 4(5]6

T ri
8

ylsl6|7

Since 8 & A, therefore (T.8) € R
. B={(4,5),(5.6), (6,7)}
Dom R = {4.5,6)

Exercises 2.2

[y |

Which one is the set of factors of 87
H {H* uh?‘iﬂl' 2) {l.?p—in‘"‘l}
3) {2.4,8} 4) {1,2}

If R is o relation from the set €' to the set B, then which one of the following
is true 7
1) RcC 9) RCB 3) RCOxB 4) CxBCR

If A = 11,2}, B = {2. 5}, which one of the following is the number of elements
of P(An B)?
1 1 2) 2 1) 3 1) 8

Which one of the following expresses the set {x € N 1 13 < a0 < 17 and = is
prime } in tabular method?

1) @ 2) {0} 3) {@] 1) {13.17)}
IfAU B = {a.b c}, then

(i) A={a,b}, B={a b}

(#1) A= {a.bc}, B={bhec}
(iti) A={a.b}, B={c}
Based upon the above facts which one of the following is true ?

L) 2) i 3) ¢ and 4 4) ¢, 6 and @0
I for two Anite sets A and B

(i) Ax B={(x.y):x € Aand y € B}

(i) I n(A) =a.n(B)=b, then n(A x B) =ab
(#12) Each member of A x B is an ordered pair.

Based upon the statements above which one of the following is true?
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=]

9.

1.

11.

12.

13.

14

15.

16.

17.

15.

1) i and iz 2} 1 and 7 3) 47 and 9 4} .11 and
IfA={6,7.849 10 11, 12 13}, then answer the questions 79 helow:

Which one is the correct expression for the set A7
1) {reN:6<x< 13} 2) {reN:6<T< 13}
3) {reN:G6<a <13} 4) {reN: (< <13}

Which one 1s the set of primes in A7

1) 46,8;10,12} 2) {7.9.11,13} 3) {7.11,13} 4) {9.12}
Which one of the following sets is a multiple of 3 in set A 7

1) 46,9} 2) {6,11} 3 {9.12} 4) {6,9.12}
If A= {3.4},B = {2.4}, * € A and y € B, then determine the relation
>y in A and b:
IfC =1{2.5},D=1{46, 7}, v € ' and y € D, then determine the relation
2+ 1<yin C and D.

1

If f{a) = #* + 5 — 3. then determine f{—1). f(2) and f (E)

If flu) = ' + ky* — 4y — 8, then for what value of & will f(=2} = 0?
If f(a) = &% — G 4 112 — 6, then for what value of &= is f{ux) = 07

((2)+

2 1
If flx) = jr = I Ahen determine the value of —TN
B jl (_l-:) - J-
o
I 1 .
If glr) = %4)1‘:1?& that g (—,) = g(r?)
" e o

Determine domain and range from the tollowing relations,
1) R={(21)(2.2),(23)}

2) §={(~2 4),(~1,1),(0,0),(1,1), (2.4)}
1 ] a
3) F={(0)(L1).01,-1),G.2)-2)
Express the following relations in tabular method and determine domain
and range for each.

1) R={{z.y):x€ A yecAand x+y=1} where A={-2,-1,0,1,2}
2) F={{r.y)iz€C,y€C and y =22} where C = {-1,0,1.2,3}
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19. Draw the points (=3, 2), (01, =3), (% —{E.) on graph paper.

20.  Draw the points (1,2),(=1,1),(11,7) on the graph paper and show that all
the three points are on the same straight line.

21. Universal set I/ = {2 : & € N and & odd number}
A={z:zeNand 2 £ 2 £ T}
B={r:re Nand 3 < r <8}

C={r:re Nand z* > 5 and 2* < 130}
1) Express set 4 in tabular method.
2) Determine A’ and C\ B.
3) Determine B x C and P(ANC).
22. Look at the Venn diagram.

1) Express the set 5  in sel U
building method,
2} Using the faets mentioned above,
verify the relation AL (BN¢) =
{AuB)N{AUC).
3) IS = [(Bul)" x A then determine B
dom S,
Q= e o
23 p=7Jl2)= op—q 58 function.
1) Determine the value of f ( %)
r) +2
2) Determine the value of M
fle) —1

3) Prove that f(y) = «

24.  Draw the graph for the funetion as belows.

1) y=3x+5
2) z+y=2
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Chapter 3

Algebraic Expressions

[Prior knowledge of this chapter are attached to the Appendix at the end of this
book. At first the Appendix should be read [ disenssed. |

Algebraic formulae are used to solve many algebraic problems. Moreover, manyv
algehraic expressions are presented by resolving them into factors, That is why the
problem solved by algebraie formulae and the contents of resolving expressions into
factors by making suitable for the students have heen presented in this chapter.
Moreover, different types of mathematical problems can be solved by resolving
into factors with the help of algebraie formulae. In the previous class, algebraie
formulae and their related corollaries have been discussed elaborately. In this
chapter, those are reiterated and some of their applications are presented through
examples, Besides, extension of the formulae of square and cube, resolution into
factors using remainder theoremn and formation of algebraic formulae and their
applications in solving practical problems have been disenssed lLiere in detail,

At the end of the chapter. the students will be able to

p expand the ormulae of square and cube by applying algebraic lormulae.
p» explain the remainder theorem and resolve into factors by applying the
theorem,

» form algebraic formulae for solving real life problems and solve the problems
by applying the formulae.

Algebraic Expressions

Meaningful organization of operational sipns and numerical letter symbaols is
called Algebraic Expressions. Such as, 2a + 3h — de is an algehraie expression.
In algebraie expression. different types of information are expressed through the
letters a, b, ¢, p. q, v, m, n, z, ¥, 2. ... ete. These alphabet are used to solve
different types of problems related to algebraic expressions, In arithmetic, only
positive numbers are used, where as, in algebra, hoth positive and negative
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numbers including zero are used. Algebra is the generalization of
arithmetic.

The pumbers used in algebraic expressions are constants, their values are
fixed. The letter symbols used in algebraie expressions are variables, their values
are not, tixed, they can be of any value.

Algebraic Formulae

Any general rule or resolution expressed by algebraic symbols is callesd Algebraie
Formula, In class VII and VIIL, algebraic formulae and related corollaries have
been discussed, In this chapter, some applications are presented on the basis of
that diseussion.

Formula 1. (a+b)? = a® + 2ab+

Formula 2. (a—b) = a® — 2ab +

Remarks: It is seen from Formula 1 and Formula 2 that, adding 2ab or =2ab to
0 + bt we get a perfect square, i.e. we get (a+5)% or (a — b)%. Substituting —b
instead of b in Formula 1 we get Formula 2 @ {a+ (=0} = a* + 2a(—b) + (—0)*
That is, (a — b)Y = a” — 2ab + ¥

Corollary 1. a* + 0 = (0 +§)* — 2ab
Corollary 2. a* 4+ = (a—b)* + 2ab
Corollary 3. (a+b)® = (a — b)* + lab

Proof: (a + b)* = a* + 2ab+ * =a® — 2ab + V¥ +dab= (a — b)* +4ab O
Corollary 4. (a —0)? = (a +1)* — 4ab

Proof: (a — b)* =a* — 2ab+ ¥ = a* + 2ab + ¥ — dab= {0+ b)* —dab O

(aa+0)* + (a — b)?
2

Corollary 5. a” +17 =

Proof: From Formula 1 and Formula 2,

2125
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a? + 2ub+ 0 = (a+0)*

a* — 2ab+ 1 = (a — by

)

(a — b)*
adding, 2a* + 20° = (a + b)* { — b)*
or, 2{a* + &) = (a +b6)* + (a —h]
(@ + b)? + (a—b)?

Henee, (a® + %) = 2 ]

1 2
Corollary 6. ab = (ﬂ' -L_ b) = (” S h)

Proof: From Formula 1 and Formula 2,
a* + 2ab+ b = (0 + b)*
a® — 2ab+ 0 = (a0 — h)z
subtracting, 4ab = (a + b)* — (a — b)?
(a+b? (a— .h}*'

or, ab =

4 & 4 i
a+b\" a—58\" _
hence, ah = ( 5 ) - ( 3 ) 5

Remark: By applying the Corollary 6 product of any two quantities can he
expressed as the difference of two squares.

Formula 3. o — 0" = (a +b)(a —1)

Therefore, the difference of the squares of two expressions = sum of two expressions

w difference of two expressions,

Formula 4. (v +a){x +b) =2+ (a+ b)e + ab

Therefore, (i +a)(x +b) = +*+ (algebraic sum of @ and b) x + (the product of «
and )

Extension of formula for square: There are three ferms in the expression
a+h+e It can be considered the snm of two terms (a +6) and ¢, Therefore, by
applving Formula 1, the square of the expression is,

(a+b+ef ={{a+b)+e}®=(a+0*+2(at b+

=a® + 2ab+ b + 2a0 + 2be+ ¢ = ot + b* + & + 2ab + 2be + 2ae
Formula 5. (a+b+c)? =a? + b +¢? + 2ab+ 2bec + 2ac
Corollary 7. a®>+F +c* =(a+b+¢)? = 2{ab+be+ ac)
Corollary 8.  2(ab+ be + ae) = (a+ b+ ¢)* — (a® + 0" + ¢*)
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Note: By applving Formula 5, we get.

1Y (a+b—cP={a+b+{—0)}
a + b 4 (—e)* + 2ab+ 2b( —¢) + 2a(—¢)
= a” + 0 + & + 2ab— 2bc — 2ac

2) {a=b+e)?={a+(=b)+c}?
=0+ (—0)* + ¢ + 2a(-b) + 2(—b)c + 2ac
a? + I* + ¢ — 2ab — e+ 2ar

3) (a—b—c)* ={a+(=b)+ ()}
= g% + (=b)* + {—c)* + 2a({=b) + 2{=b}{—c) + 2a(—c)
= a* + 0 + ¢* — 2ab+ 2bc — 2ac

Example 1. What is the square of (4r + 5y)?

Solution: (4x +5y)? = (dir)* + 2% (4r) x (5y) + (5y)* = 162" + 402y + 25y

Example 2. What is the square of (3a — 757

Solution: (30— 7h)* = (30)* — 2 x (3a) x (Th) + (Th)* = 9a* — 42ali + 490°
Example 3. Find the square of %496 by applying the formula of square.
Solution: (996)* = (1000 — 4)* = (1000)% — 2 » 1000 x 4 4 47

1000000 — 8OO0 + 16 = 1000016 — RO00 = 992016

Example 4. What is the square of a + b + ¢ + d?

Solution: (a +bh+c+d)*={(a+b)+(c+d)}*
= (a+b)* + 2{a + b)(e+d) + (e + d)*
= a* 4+ 2ab+ b* + 2{ac+ ad + be + ) + 2 + 2ed + d*

= n? + 1+ & 4+ d? + 2ab+ 2ac + 2ad + 2be + 2bd + 2ed

Work: Find the square with the help of the formulae:

1) Bay+ 2ax 2) 4o —3y 3 & —5y+ 2z

223
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Example 5. Simplity: (5 + Ty + 3217 + 2(Tx — Ty — 32) (5 + Ty + 32) + (Tr
Ty — 32)°
Solution: Let, bx 4+ Ty + dz=aand Tx = Ty—=3z=10
. Given expression = a® + 2:h-a + 8 = a* +2ab + H*
= (a 4+ b)*
= {(5a + Ty + 3z) + (T — Ty — 32) }[substituting the
= (5e + Ty + 3z + Tr — Ty — 32)* wmlsoa ARl
= (127)% = 144z*
Example 6. If # —y = 2 aud 2y = 24, what is the value of x4+ y 7
Solution: (x+y)* = (r—y) +4duoy = (2)* +4 x 24 = 4+ 96 = 100D
L x = +v100 = 10
Example 7. Ifa'+a*h +b' = 3 and 0* + ab+ b = 3 . what is the value of
at + 7
Solution: a' + a*h* + b’
= (a2)2 + 20282 + (B)? — u*?
= (a* + b*)* — (ab)?
= (a* + b + ab)(a* + b* — ab)
= (a” + ab + ) (a* — ab + 1)

S 3 =307 —ab+ 0*) [ sbstituting the values]

or, a* —ab+0F = i{ =]

Now adding, a* + :ﬂ: +bF=3anda*—ab+F =1
we get, 2{a® + b*) =4

=3

; 9
or,a” + b =

=] |

st b =2
Example 8. Prove that, (a +8)* — (a — b)' = Bab(a® + b*)
Solution: (a+b)' — (a —b)*

= {{a +8)*P —{(a - )}

= {{a +8)* + (a = b)*Hla + 1)? = (a = 1)}

= 2{a® + b*) x dab | applying Corollary 5 and Corollary 6 |

Forma-7, Mathematics, Class 9-10
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= Bah(a? + 67)
Sola+ 0 = (a — B = 8abla® + 17)
Example 9. [[a+b+c¢ = 15 and o® + 0 + ¢f = 83, what is the value of
ab + be + ac?
Solution: First method:

2ab+ be+ ac) = (a+ b+ c)* — (a° + P+ ) = (15)* —83 = 225 — 83 = 142

Lab+ et ae=— =71
Rl e ol 1l o 9 i
Alternative method:
(a4 b+ e)* = (a0* + B + %) + 2{ab + be + ac)
or, (15)* = 83 + 2(ab + be + ac)
or, 225 — 83 = 2(ab + be + ae)
or, 2(ab + be + ac) = 142
142

cab+be4 ae= — =T]
an—+ 0 e 2 {

Example 10. Hfa+b+c =2 and ab+ be+aec = 1, what is the value of
(a+b2+ (h+e)+(c+a)?
Solution: (o +b)* + (b+¢)* + (¢ +a)*
=a* + 2ab+ b* + b* + 2be+ c* +¢® + 2ea + 0®
= (02 + 6* + & + 2ab + 2be + 2ca) + (a® + ¥ + &)
=(a+ b+l + (a+b+c)* —2(ab+ be+ ca)
= (2P +(22—2x1=4+44—2=8—-2=0
Example 11. Express (2r + 3y ){4dx — 5y) as the difference of two squares.

Solution: Let, 2+ 3y =a and 40 — 5y = b

t+bY* 5K
oL Given expression al = (”1’ ) _ (a _ )

(E.r' + 3 +4x — Ey) < (2.-:- + 3y — 4 + 5y
2 2

2
) | substituting the values
of a and b
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G — 2y * 8y — 2\*
-(*5) - (")

23 - \* 204y —-x))”
{5 - {7

= (30 —y)* — 4y —=)°
20+ 3y dr = Sy) = (B —y)F = (dy — a)*

Work:
1) Simplify: (4= + 3y)* + 2(4r + 3y)(dr — 3y) + (dz — 3y)*

2) Ifr+y+z=12and +* + 4y + 2% = 50, find the value of (& — y)* +(y—
2+ (z =)

Exercise 3.1

1. Find the square with the help of ”ii-‘. formulae:
1) 2a+ 36 2) x*+ 3 3) 4y — b
I
4) Sat—y 5) 3h—5c—2a G) ar — by —ez
7) 2a+3r—2y—>5z 8) 1007

2, Simphfy:
1) (Tp+3¢—"5r)y —2(Tp+ 3g — br)(8p — dg — 6r) + (8p — 4g — 5r)*
2) 2m+3n—p)*+(2m—3n+py* —202m+3n — p)(2m — 3n+p)
4) 635 x6.354+2 % 635 » 3.65+ 3.65 x 3.65
2345 ¥ 2345 — 759 % ThY
2345 =709
3. Ha—b=4and ab= 60, what is the value of a+ &7

4. Ifa+b=9m and ab = 18m?, what is the value of a — b7

1 1
5. Ifr — — =4, prove that, = + — =322
A i1

2 mick Lo
G, If2r+— =3 what i the value of #° + =5 ?
x r
1

i

4

I—hI

I "
Ifa+ — =2, show that, a* + - =a
fl =



10,
11.

12.

13

4.
15.

Mathematics (lasses [X-X

If a+b=+Tand a — b= 5, prove that, Sab(a® + b*) = 24
Ifa+b+c=9and ab+ bc + ca = 31, what is the value of a? + b* + ¢*7
If a* + b* + ¢ = Y9 and ab+ be+ ca = 8, what is the value of (a +b+¢)* 7

Ifa+b+e=06and a® +F +e* = 14, what is the value of (o —b)* + (b —
e)* + (e —a)*?

If + =3, y =4 and z = 5, what is the value of 9 + 16y* + 42* — 240y -
16y: + 122 7

Express (o + 2b)(3a + 2¢) as the difference of two squares.
Fxpress 2% + 10x + 24 as the difference of two squares,

If o' +a*h? + 8" =8 and a” + ab + 6 = 4, find the value of, 1) a® +57%, 2} ab

Formulae of Cubes

Formula 6. (a+ b)® = a® + 3a%0 + 3ab® + b* = o + b* + 3ab(a + b)

Proof: (a+ )" = (+b)(n+ .‘1}2

= (a+b)(a®+ 2ab+ H*)

= a(a? + 2ab + B*) + b(a* + 2ab + B)
= a% + 2a%h + ab® + a*h 4 2ab* +
= a* + 3a*h + 3ab® + b

= g% + b0 + 3ab{a + b) M

Corollary 9. a4+ 8 = (a+ ) — Jabla + 1)

Formula 7. (a —b) =a' - 3a?b+ 3a0b® — b = a® — b* — Jab{a — b)

Proof: (a — b = (a — b)(a — b)*

= (a — b)(a® — 2ab + b*)

= af(a® — 2ab + &) — ba* — 2ab + b*)
=t — 20%h + ab® — b+ 2ab* — b
= gt — 30 + 3ab® = ¥

= a% — b — 3abla — b)

O

2023
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Note: Substituting — b instead of & in Formula 6 we get Formula 7:
{a+ (=)} = a® + (=) + 3a(—b){a + (—b)}
That is, (@ —h)* = a® —b* — 3ab(a —b)

Corollary 10. a'—§ = (a —b)* +3abla — b)

Formula 8. o’ + b = (a +b)(a? — ab+ b*)

Proof: a® + 17 = (a + b)) — 3ab{a + b)

= (a +b}{{a+b)* — 3ab}

= (a + b)(a* + 2ab + b* — Jab)

= {a + h)(a* —ab + b*) O
Formula 9, o' — b = (a — b)(a® + ab+ 1)

Proof: a® — b = (a — b)* + 3ab{a — b)
— (o= B){(a — b + 3B}
= (a1 — b){(n? = 2ab + b* + 3ab)
= (a — b{a® + ab+ 1?) 4

Example 12. Find the cube of 2o + y.

Solution: (2r + 3y)"
= (2r)* +3(22)? - 3y +3 - 2u(3y)* + (3y)°
= Rt 340 - 3y + 3 20 - 9yt + 2Ty
= 8?4+ 3622y + E-I.'ry? + E’Tyﬁ
Example 13. Find the cube of 20—y,
Solution: (2 — y)*
= (26)% - 3(22)* -y +3 - 2w -4 =
=8 =3 do? -y 322t —1F

= Rt — 122y + ﬁ_n;,.r” - HH

Work: Find the cube with the help of the formulae.

1) 37+ 2y 2) dr—4y 3) 397
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Example 14, If & = 37, what is the value of 82° + 7242 4+ 216z + 2167
Solution: =¥ + T2u0° + 216z + 216

=2z + 3 (20)* - 6+3 20 (6) + (6)°

= (2r 4+ ()" = (2 x 37 + 6)? [ substituting the values]

= (T4 4+ 6)% = (80)* = 512000
Example 15. If # —y = 8 and ry = 5, what is the value of 7% — ¢ + Bz +y)*7
Solution: «* — ¢* + 8&(r + y)?

— (& — )+ Bala — )+ 8{(x — y)* + day)

= (&) 4+ 3 % 5 x 84+ 8(8? + 4 x §) [substituting the values]

=8+ 15%x 8+ 8(8* +4 % 5)

=8 4+ 15 x84+ 8 x84

= B(8% + 15 + 84) = 8(64 + 15 + 84)

=8 163 = 134
L 183

Example 16. If a = 3 + 2, prove that, a® +

Solution: Given that, a = v3+ 2

1
e V342
V3- V2

[multiplving numerator and denominator by (3 =/2) ]

T (VB VR(VB— V)
B-vi_ _-vi_ o o

U (VAR - (V2R 3-2
5 a4 }1=w€+ VI + (V3= VI = V3+ vVE+ V- VE=2V3

o 5] 1N | |
Nﬂw,ﬂ-'ll__i':(ﬂ'{ -) —.'i-rr--(al ")
i i i i

= (24/3)* — 3(24/3) [ a+ 11 = zﬂ]

=2 (V3P —3%x2/3=8:3V3-6\3
2443 — 643 = 183 (Proved)
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Example 17. Ifr+y=5 2y=~0and z >y
1) Find the value of 2(:* + #°).
2] Find the value of #* — ¢ — 3(2* + »°).
3) Find the value of 2% +3°.
Solution:
1) We know, 2(* + %) = 2{ (s + y)* — 2y}
=252 —-2.6)=2x%x 13=26
S22+ yt) =26

2) Given that, <+ y =05 and ry = 6. r >y (By the given condition negative
ne—y= JE+t W)F — dry value is not acceptable)

B2 —4.6 =25 —21 =+1=1
rd — gt — 3%+ y®)

| 8 .o
= (= y)* +3ry(r —y) — 5 - 20" + )

3 . 3
= 134+3-6- 1~ -2 on(~1)' +3:6- (~1) 526

=1+ 18—39

= —2)
o — gt~ 3?4 y¥) = =20

3 r+y=5iandr—y=1
i
adding, 2r = 6 = -_; —
: 4
subtracting, 2y = 4 = = — 7
"

St =000 — 243 + 32 =275

Work:

1) If r = =2, what is the value of 27:% — 5402 + 362 — 87

2) Ita+b=>5and ab =6, find the value of a® + & + 4(a — b)*.

3 Uz =6+ /3, find the value of 23 4 ﬁ"g
a4
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Exercise 3.2

1.

2

-

iy |

li.

10,

11.

12.

Find the enbe with the help of the formulae:
1) 2024 3y° 2) Tm*—2n 3) 20—b—3¢
Simplify:
1} (Tr+36)% — (5 4 3bY — 6x(Tr + 3b)(5x + 3b)
2) (a+b+e) —(a—b—e)* —6(h+e){a* — (b+ )%}
3) (m4+n)"— (m—n)" — 2mn(m® —n?)?
3) (e —ay ) R = ) (2 4 2)(2 = e )
3) (2x 43y —42) + (2r — Jy + 42)* + 120 {da® — (3y — 42)*)
Ifa —b=>5 and ab = 36, what is the value of a® — 137
If a* — b = 513 and a — b= 3, what is the value of ab?
If # =19 and y = —12, tind the value of 8% + 3622y + 5dry® + 2745
If n = 15, what is the value of 8a* 4 (0a* + 150a 4 1307
Ifa+bh=m,a*+ b =nand a* + b = p*, show that, m? + 2p? = Imn.
If a4+ & =3 and ab = 2, find the value of (a) a? —ab+ 4 and (b) o® + 6%,

If a —bh =5 and ab = 36, find the value of (a) a% +ab+ b2 and (b) a* — %

! ;i
Ifm+— =u, find the value of m* + —.
AL m

1

| .
If # —— = p, find the value of »* — —.
H i

1 ; |
If a — — = 1, show that, a®* — — =4,
(¥} i

Ita+b+e=1, show that,

1) a4 6+ ¢* = 3ale

(b+¢)* (e+a) (a+b)*
£ =
2) 3he 2 Jea = Jab

223



=1

=y ]

Chapter 3. Algebraic Expressions
14. If p— g =r, show that, p’ — ¢* = r = 3pgr.
A

. 2 g 1
15. If 2 — = = 3. show that, 5(.-:-3 — —_1) = 03.
. P

ar=1
—

16. Tfa = 6 + 5, find the value of

i
|

17. s ——=v3where x £ 0
T

1) Prove that, 12— 3r=1.

£n

P |
2)  Prove that, 23 (.‘r- . —2) —
P

vl 1
€I T‘I!—-I. .

. 1
3) Find the value of 2" + —.
J. 1

Factorization

If an expression is equal to the product of two or more expressions, each of the
latter expressions is called a factor of the former expression. After finding the
pussible factors of any algebraic exproession and then expressing the expression as
the produet of these factors are called factorization or resolution into factors,
The algebraic expressions may consist of one or more terms, So, the factors may

also contain one or more terms, Some process of resolving expressions into factors
will be discussed here.

Common Factor: If any polynomial expression has common factor in every
term, at hrst they are to be found out. For example,

Example 18. 3ah+ Gab” + 12076 = 3ab(a + 2b+ 4ab)

Example 19. 2ab(s —y) + 2bcle — ) + 3eale — y) = (o — ) 2abh+ 2he + 3ca)
Perfect Square:  An expression ean be expressed in the form of a perfect

SO 1THTE.

Example 20. Resolve into factors: 40® + 120 +9

Solution: 427 + 12r + 9= (21)? +2 x 2r x 3 + (3)*
= (2o 4+ 3)* = (2x + 3)(2e +3)

Forma-8, Mathematics, Class 9-10



it Mathematios (lasses IX-X

Example 21. Resolve into factors: 922 — 30xy + 26i°

Solution: 9+ — 30xy + 25)°
= (3x)® — 2 x 3z x By + (5y)*
= {3 — 5¢)° = (3 — 5y)( 3 — 5y)

Difference of two squares: Expressing an expression as the difference of two
squares and then applving the formula a® — 6 = (a + 6){a — ),

Example 22. Resolve into factors: a® — 1 4 20 — 2,
Solution: a® — 1 +2b—b* =a® — (W —2b+ 1)
=a?=(h=1)2={a+(b—1)}Ha—(b—1)]
=(a+b-1)(a-5b+1)
Example 23. Resolve into factors: a' + 645"
Solution: a’ + 64b" = (a*)* + (8b*)?
= (a*)? 4 2 x a* x 8b° + (86*)* — 1Ga*b?
= (o + 86?12 — (-'luab}!
(a® + 86 + dab)(a® + 812 — dab)
= (a* 4 dab + 88*)(a* — dab + 8IF)

Work: Resolve into factors:
1) abs? + ace + adr* 2) wa? — 1442l 3) o — 2oy — 4y — 4

Middle term factorization:  Factors can be determined by applying the
formula #* + (a + b)x + ab = (@ + a){x + b). In this method, a polynomial of the
form 7° + pr + g can be factorized, if two integers.a and b can be found so that,
a4+ b= pand ab = 4. For this, two factors of ¢ with their signs are to be taken
whose algebraic sum is p. Il =0, @ and b will be of same sign and if g< 0, @ and
b will be of apposite sign. To be noted p and g may not be integers.

Example 24. Resolve into factors: o? + 120 + 35

Solution: 7* + 127 + 35 =r*+ (H+ Nr +5x T={x +5){z + 7)

Example 25. Resolve into factors: 22 + & — 20

Solution: r* 4+ 12— 20 =z* + (5 — 4)zr + (5)(—4) = (x 4+ o) (x—4)

2025
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Middle Term Break-Up: By middle term hreak-up method of polynomial of
the form of az® + bx + ¢ would be az* +be+c = (re+p)lse+q) il ax +br+e=
rsr® + (rg + sp)e + pg. That is, a = vrs, b rg + sp oand ¢ . Henee,
ac = rapq = (rq)(sp) and b = rg + sp. Therefore, to determine factors of the
polynomial ar? + br + ¢, ac, that is, the product of the coefficient of 7° and the
term free from g arve to be expressed into two such factors whose algebraic sum is

equal to b, the coefficient of .
Example 26. Resolve into factors: 30® — o — 14
Solution: 372 =7 — 14 =322 = Tr + 6r — 14

= (30 —T)+ 23 —=T) =B —T)(x +2)

Work: Resolve into factors:

1) 2?42 —562) 162 — 4622+ 152 3) 1202+ 172 +6

Perfect Cube Form: Factors can be determined by expressing an expression
in the form of perfect cube.

Example 27. Resolve into factors: 80 + 362y + 5day” + 27y°

Solution: 8% + 36Ga%y + Sday? + 271
= (20 + 3 x (22)? x 3y 4 3 x 20 x (3y)? + (3y)?
= (20 + 3y)* = (22 + 3y) (20 + 3y) (20 + 3y)

Formulae of addition or subtraction of two cubes:  Factors can be
determined by applyving the formulae a® + 0 = (a + b)(a* — ab + ) and
at = bt = {a = b)(a* + ab+ )

Example 28. Resolve into factors: 1) Sa® + 276 2) o' — 64

Solution:
1) 8a® + 270 = (2a)* + (35)°
= (2a + 3b){(2a)* — 2a x 3b+ (30)*}
= (20 + 3b)(4a® — Gab + 947)
2) 0 —64 = (0*)* — (4)° = (0* — Y{{a?)* + o* x 1+ (4)*}
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= (a® —4)(a* + 4a” + 186)
but 0 —4 = a? =27 = (a + 2){a — 2)
and a' + 4a® + 16 = (a*)* + (4)* + 4a?
= (a? +4)* = 2(a®)(4) + 1a°
= (a® + 4)* — 4a®
= (0% +4)* — (2a)*
= (6® + 4 + 2a)(a® + 4 — 2a)
= (a? 420 +4)(a® — 20 + 4)
Lal — 64 = (a+2)a — 2)(a® + 2a + 4)(a® — 2a + 1)
Alternative method: o — 64 = (a")? — 87
= (a® + 8)(a* — 8}
= (a* + 27)(a® — 2
= (a + 2)(a® — 2a + 4)(a — 2)(a® + 2a + 4)
= (a+2Mn— ) (a? +20+4) (a2 — 20 +4)

Work: Resolve into factors:

1) 22"+ 16 2) B —a®+3a*h—3ab® + B 3) (a+0)?*+ (a— by

Factors of the expression with fractional coeflicients: Factors of the
expression with fractional coeflicients can bhe expressed in several ways. For

saad L B 1 -
EXAINpe, at —|—2—_ a’ +ﬁ_ ”+E il _E+ﬁ

: 1 1
atii sl 5 y8L + 3+
Apain, n 7 ‘ZT{ZM +1) _{ (3a) + (1) } = ET[SH 19" —3a+1)

In the second solution, the factors invelving the variables are with integral
coeflicients bt the two solutions are saie,

1 ; 1
—(3a+ 1)(Ya* — 3a+ 1) —{&u—|—l} % — I:‘ins —da+1)

27
= (rr.-l— %) (ui = §+ %)
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Gl

Example 29. Resolve into factors: 2% 4 6%y + 1Ley® + Gyt

Solution: 7 + 6%y + 1loy® + 6y

={r*+3- 0% +3-7- () + (29} — P - 2P

=(r+ 2y —y(r+2y) = (r+ 29 {(x + 20 — 9}

= (r+2ua+ 2+ u)lr+ 2y — v)

= (r+2y)(z+dy)r+y) = (r+y)x+2y)(r+3y)

Work: BResolve into tactors:

31 162* — 25y* — Bz + 10yz

Exercises 3.3

Resolve into factors (1-30):
1) able — y) — be(x — y)
3) at = 2Ta?* + 1
5) (a® = b) (o = y*) + dabay
T) a*+6a+8—y*+ 2y
9) w? + 13x + 36
) a® — 30a + 216
) #* = 3Tk — 650
15) dat —27r* - 81
)

19) #* +3z* + 32+ 2
21) a* — 9 + (a+ )

) 4 H*
23) 8o+

-

; 1
25 -lu.‘—l-i E—Z-I--lu——

27) (& +2)(x + 3z + )z

3a* + 2a) — 22(a" + 20) + 40 18

+5)
28} (x— 1) —3)(e —5H)wr—T7)

2) 9a*+ 242+ 16

4) 2t = 6%y + o

6) 4a® — 12ab + 9% — 4c*

8) 162 — 258y — 84z + 10y:

10) 23422 —20

12) a® —a*—2

14) 9ry® — Sry® — 14y*

16) ar®+ (a*+ l)r+a

(0 — 1)a* 4+ a*iey + (a + 1)y

)
200 af — Ga* 4+ 12a —9
22) 3.-;—” + 1232 + Bz — 63
il
24) & ¥
26) (3a+ 1) — (2a — 3)*
A%
— B35

29) 2be" + 2ot £ 20t — gt — B —

30) 4{r+2)? —29(x+2)(x+ 1) —15(x + 1)?

31) Show that, (7 + D)z +2)(3xr — 1)(3r —4) = (32" + 2v — 1){32? + 20 — B)
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Remainder Theorem

[n the following example, il 642 — 7o + 5 is divided by r — 1,then what is quotient

and remainder? _
r—=1) 6a* =Tr +5 (Gz—=1

Gr® —6r
—& +0
—r =1

4
Here, @ — 1 is divisor, Gr® — Tx + 5 is dividen 6 — 1 is quotient and 4 is
remainder.
We know, dividend = divisor x guotient 4+ remainder

Now, if we indicate the dividend by f(#), the gquotient by A(e). the remainder iy
r and the divisor by (r— a), from the above formula, we get,

fla) = (x —n) - h{x) + r, this formula is true to all values of a.

Substituting » = a in both sides we get.
flay=(a—a)-hla)+r=0-bia)+r=r

Hence, » = f(u)

Therefore, if f(x) is divided by (@ — a), the remainder is f{a). This formula is
known as remainder theorem. That is, the remainder theorem gives the remainder
when a polynemial f{x) of pesitive degree is divided by (x—a) without performing
actual division, In the above example if o = 1, then f(z) = 6% = Tr + 5.

oo f(1) =6 - 745 = 4 which is equal to the remainder. The degree of the divisor
polynomial (i —a)is 1, If the divisor is a factor of the dividend, the remainder will
he zero and if it is not zero, the remainder will he a number other than zero.
Corollary 11. (r — a) will be a factor of f(x) if and enly if fla) = (.

Proof: Let, f(a) = 0. Therefore, according to remainder theorem, it f{x) is
divided by (@ = a), the remainder will be zern. Hence, (r = a) will be a factor of
flx).

Conversely, let, (;r —a) is a factor of f(x).

Therefore, f(a) = (2 — a) - h{x), where h(x) is 4 polynomial,

Putting = = a in hoth sides we get,

2025



20125

Chapter 3. Aleebraic Expressions %1

fla) =(a—a)- ﬁ.{nj =)
= flal=0

Hence, any polynomial f{x) will he divisible by (2 — a) if and only if f{a) = 0.

This formula is known as factor theorem.

Proposition 12,  If degree of f{x) is positive and a # 0, then if f{x) is divided
h

by (a2 + b), the remainder will be f| ——
a

Proof: Degree of divisor ar + b, {a # 0} is L

Hence, we can write: fle) =(ar+8) - ko) +r=a (_r' + E) shix)+r
a
: b
Loy = (.r - ;) e () +

h
It 15 clear that, if f(x) is divided by (.r | —). the quotient will be a - A(e) and
a

the remainder will be r.
o b
Here, divisor =0 — | ——

: s A
Henece, according to remainder theorem r = f (——
i

Thervefore, if fa) i divided by (ar+0), the remainder will he (—E) -

"

Corollary 13. If o £ (), the expression az + b will be a factor of any polynomial

- f
), if and only if f (__’) oo
@
. h ; I - - [r]
Proof: u # 0, ar+b=a|x+ - | will be a factor of fx), if and only if | 2 + -
! i
! i : ; f
= i B is a [actor of .Irl:.ﬂ Henee, il and :_nuly il JF __r —~ (1. This
i i

method of determining the factor by using remainder theorem is called Vanishing
method.

Example 30. Resolve into factors: @ — o — 6

Solution: Here, f{x) = " — o — 6 is a polynomial. The factors of the constant
=G are =1, +2, +3. +6.
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Now, putting 7 = 1. =1 we see that the value of f(7) is not zero.
But, putting & = 2 we see that the value of f{1) is not zero.
Henee, f(2) =2 -2-6=8-2-6=1(
Therefore, z — 2 is a factor of f(z).
i) =2t—r -6

=g = 27% 4 2r* = Ar 4+ 372 =06

=7 r =2)+2r(r =2} + 3(r - 2)

= (& — 2)(* + 22 +3)

Example 31. Resolve into lactors: o — 3ay® + 29 and 0% + oy — 24°.

Solution: Here, consider x a variable und y a constant.
We consider the given expression a polynomial of 7.
Lat, f{£) =% — 3a3* + 24"
Then, f(y) = —3y-y* + 2y =3 — 3° =0
e — y) is a lactor of f(x).
Now, r* — Jxy* + 2y

= g% = PPy + iy — oyt = Lryt + 20

= rtx = y) +ayle = y) = 2% (= - y)

= (= y)(x* + 2y — 20°)
Again let, g(r) = a® + 2y — 29
L) =yt -2t =0
" (ar— y) is a factor of g(x).
Lgla) = ot 4oy — 248

= 7t =g+ 2y —29*

=r(r—y)+2lr—y)

(= w){r + 29)

2o =3 2R = (=) -+ 2y)

2023
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Example 32. Resolve into factors: 5da? + 270% — 160 — 8a.
Solution: Let, f(x) = d4a’ + 274% — 16x — Sa

4 3
Then, f( - éﬁ‘) = 5-1( : %ﬂ.) -+ 2?'11( : rr.) Ifj( i;ﬂ) Sa

o7 , 27
| a1 .
Sor— ( ~ -rr.) =g+ == 2[2: +a) is a factor of f(r),

ba ] —

Er:' — Eﬂ" + Ba — 8 = (]
2 2

Hence, (20 + a) is a factor of flx).
Now. 54rt + 27r%a — 162 — Sa
27032 + a) — 8(2x + a)
(20 4+ a) (27" — 8)
= (204 a){(3x)* - (2)°}
= (22 + a)(3x — 2)(92* + 6z + 1)
Example 33. gla)=a*+a*+ W0a—38, fla)=a" =9+ (a+ 1)

1) If gla) is divided by (a — 2},then determine the remainder,
2] Resolve into factors: fla).
Solution: 1) Given, g(a) = a* +a” + 10a — 8
According to remainder theorem, il g(a) is divided by (a — 2) then the remainder
will he g(2).
g2 =2 4+22410-2-8=8+44+20-8=32-8=2
Sogl2y=24
Caleulated remainder is 24.
Flo) =a* =04 a1
fla) is a polynomial, if we put a = 1. then the result of the polynomial will be
ZET0,
Therefore (a — 1) is a factor of the polynomial.
o fla)=a" —09+a’ +30% + 30+ 1 = 20" + 3% + 30 — 8
=2a% — 20® + 5a® — 5a + 8a — 8§
= 2a*(a — 1) + ba(a — 1) + 8(a — 1)

Forma-9, Mathematics, Class 9-10
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= (n=1)(2a? + Ha + 8)
Lat =04 (a+ 1) = (a— 1)(2¢° +5a +8)

Work: Resolve into factors:

1) o« —21e—20 2) 22— 3+ 33— 1 3 46+ e+ 6

Exercises 3.4

Resolve into factors:

. 3a®+2a+5 2. % — Tof — by

3, P +2 —br—6 4. *+4ef+r—06

5 o' +3a+ 36 6. a*—da+3

T. a'=a* = 10a—8 8 T =3r*+d4r—4

9, a = Ta*h+ Yab* =19 10, o2 -z —24

1. o +6a? 4 1l + 6 R .

13 41203 4720 -8 M, 28— atf—at bt -
15, 40 —bBe® + 50 —1 16, 1824 4 154 — 1+ —2

Forming and applying algebraic formulae in

solving real life problems

In our daily business we [ace the realistic problems in different time and in
different ways. These problems are deseribed linguistically, In this section, we
shall diseuss the formation of algebraic formulae and their applications in solving
different problems of real surroundings which are described linguistically, As a
result of this disenssion the students on the one hand, will get the conception
about the application of mathematies in real surroundings, on the other hand,
they will be eager to learn mathematics for their understanding of the
involvement of mathematics with their surroundings.

Methods of solving the problems:

1. At first the problem will have to be observed carefullv and to read attentively
and then to identify which are unknown and which are to he determined.

2025
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2. One of the unknown quantities is to be denoted with any variable (say ).
Then realising the problem well, express other unknown quantities in terms
of the same variable .

3. The problem will have to be splitted into small parts and express them hy
algebraic expressions.

4. Using the given conditions, the small parts together are to be expressed hy
an equation.

5. The value of the unknown quantity r is to be found by solving the cquation.
Different formulae are used in solving the problems bagsed on real life. The tormulae
are mentioned Lelow :

Related to Payable or Attainable
Suppose, ¢ = amount of money payvable or attainable per person
n = number of person

o Amount of payable or attainable money, A = gn

Related to Time and Work
Suppose, ¢ = portion of a work performed by every one in unit of time
n = number of performers of work
£ = total time of doing work
W = portion of a work done by » persons in time r
W =gnx
Related to Time and Distance
Suppose, v = speed per hour
t = total time

d = tolal distanee

Related to pipe and water tank
Suppose, (Qy = amount of stored water in a tank at the time of opening the pipe

g = amount of water Howing in or Howing out by the pipe in o unit time.
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t = time taken.
(1) = amount of water in the tank in time ¢
LR =Qp gt
'+ sign at the time of Howing of water in and "~ sign, at the time of Howing of
water ont arve to be used,
Related to percentage
Suppose, b = total quantity

=
= T.'I.t'."! 'I'.}f ETCRNtae — —— — .?U |
‘ P T

p = part of percentage 8% of = b

L p=1Ir

Related to profit and loss
Suppose, {1 = cost price

r = rate of profit or loss
coselling price §=0C'(1 £ 1)

in case of profit, § = C'(1+r)

in case of loss. § = C{1 —1r)

Related to investment and profit
Suppose, [ = profit alter time n
1= specific time
F' = principal
r = profil of unit principal at unit time
A = prinecipal with profit after time n
In the case of simple profit,
I = Pnr
A=F+!=FP+ Fnr= FP(l4+nr)
In the case of compound profit,

A=P(1+7)"
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Example 34. For a function of Annual Sports. members of an association
mare a budget of Tk. 45000 and decided that every member would subscribe
equally. But 5 members refused to subscribe. As a result, amount of subseription
of each member increased by Tk. 15 per head. How many members were in the
association?

Solution: Let the number of members of the association be x and amount of
subseription per head be Tk, 4.
Then total amonunt of subseription, Tk A = g = 45,000 .

Actually numbers of members were (x — 5) and amount of subscription per head

berame Th. (g + 15) .
Then, total amount of subscription (@ — 5)(g+ 15)
Bv the question,
gr = (r—B){g+ 15} «+-=-= (1)
g = 43000 - .- (2)
From equation (1) we got,
gr = (x—d)g+ 15)
or, qo = qz— by+ 152 — 75
or, by = 158 — 75 = 5(3x — 13)
Lg=3r—15
Putting the value of ¢ in (2), we get.
(dar — 15) x o = 45000
or, 3% — 152 = 45000
ar, ¥* — 5 = 15000 [dividing both sides by 3]
or, ¢ — 5r — 15000 = 0
or, r* = 125z + 120x — 15000 =0
or, rlar — 125) + 120(x — 125) = ()
or, (r = 125)(x + 120) =0
Therefore, {r — 125) = 0 or (r + 120) =0

or,r =125 or, r = =120
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Since the number of members cannot be negative, hence the value of 7 as —120)

is not acceptable.
Therefore, number of members of the association is 125
Example 35. Ralig can do a work in L0 days and Shalig can do that work in

15 days. In how many days do they together finish the work?

Solution: Let. thev can linish the work i o days.

Name Days to complete | Partdonein | day| Part done ind day
. 1 d

Ratig 10 10 10
Shah 15 l .
Shahig Y 15 15

ood 11

As per question, 10 4= 5= { ar, ri‘.(m 4 E) = |
342 od

O, ”r( .f:l} ) =1 mr.:;—nzl

all
or, d = i— =0

ol

Therefore, they together can finish the work in 6 days.

Example 36. A boatman can row & km in time {; hour against the current,
"Iy cover that distance along the current he takes £2 hour. How meh is the spead
of the boat and the current?

Solution: Let the specd of the hoat in still water be ¢ km per hour and that of

the current be v km per hour.

Then, along the current, the effective speed of hoat is (u + v) ki per hour amwd
against the enrrent, the effective specd of boat is (w — v} km per hour.

distance traversed

We know, speed :
time

2025
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; ) T
According to the question, u+ v = g (1)

a

o

and u — v = = creean (2)
I

Adding equations (1) and (2) we get,

rm 1 1 x| 1 1
HM=—Ft == —+—] o, t==| —+ —
ta t i 2%Vl g

Subtracting equation (2) [rom equation (1) we get,

9 r X 1 1 ; o i | 1
S Y S R
e & NN & “Taln

' Y ' s s | : Lo
Henee speed of current is ——— | km per hour and speed of boat is — | —+—
tz 1y 2\t 1

km per hour.

Example 37. A pipe can fll up an empty tank in 12 minutes. Another pipe
flows out 14 litre of water per minute, If the two pipes are opened together and
the empty tank is filled up in 96 minutes, how much water does the tank contain v,

Solution: Let ¢ litre of water flows in per minute by the first pipe and the tank
can contain y litre of water,

According to the guestion, the tank is filled up by first pipe in 12 minates

Again, the empty tank is filled up by the two pipes together in 96 minutes.

S =90E — 96 % 1400 en (2)
From equation (1) we get, > = ¥

12

putting the value of r in equation (2) we get,
il v _ :
i =96 = C 46 % 14
or, i = By — 96 = 14
or. Ty =96 x 14
b6 x 14

oY= — = 192

Henee, total 192 litre of water is contained in the tank,
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Work:

1) For a picnic, a bus was hired at Tk, 2400 and it was decided that every
passenger would have to give equal fare, But due to the absence of 10
passengers. fare per head was inereased by Tk, 8. How many passengers
did go by the bus and how much money did each of the passengers give
as fare?

2) A and B together can do a work in p days. A alone can do that work
in g days. In how many days can B alone do the work 7

3) A person rowing against the current can go 2 km per hour. If the spead
of the current is 3 ki per hour, how much time will he take to cover 32
ki, rowing along the current 7

Example 38. Price of a book is Tk. 24, This price is 80% of the actual price,
The Government subsidize the due price. How much money does the Government
suhsidize for each book?

Solution: Market price = 80% of the actual price

We know, p = br

bl
AT == _I' 4 ¢ \ I— 11—. —_ ——
Here, p=Tk.24 and r = 80% 100
= bx D
= 00
24 = 100
or, b= ———
80
cob=30 Th.

Henee, the actual price of the book is Tk, 30.
2 Amonnt of subsidized money Tk, = (30 — 24) or Tk. = 6
Henee, subsidized money for each book is 'T'k. 6.

Example 39. The loss is #% when n oranges arve sold per taka. How mauy

aranges are to be sold per taka to make a profit of %7

Solution: If the cost price is Tk. 100, the selling price at the loss of v is Tk
(100 — ),

If selling priee is Tk. (100 — r), eost price is Tk, 100

223
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(a0
AL selling price is Tk, 1, cost price is Tk, - ! :
100 - r

Again, if cost price is Tk, 100, selling price at the profit of s% is Tk. (100 + s).

L) ; i+ &
L i eost price is Tk, 00 — 7 selling price at the profit of s% is Tk ( 1J{J{]
L}

10 —-r

L0 < 5
= Tk.

100 = r

L+ s

Therefore. in Tk. 100 numhber of oranges is to he sold is n.

P

o In the 1 number of oranges is to be sold s n x iy
100 + s

n( 100 —r)
100 + s
Example 40. What is the profit of Tk. G50 in 6 vears at the rate of profit Tk.

7 percent per annum 7

Henee, oranges are to be sold per taka.

Solution: We know, [ = Pur

Here, P = Tk.650 n = 6 vear, pereent per annum s = Tk.7T
& 7
ol =_—
1O} [N

=

_'_I=f55ﬂx{i><ﬁ=2?':}

Henee, profit is Tk, 274,

Example 41. Find the compound principal and eompound profit of Tk L5000
in 3 vears at the profit of 6 percent per anmum.

Solution: We know, € = P{1 + »)" |where (' is the profit principal in the case
of compound profit]

: DU
Given, P = 15000 Tk, r = 6% = “—:ﬂ n =3 year

1 4 i
S0 = 15000 (1 + —--) = 15000 (1 + :.?j_) — 15000 ( -_i’_-'_)
1K) ) 0]

Forma- 10, Mathematics, Class 9-11)



74 Mathematios Classes IX-X

53 53 B3 446631
= 1500} gl Mk e kel
050" %

*. Compound prineipal is Tk 17865.24
. Compound profit is Tk, (17865.24 — 15000) Tk. = 28065.24.

= 1 TH(5.24

Work:

1) The loss is 50% when 10 lemons are sold 50 taka. What will be the
profit or lossif G lemons are sold 50 taka?

L]

What will be the profit of principal of Tk, 750 in 4 years at simple

1
interest ﬁﬁ percent per annim?!

3) Find the compound interest of Tk, 2000 in 3 vears at compound interest
ol Tk, 4 percent per annum,

Example 42. The loss is 2% when 10 sticks of ice créams are sold per taka, How
many sticks of ice creams are to be sold per taka to make the profit of 2%7

Solution: If the cost price 1s Tk, 100, the selling price at the loss of &% 15 Tk,
= (100 — )

If selling price is Tk. (100 — x),cost price is Tk, 100

100
o Af selling price is Tk L cost price is Th, ——
100 — &
1
Hence, the cost price of 10 sticks is Tk. 1
100 —

100
(100 — 7) x 10

Again if the cost priee is Tk, 100, selling price at the profit of 2% is Tk, (100 + z)

.. The eost price of 1 stick is Tk.

It the cost price is Tk, 100, selling price is Tk. (100 + =),

LOO 4 =
Il the cost price is Tk, 1, selling price is Tk, 100
; o Sh 10}

; Cthe cost SN o ‘

o I the cost price is Tk (100 — ) % 10
elline nrice is Tk, 002 100 {100+ 2)
SETMNE PRCCAS 2% 60 * 00—y x 10 (100—2) x 10

(100+2) 100+ 2

The selling price of 1 stick ice cream is Tk, i T p <10 — 1000 — 105
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1000 — 10

100+ 2 stick have to be sold per taka.

Henee

Exercises 3.5

1. If flx) = 2* — 4o + 4. which one of the following is the value of f(2)7

1) 4 2) 2 3) 1 40
; . . I . ,
2. Which one of the following is the value of E{frr. +8)% — (a— 0)2}?
1) 2(a®+ 8 2} a4+ 3) 2al 4] dab
2 o)
3. If o +— =3, what is the value of z* 4+ —?
i€ &
1) 1 2) & 3) 9 1) 16
4. Which one of the following is the factorized form of p* +p* 41 7
) (B —p+ P +p-—1) D (P—p-DP+p+1)
3) ()P +p+1) 9 @ +p+ 1) —p+1)
5. If ¢ =2 — /3. then what is the value of #27
1) 1 2) 7= lw’i
3) 24+/3 4
) ) 2= V3
6. If f(z) =2 = Dr + 6 and f(r) =0, what is the value of r =?
1) 2,3 2) —5,1 3) —2,3 4] 1,=5

=]

What iz to be added to 92% + 16y% so that their sum will be a perfect square?
1) 6y 2} 12y 3) 2dxy 1) lddry

If ' — x% 4+ 1 =), answer the following questions from 8 to 10
L 1
8. What is the value of #* + —7
x
1) 4 2) 2 3) 1 1) 0
. 1
9. What is the value of (x + ;]2'.’
1) 4 2) 3 3) 2 4) 0
10. What is the value of 2% + — 1
H i
1y 3 2) 2 3) 1 1) 0
1. fa*+ P =9%andab=3
(1) (a—b)*=3
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13

14,

16.

17.
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{11} (a+ by =15
(iit) a® +b* +a®h* = 18
Which ome of the following is correct?
1) i, it 2) 4, it 3 i, in 4 . 46 and iii
If 3a° — Ga® + Ja + 14 is a algebraic expression -
(1) wvariable of the expression is
(1) degree of the expression is 5
(#i1) constant of a' is 6

Which one of the following is correct?

4 L T 2) 1, i 3) i, 1) 2, to and i
Factor of p? — G_l-l -
1
() p- 1
S 1
(i) ¥+ 5+ 3
1

o g D
(#ii) p*+ 1 + T
Which ome of the following is correct?

1) i, i | 3) 4. idi

3) ity i 4) 4, 40 and i

A can do a work in p days and B can do it in 2p days, They started to
do the work together and after some davs A left the work unfinished. B
completed the rest of the work in v dayvs. In how many days was the work
finished 7

10 persons can do a work in 7 days by working 6 hours a day, Working how
many hoatrs per day can 14 persons finish the work in 6 dayvs?

Mita can do a work in 10 days. Rita can do that work in 15 days.In how
many days will they together complete the work ?

A bus was hived at Tk, 5700 to go for a picnic under the condition that every
passenger would bare equal fare. But due to the absence of 5 passengers,
the fare was inereased by Tk, 3 per head, How many passengers availed the
hus ¢
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15,

19.

20).

21,

23,

23.

28,

29,

A boatman can go d km in p hours against the current. He takes g hours to
cover that distance along the current. What is the speed of the current and
the boat 7

A hoatman goes 15 km and returns from there in 4 hours plying by oar. He
goes 5 km at a period of time along the enrrent and goes 3 ki at the sane
period of time against the current. Find the speed of the car and current.

Two pipes are connected with a tank. The empty tank is filled up in ¢,
minutes by the first pipe and it beeomes empty in fxminutes by the second
pipe. If the two pipes are opened together, in how muach thne will the tank
he filled up ?{Here t:>14,)

A tank is Alled up in 12 minutes by a pipe. Another pipe Hows out 15 litre of
water in 1 minute. When the tank remains empty, the two pipes are opened
togethr and the tank is filled up in 48 minutes, How much water does the
tank contain 7

Divide Tk. 260 among A, B and ' in such a way that 2 times the share
of 4. 3 times the share of B and 4 times the share of €' are equal to one
another.

Due to the selling of o commodity at the loss +% such price is obtained that
due to the selling at the profit of 30% Tk, 182 more is obtained. What was
the cost price of the commaodity 7

If & pen is sold at Tk, 11, there is a profit of 10%. What was the cost price
of the pen 7

Due to the sale ol a notebook at Tk, 36, there was a loss. If the notebook
would be sold at Tk, 72, there would be profit amounting twice the loss.
What was the cost price of the notebook !

If the simple profit of Tk. 300 in 4 vears and the simple profit of Tk, 400
in 5 years together are Tk, 145, what is the percentage of proft 7

If the difference of simple profit and compound profit of some principal in 2
vears is Thk. 1 at the rate of profit 4%, what is the principal 7

Some principal beomes Tk, 460 with simple profit in 3 vears and Tk. GO0

with simple profit in § vears. What is the rate of profit 7

Hew mueh money will become Tk, 985 as profit prineipal in 13 vears at the
rate of simple profit 5% per annum 7
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). How much money will become Tk. 1280 as profit prineipal in 12 years at
the rate of profit 5% per annum ?

31, Find the diference of sinple profit and compound profit of Tk, 8000 in 3
vears at the rate of profit 5%.

32, The Value Adided Tax (VAT) of sweets is 2%, 1 a trader sells sweets at Tk,
P including VAT, how much VAT is he to pay 7 I 2 = 15, P = 2300, what
is the amount of VAT ?

33 Sum of a number and its multiplicative inverse is 3,

1) Taking the number as the variable . express the above information by
an equation.

Find the value of 2% — =i
pE

[}

|
3) Prove that, 2° + — =123
il
A4, Each of the members of an association decided to subsceribe 100 times the
mnnber of members. But 7 members did not subseribe. As a vesult, amoant

of subscription for each member was inereased by Tk, 500 than the previous,

1) If the number of members is o and total amount of subseription is Th.
A. tind the relation between them.

21 Find the number of members of the association and total amount of
subseription,
| Lo o~ , ;

3) = of total amoumt of subscription at the rate of simple profit 5% and
rest of the money at the rate of simple profit 4% were invested for 2
years. Find the total profit.

35, A bus was hired at Tk. 2400 to go for a pienic under the condition that every
passenger wonld bare equal fare. But due to the absence of 10 passengers,
the fare was increased by Tk. B per head.

1] Determine the inereased fare per head and percentage of absent
PRSSENZETS,

2) Determine the fare per head of the passengers.

3) Find the ditference of simple profit and compound profit of the amount
equivalent to the bus fare in 13 vears at the rate of profit 5%.

2025
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36,

a7

Going from point A to point B in a canal, it has to be returned. If the speed
of oar is constant, then which time will be greater if there is current or not”

The grass in a feld increases at a constant rate. 17 cows can cat up all grass
in 30 days whereas it takes 24 days for 19 cows, 4 cows were sold from s
herd after the herd had eaten grass for 6 davs. It took 2 more days for the
here to eat up the grass. How many cows were in that herd?

Two brothers had a trained horse which can follow any order. Getting out
from the house at the same time two brothers wanted to go to a Baishakhi
fair which is 20 miles away from their house. The hourse can earry only one
brother at any moment. [If the speed of each brother is 4 miles per hour-and
speed of the horse (with or without person) is 10 miles per hour, then what
is the minimum time they need to reach the fair? How much distance each
brother has to walk?”



Chapter 4

Exponents and Logarithms

Very large or very small numbers or expressions can easily be expressed by using
exponents.  As a result, ecaleulations and solution of mathematical problems
hecome easier, Scientific or standard form of a number is expressed by using
éxponents. Therefore, every student should have the knowledge of exponents
and its applications.

Exponents be get logarithms. Multiplication and division of numbers or expressions
andl exponent related ealeulations have beeome easier with the help of logarithms,
Use of logarithm in scientific caleulations was the only way before caleulators and
computers became available. Still the use of logarithm is important as the alternative
of ealeulator and computer,

It this chapter, exponents and logarithms have been discussed in detail,
At the end of the chapter, the students will he able to

b cxplain the rational exponent.

» cxplain and apply the positive integral exponents., zero and negative integral
exponents,

» solve problems by describing and applving the rules of exponents.

v

explain the n th root and rational fractional exponents and express the n th
root in terms of exponents,

explain logarithms.

prove and apply the formulae of logarithms.
explain natural logarithim and commeon logaritho.
explain the seientifie form of numbers.

explain the charpeteristic and mantissa of common logarithm.,

vy vy vy Y vy

calculate common and natural logarithm by caleulator.
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Exponents or Indices

In class VI, we have got the idea of exponents and in class VII, we have learnt
the exponential rules for multiplication and division. Expressions associated with
exponent and base are called exponential expression.

Worle: Fill in the hlanks

Successive multiplication
of the same expression | Exponential expression | base |power or exponent
2xZu 23 2 3
3 x 33 3 3
Q% axa a .
bxbxbxbxb 5

If & is any real number, suceessive multiplication of n as is a”; that is, a < 0 x
@ ¥ ... % a (ntimes a) = g, where n is a positive integer. Here, » is index or
power and a is base. Conversely a" =ax a xax ... xa (n times a).

Exponents may uot ouly be positive integers, they may be negative integers or
positive fractions or negative fractions. That is, for base a@ € R (set of real
numbers) and power n € ( (set of rational numbers), 0" is defined, The case of
n € N (set of natural numbers) is especially considered, Besides, exponents may
also be irrational. But as it is out of curriculum, it has not been diseussed in this
chapter,

Index Laws

Let, 0 € R (set of real numbers) and m, i € N (set of natural numbers)

Formula 1 (Multiplication). a™ xa" = a™*"

-~ ITE= 1

e i
Formula 2 (Division]). SIS 1

EI-“

when m > n

— when n = m
ah—

Fill in the hlanks of the following table:

Forma-11, Mathematics, Class 9-11)
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an#Fl.m>n m=in=3 a®0;n>m m=3n=>5
a’xa® = (axaxaxaxa)x(axaxa) | o’ xa®=
—gxraxagxaxaxaxaxg=aq® =gt

i a” (0% a X | 1
T T =3 = T34
s L A e S O O L] il
™ a™ =" when me > n
o In general a™ x " = a™ " and — =
a when no=>m

fi=1n

Formula 3 (power of produet).  {ab}" = a" < §"

We observe, (5 x 2P = (5%x2) x (5x2)x(hx2) [ =axaxa a=5x2
= (5x5%5)X(2x2x2)
— 5 5 o
In general, (ab)" = ab x ab x ab x ... x ab [suceessive multiplication of n ab's]
={axaxax. . xa)x{dxbxbx...xh
=a™ % b"
i

1 n
2y = 0v0

Formula 4 {power of quotient). (

5\ 5_5 5 &
We observe, [ =] == x-x - = —
2 g 2 8 B
iy il ih i it ) . ) ) i,
In general, (—) = - X = X ~.,. %~ |successive multiplication of n times -]
b h b b b b

AXA¥Yax.,, . “n am

~ bxbhxbx..xb

Formula 5 (power of power),  (a™)" = o™

(a™)" = a™ x a™ xa™ x ... xa™ |successive multiplication of n times a™|
= MMt iy the power, multiplication of u times of exponent|
— ‘.I"i-““' 5 f!“I“

- "um]“ — I,‘I“L“

Zero and Negative Indices

For () and negative indices a" and o~ " are defined as follows (where 1 is natural

number},

Definition 1 (zero index). a" =1, (a # ()

2025
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Definition 2 (negative index), a " = 3;1 (o # 0,n € N)
ar

m

For all integer indices m and n the definition T = ™" holds true.
L

Observe, a” o I
— =1 =a
an
But a" _axaxax..xa [nt?megj -
at o opxaxax...xa (ntimes)
ar=1
P
and el atn= g
ﬂrl- ﬂfl-
Example 1. Find the values; 1 i 2 4 2}
unple 1. ( . @i 1) = ) 3 3
Solution:
rd
O _ww_yq 1]
I:] ? —d = i} — j_l = 5
2 ¥ 2. —5 2 -3 2 ¥
2 = 5 = | = =1 =i
(3G -6 -6)
; 5 % 8 x 16 o BRI~ 4. g0
Example 2.  Simplify: 1) w135 2) o g
Solution:
1) 5'x8x16 _5'x2'x2! 5'x9¥ 5 o
26x125 ~ 2Bx5 - HxP pTE

=518 0 TS =B x 22 =5 x4=20
3_2:1__112112 H_Err,_zﬁr-zn-!! 3_2n_-2';!|-112

2 = -
J 211_2.!:'] 2”‘—2"-2'1 -'}n._-'}l:"e,i
- 2
B 3_2r|_2r1 _{I’i_l}.gu_ﬂ.‘zrl_z.z_]
(e L 3w

Example 3. Prove that, (") " - (a9)"? - (a")}"? = |

Solution: (a”)* " (a?) P . (a")P74 = gMaT) L q@lrP) L grieea) o (g = gmn

— P L QU g BT = PRt = g0 —
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Work: Fill in the blanks: | , .
1}3x3x3x3=3h“‘2] rfm-*:n“ 3) a*xal=y3
4) (=5"=0 5) ri= i 1

n th Root of a

We observe, 57 x 5% = ('ﬁ i

Again, 53 x 5 =538 =585 =5

\ z
B o =k
£ (.}-I) =
-

Square (power 2) of (52) =5 and square root (second root) of 5 =5

-

53 is written as /5.

L
y -2 =1 L 1
Again we observe, 55 x 55 % 55 = (-.r:'i)

1
1

Zaje

1
3

i} _—l
Again, 53 x 53 x 53 = 5373

Cube (power 3) of 53 =5 and cube root (third root) of 6 = 53
5T is written as V5.
In the ease of n th root,

i 1 1 1 . ok i : ki A
an X an xan X ... xan [successive multiplication of n an’s| = [an

. | | ! 1
Again, an X an Can X ... % an

AR i .
= jin tnTatrete [in the exponent, sum of n nl -“'1']

i
= i w.= {J
L
(rﬁ) ='(l

= B .
The n th power of a= is a and the n th root of o is a»

. s = G ; 1 1 =
e, i th power of av is (ﬂ ) =a and n th root of a is (a)v = ar = {a

The i th root of a is written as {/a.
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Example 4.  Simplify: 1) (12}'5 % v/ hd 2y (—3)% x (—%)

Solution:
i i | i 1 ;
1) (12)7% % /54 = X (54)f =— —x 3"'3:2}-’%
2 Tl S
= JI - x[ﬁ““]%ﬁ: I ; :-c{ﬁ':’xj]%
[2‘!_]—’ = 31 2.34
NS
23 s 28 45 A

2+ . 92 2\3  f2\73 §
Work: Simplify: 1) - i) (i) * (3) 3) Bi+B:

To be noticed:

1) Under the conditiona >0, a# 1ifa" =a¥ thenar =1y

2} Under the condtion a =0, b=0, rZ0if a* =0 thena=1§
Example 5. Solve: 47! = 32
Solution: 41 =32 or, (247 =32 or, 2942 =00
S2r+2=35 [faf=a¥,z=1y|
or,2r=5—2 or,2xr=3

o=

Wl a

Exercises 4.1
g4y @
Simplify (1 - 8): B (i)

a2
it 3 (i
3 x 3 6. frly- iy v T
— fe=0,4=>0z>0)
VYT i
VT

2. 2”.-!-1 — 2u+l

an-d 2

=1

f_iu.l+ | {jrrr+ |

= 4. (2a'+ HE}_I}_' - (gm)m- £ (Zrm=1)m-+]
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Prove (9- 15):
L
2|

2p+l | glpta, mPE L 5P B

1 1 1
| o [N LaA\E LY
R R TR TR = (TT) (7) (7) =
nr " a™ ! an i i a+h :]";‘ bte e eta
11, =) % A=) =1 W [Z] (=] (=) =1
™ a l’i‘.'l J.h a P
0 pg—r . yt+r—p oy rpeg
5 (L) .(:*_) .(:*_) 1
i AT i

16; Ha*=b ¥ =c¢and ¢ = a , then show that, ryz =1

Solve (17 - 20);

u}"-h} it
=2"+1 12,

V) K ) x )
e e i1

a'tr

10,

17: 4*=8 18, 2%+ — 198
19, (V3) ! = (¢/3)% 2. 2 4ol — 3

21.. P=g%i@="and R=5*

1) Find the values of P Q.

iaAh Bt
2} Find the values of (g) % (%) a1 17 L

u.=+r|:|’H—f.l: ||.|j+|rn".‘—r:2 l.'i+rxl+lr.:
F I
3] Show that, (a) #® (%) = (I_-’) =1
n q r
22, X=(2a"'+307) Y = YT x y/ox =
Mg i Ir

5]Il+] Y 25wa+1

awd Z = BT Gty where z, p.g,r >0

1} Find the value of X,
2) Show that, ¥ + /81 =4
3) Show that, Y =2 =25

2025



20125

Chapter 4, Exponents and Logarithms RT

Logarithms

Logarithms are used to find the values of exponential expressions, Logarithm
iz written in brief as Log. Product, quotient, ete. of large numbers or quantities
can easily be determined with the help of log.

We know, 2% = K this mathematical statement is written in terms of log as
log,8 = 3. Again, conversely, if log,8 = 3, it can be written in terins of exponents
ay 2% = 8. That is, if 2* = 8, then log,8 = 3 and conversely, if log,8 = 3, then

2% = 8. Similarly, 27 = 5 = g an be written in terms of log as, lnggg = —3.

Ha'=N(a=0, 1) then r = log N is defined as a based log, N

Note: [If a > (),then a* is always positive whatever may be the values of 2.
positive or negative. So, only the log of positive numbers has values that are real;
log of zero or negative numbers have no real value.

Work: Express the following values in exponents in terms of log:

In terms of | interms ﬁf_lug In terms of | interms ufﬂ:g -
exponent exponent
10° = 100 1Y =1 log,,l =1)
3-2_ - M= log 1= ...

l 9 a'l =1 e T,
25 = /2

: \;—1 10 = 10 log10 = 1

!__—': f:II__, = . .

g 5
[ (S}

= ].E}guuz.l

3=

Laws of Logarithms
Let,a>0, a1 b0 b#1land M >0, N> 0

Formula 6 (zero and ome log), Ifa>0, a#11) log,1=10 2) loga=1

Proof: We know from the formmla of exponents, a" = 1
. from the definition of log, we get, log, 1 = 0 {proved)
Again, we know, from the formula of exponents. ¢! = a
o from the definition of log, we get, log a = 1 (proved)

Formula T (Log of products).  log, (MN) = log, M + log, N
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Proof: Let, log M =2, log, N =y

SM=g*, N=na¥

Now, MN =a"-a¥ =a*V¥

Solog,(MN)=x+y

or, log (MN) = log, M + log, N [putting the values of o, |
clog (MN) = log M + log N (proved)

Note: log (MNP ...)=log M +log N +log, P+...
Note: log, (M £ N} # log M £ log N

M
Formula 8 (log of quotient ). |(:rgu? = log M — log, N

Proof: Let, log M =1, log, N =y

LM=a% N=nV

M ot

T ‘ o

Now, — = — =a""¥
4"5. I'Fﬁ‘l"l

M

Slog,— =0 —
j:\lu Jﬁlp' ~'r!'r

1
]{;g”% = log, M = log, N (proved)

Formula 9 (Log of power). log, M' = rlog, M

Proof: Let, log M =2z, ;. M =a*

or, (M) = (a*)" or, M" =a™

Slog MY =rx or, log, M" =71 log, M

cdog, MT = rlog, M (proved)

Note: (log, M)" and rlog, M may not be equal.

For example. (logad)® = (log,2?)® = 2% = 32, Slog,d = 5-2 =10 # 32

Formula 10 (change of base). log M = log, M x log b
Proof: Let, log M =, logg,M =y
snat=M W=M

St =9 oy, {n“'}ll_r — [E:#}]ﬁ or, b=au

223
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% = log b or, » = ylog b

or, log, M = log, M = log, b | proved)
l
log, b

Corollary 1. log b= or, loga =

log,a

Proof: We know. log, M = log, M = log b
Putting W = a we get. log a = log;a = log b

L =logya x log, b

*low f =

=11

|
e or log,a m (proved)

1
Example 6. Find the values: 1) log,, 100 2) ]ng,:ﬁ

Solution:
1) log 100 = log, 107 = 2log, 10 [ log, M" = rlog,,M]

=2%1=2[/log,a=1]

&0

3) log, 581

2) log, (%) = log, (3_1*5) = log;, 372 = —2log,3 [ log, M™ = rlog, M|

=-2x1==-2[ log,a=1]
3) log581 = log 53" = log 5{ (V3)?)" = log (V)"
= H]._]gﬁ\,ﬂ_ =8x 1=8[ loga=1]
Example 7. 1) Whal is the log ol 3v'5 to the base of 57
400 is 4, then what is the base of log?
Solution:
1} Log of 5v5 to the hase of 5
= log;5v/5 = log, (5 x 57) = log 57
a3 ;
= §Iug_,,a [ log, M™ = rlog, M]

a3 3
'_§><1§| I{J[-._'”H"‘l]

2) Let the base be a
", By the question, log, 400 = 4
= 400 or, a* = (20)* = {(2V5)?}* = (2V5)*

Forma-12, Mathemancs, Class 9-110)

2) If the log of



1

coa=2vh [rna® =00 0" 2£:0;a=4
.. Base 2\/?.\
Example B. Find the value of 22 1) log,,o = -2

Solution:

1) logyyr = =2

1 1
e e
0~ 100"

or, £ = 107 =
ceor=10.01
2) log,324 =4
or; B =32 =FIx@AxFIxIx2 x2=7 x 2%
or; 7t = 31 x (y/2)"
or, o' = (3v2)?!
=32
Example 9. TProve that, 3log,,2 + log,,5 = log,,40
Solution: Left hand side = 3log,2 + log,,5
logo2* +logyd [ log, M" = rlog, M|
= log,y8 + log,5
= log,,(8 x 5) Mo log, (MN) = log, M + log, N|
= log,,40 = right hand side [proved)

... 10 v/27 + log 8 — logy,v/I000
Example 10. Simplify: 0o V2T + logo8 — log,

logpl.2
Solution: In.%.'_[!.._"_ 27 + ]”-f;u’__l__q? = 10&{19.\;‘%
logy1.2
—_ 1”'1%':1111:3313[' + log,® — log,,(10%)
- | 12
W]y —_—
B0 10

 logy3% + Iogg2® — lngy,(10)3
- Ingy,12 — log,,10

Mathematios (lasses IX-X

2) log 324 =4

2025
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] g
5logy3 + 3log, o2 altngmlﬂ

logyq(3 x 22) = log;, 10

[ et L]

—(log; g3 + 2log,;2 — 1)

- 3 + 2lagy2 — 1 [‘-' log, 10 = 1]
=101 i

loz

Sl

Exercises 4.2

1. Find the vidues:

1) log,s8l 2) log; /5 3) log,2
4) log, =400 5) log(v5 - v/5)
2. Find the value of z : 1
1) logsax =3 2) log, 25 =2 3) lug‘.ﬁ =
j

3. Show that.

1) Blagyd — log;p25 = log;125
=9

Al
2) l:}gmm = log,2 + 2log, 3 — log,3 — 2log,,7

3) 3log,,2 + 2log,,3 + log,h = log, 360

4. Simplify:
10 25 51
1) 'Flc}gmﬁ - Elﬂﬂmﬂ + EIUENE
2) log(V/7 - V/7) — logs V/3 + log,2
TR h"l;l.r‘:; R 1 1

3 ah : et ;
3) It)%r_ﬂ - Ingch + !n\pm”—:3 — 3log be

i E=29 =3, z=hwr="T
1) What is the log of \/H_* to the base 3.

i .2 1
L ol & & 1

2) Find the value of wlog— — 2log—— + ylog

W ey )

'_!.4 -

=

lug\/'y_ﬁ + ylogy — E1|:_1g{1::}
&

3) Show that,
i e log{xy) — logz

= log, \/E

a1
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Scientific or Standard Form of Numbers

We ecan express very laroe numbers or very small numbers easily by using exponents,
Such as, the velocity ol light = 300000 km/sec = 300000000 m/sec

= 3 * 100000000 m/sec = 3 x 10® m)/sec
Aganin, the radius of a hydrogen atom

= .0000O00037 cm
= 3 i = A7 LAY,
= Tooooonoong €@ = 87 107 em

=37x10x 107" em=3.7 % 107" em

For eomvenience, very large or very small numbers are expressed in the form a =< 1"
where, 1 < o < 10 and n € Z. The numhber of the form g x 107 i3 called the
scientific or standard form of number.

Work: Express the following numbers in seientilic lorm ¢

1) 15000 2) 0.000512 3) 123.000512

Logarithmic Methods

Logarithimie systems are of two kinds

1) Natural Logarithm: Mathematician John Napier (1550-1617) of

Sceotland published the first book on logarithms in 1614 by taking e as its
base, ¢ is an irrational number, ¢ = 2.71828 .. .. Such logarithms are called
Napierian logarithm or & based logarithm or

natural logarithm. log.r is also written in the form lne.

ted
e

England prepared a table of logarithm (log table} in 1624 with 10 as
the base.  This logarithun is calld Briggs logarithm or 10 based
logarithm or practical logarithm. This logarithm is written as logr.

Note: II there is no mention of base, in ease of algebraic expressions e and in
case of mumbers 10, are considerad the base. In log table 10 is taken as the hase.

Common Logarithm: Mathematician Henry Driggs (1561-1630) of

2023
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Characteristics of Common Log

Let a number N he expressed in the scientific form as
N=ax10", where N =0l <a<1WWandne?

Taking base 10 log of both sides we get.

logyN = logyla x 107) = log,ga + log, 10" = log,ga + nlog;, 10
s log N =mn + loga [ log,, 10 = 1]

Suppressing the base 10, we have, logN = n + loga

n is called the characteristic of log V.

Note: [t is evident from the table that characteristic of a number having m
digits to the left of decimal point is 1 less than the number of digits to the left of
decimal sign and that will be positive. That is if the mentioned number of digits
is m, the characteristic of logarithm will be m-1.

N Seientific form Exponent |Number of digits on the| Characteristic
of N left of the decimal point
6237 | 6.237 x 10° 3 4 4—-1=3
6287 | 6.237 x 10° | 2 3 3-1=2
| 62.37 6.247 = 10¢ 1 2 2-1=1
| 6.237 | 6.237 = 10 () 1 1—0=10
| 0.6237 | 6.237 x 107! —1 ] 0—-1=-1

Note: Now observe from the [ollowing table: If there is no integral part of
a number and the number has & 0's immediately after decimal point, then the
characteristic of the logarithm of the number is {—(k + 1)}

If any characteristic is negative, '—' sign is not placed on the left of the
characteristic. rather ‘—" (bar sign) over the characteristic. Such as,
characteristic —3 will be written as 3. Otherwise, whole part of the log including
mantissa will be negative.
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N Scientific form of | Exponent) Number of | Characteristic
N zeroes between
deeimal  point
and its next
first significant

digit |
06237 |6237 <0077 [ -1 [0 [—0+1)=-1=1 |
006237 | 6.237 x 10~ -2 1 1+ =—2=2
0.006237 | 6.237 x 1079 —3 2 —(24+1)=-3=3 |

Note: (Characteristic may be gither positive or negative, but mantissa will always
b positive.

Example 11. Find the characteristics of log of the following numbers :

1) 5570 2) 45.70 3) 0.4305 1) 0.000435

Solution:
1) 8570 = 5.570 % 1000 = 5.570 x 107
. Characteristic of log of the number is 3
Otherwise, the number of digits in the number 5570 is L
. Characteristic of log of the number s =4 —1=3
2) 45.70 = 4.570 x 10
.. Characteristio of log of the number is |

Otherwise, there are 2 digits in the integral part (i.e.on the lelt of the
decimal point) of the number.

. Characteristic of log of the number s =2 -1=1
3) 0.4305 = 4.305 x 107! . Characteristic of log of the munber is —1
.. Characteristic of log of the nnmber is = 0—1 = —1 = 1

Otherwise. there is no zero in between decimal point and its next first
significant digit of the number (.4305, i.e. there is () zeroes.

.. Characteristic of log of the number is = —(0+ 1) = -1 =1

2025
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4) 0000435 = 4.35 x 1071

-, Characteristic of log of the nmmber is —4 or 4
Otherwise, there are 3 zeroes in between decimal point and its
next first significant digit of the number 4.

. Characteristic of log of the number is = —(3+ 1) = -4 =1

.. Characteristic of Ing of the number 0.000435 is 4
Mantissa of Common Log

Mantissa of Common Logarithm of any number is a non-negative number less than
1. It is mainly an irrational number. But the value of mantissa is determined upto
a certain decimal place. Mantissa of the log of a number ean be found from the
log table. Again, it ¢an also be found by caleulator. We shall find the mantissa
of the log of any mumber by using 2nd method, that is by caleulator.

Example 12. Fiud the characteristic and the mantissa of log2717 -

AC | [1og||2717| =] 3.43400

. Characteristic of log2717 is 3 and the mantissa is 43400

Solution: Let us use the ealeulitor:

Example 13. Find the characteristic and the mantissa of logdd. 517,

il

. Characteristic of logd3.517 15 1 and mantissa is G386

Solution: Let us use the caleulator:

'-'13.517" Zﬂi 1.63366

Example 14. What are the characteristics and mantissa of log 0.005367
E —2.07779

4, Characteristic of logh 00836 is —3 and the mantissa is (92221,

Solution: Let us use the calenlator: ‘Hl"." log ‘Il;!.{]ﬂ&iﬂf:'-.

=2.07779 = =3 +0.92221 = 3.92221

Example 15. Find log 10 :

1 1 1
logy,e log,2.71828  0.43429
= 2.3025Y9 (approx)

Alternative 1+ We use the calculator - | ACT E 10 D 2.502549

Solution: log, 10 = lusing the caleulator|
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Work: Compute base 10 and base ¢ logarithm of the [ollowing numbers
by using caleulator:

1) 2550 2) 52.144 3) 04145 1) 00742

Exercises 4.3

1. On what condition a% = 17

l) a=10 2) a#l 3) a=0 1) a1
2. Which one of the following is the value of /5. ¥57
1) V5 2) (Vh)? 3) (VE)? 1) V25
3. On what exact condition log, e = 17
1) a=0 2) a#l 3 asDa#l 4) a#d a1

4. Illog, 4 =2, what is the value of &7
1) 2 2) +2 3) 4 4) 10
5. Under what condition can a number be written in the form a x 1077
1} 1<a< 10 2} 1<a<li) 3} I<a< i ) l=a< 1)

6. Ha=>0,b=>0 anda+#1, b# 1, then
(¢) log b x loga =1

(#) log, M"™ = Mlog r
(ii1) Tog, (Va- V) = ¢
bl
Which of the above information are correct?
1) i 2) 3) ¢ and i 1) w1 aned i

What is the characteristic of the common log of 0.00357
1) 3 2} 1 3) 2 4) 3
Considering the number (L0225 answer the following questions (8 — 10):

8. Which ane of the following is in the form o"?
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9.

10,

11.

12

13.

14.

15.

16.

17.

1) (2.5) 2) (015) 3) (1.5) 4) (.15)2

Which one of the following is the scientific form of the number 7

1) 225 % 107 2) 225107 3) 225 =107 4) 225 x 107

What is the characteristic of the common log of the number ?
1} 2 2) 1 300 1) 2

Express into scientific form:
1) G530 2) 60.5831 3) 0.000245 1) 47500000
5) 0.00000014

Express in ordinary decimals:
1) 100 2) 1077 3) 2.53 = 10¢ 4) 9813 = 10~
5) 312 x 1077
Find the characteristics of common logarithm of the following numbers
(without using caleulator) :
1) 4820 2} T2.245 3) 1734 4) 0.045
51 00000306
Fimel the characteristics and mantissa of the common logarithm of the
following numbers by using caleulator:
1) 27 2) G3.147 3) 1.405 4) 0.0456
5) 0.000673
Find the common logarithm of the product/quotient (approximate value
upto tive decimal places) :
1) 5.4 =287 2) 0.79 = 0.56 3) 22,2642+ 342
4) 0.19926 = 32.4
If log2 = 0.30103, logd = 0.47712 and log7 = (L85410, find the walue of the
following expressions
1} logd 2) log2s 3) logd2

Given, & = 1000 and y = 0.0625
1} Express @ in the form a"b", where a and b are prime nnmbers.
2) Express the product ol x and y in scientific form.

3) Find the characteristic and mantissa of the common logarithm of xy,

Forma- 13, Mathemancs, Class 9-110)



Chapter 5

Equations in One Variable

We have known in the previous class what equation is and learnt its usage. We
have also learnt the solution of simple equations with one variable and acquired
knowledge thoroughly about the solution of simple equations by forming
eguations from real life problems. In this chapter, linear and guadratic equations
and identities have been discussed and their usages have been shown to solve the
real life problems.

At the end of the chapter, the students will he able to

b explain the conception of variable.

» explain the difference between eguation and identity.

> solve the linear equations.

» solve by forming linear equations based on real life problems.

» solve the quadratic equations and find the solution sets.

B form the gquadratic equations based on real life problems and solve,

Variable

We know, » + 3 = 5 is an equation. To solve it, we find the value of the unknown
quantity ». Here the unknown quantity o is a variable,  Again, to solve the
aquation r+a = 5, we find the value of x, not the value of a. Here, r is assumed
ns variable and a0 as constant, In this case, we shall get the values of x in terms
of ¢, But if we determine the value of o, we shall write @ = 5 — 2 thal is, the
value of a will e obtained in terms of x. Here a is considered a variable and & a
constant. But if no direction is given, comventionally x is considered a variable,
Generally, the small letter 2, g, = the ending part of English alphabet are taken as
ariables and a, b, c. the starting part of the alphabet are taken as constants,

The equation, which containg only one variable, is ealled o linear equation with
one variable, Such as, r +3 =35, #* =5z +b=0, 29° + 5y — 3 = 0 ete.
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lfaset, S ={xr:x€ R 1< <10}, r-may be any real number from 1 to 10.
Here, 7 is a variable. S0, we can say that when a letter symbol means the element
of a set, it is called variable,

Degree of an equation : The highest degree of a variable in any equation
is called the degree of the equation. Degree of each of the equations « + 1 =
5, 2r—1 = r+5, y+7=2y—3is |; these are linear equations with one variable.

Agnin, the degree of each of the equations ¥ +52+6 =0, y* —y = 12, 47° —
2r = 4 — G i 2; these are linear equations with two variable, The equation
2ot — p® — A+ 4 =0 is the equation ol degree 3 with one variable,

Equation and Identity

Equation: There are two polynomials on two sides of the equal sign of an
equation. or there may be zero on one side (mainly on right hand side). Degree
of the variable of the polynomials on two sides may not be equal. Solving an
equation. we get the number of values of the variable equal to the highest degree
of that variable. This value or these values are called the roots of the equation.
The equation will be satisbed by the root or roots. In the case of more than
one root, these may be equal or unequal. Such as. roots of 22 — 5S¢ +6 = 0 are
2.3, Again, though the value of ¢ in equation (r — 3)% = 0 is 3, Lthe roots of the
equations are 3, 3.

Identity: There are two polynomials of same (equal) degree on two sudes of egnal
sien. Identity will be satished by more values than the number of highest degree
of the variable. There is no difference between the two sides of equal sign: that is
why. it is called identity. Such as, (74 1) —(r—1)* = 4 is an identity: it will be
satisfied for all values of 7. So this equation is an identity. Each algebraic formula
is an identitv. Such as, (a+80)* = a® +2ab+ 0, (a=0)* = a* = 20b+ 17, o* =1F =
(a4 B)a —b). (a+ 6 =a®+ 3a®h + dal® + b ete, are identities.

All equations are not identities, In identity = sign is used instead of equal (=) sign. But
as all identities are equations. in the case of identity also, generally the equal sipn
is nsed.

Distinetions hetween equation and identity are given helow :
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Equation

| Identity

L. Two polynomials may exist on hoth
sides of equal sign, or there may be zero
on one side.

2, Degree of the polynomials on both
sides may be unegual.

3. The equality is true for one or more
values of the variahle.

4. The number of values of the variable
may be equal to the highest degree of
the equation

5. All equations are not identities.

I. Two polynomials exist on two

sides,

2, Degree of the polynomials on hoth
sides i=s equal.

3. Generally, the equality is true for
all values of the original set of the
variable.

4. Equality is true for infinite number
of values of the variable,

o, All algebraic identities are cquations.

Work:

1) What is the degree of and how
equations?

(1) 8¢ +1=5

21 Write down three identities.

many roots has each of the following

Solving Linear Equations

In case of solving equations, some riles are to be applied. If the rules are known,

solution of equations becomes easier. The rules are as follows:

1. If the same number or quantity is added to both sides of an equation, two

sides remain equal.

2. If the same number or quantity s subtracted from both sides of an equation,

two sides remain equal.

3. If both sides of an equation are multiplied by the same number or quantity,

the two sides remain equal.

4, If both sides of an equation are

divided by same non- zere number or

quantity, the two sides remain equal.
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The rules stated above may be expressed in terms of algebraic expressions as
follows:

0 z=aandec#0,

. v . T i
(Ja+ec=a+c (ff)r—e=n—c¢ (#5) xe=aé () SO
Besides, if a, b and ¢ are three quantities, ifa=b4+ e, a—b=rcand ita + e =5,
a=b—q.

This law is known as transposition law and different equations can be solved by
applving this law. If the terms of an equation are in fractional form and if the
degree of the variables in each numerator is | and the denominator in each term
i constant, such equations are linear equations,

TP | r 2
Example 1. Solve, — — — = = — =
p B R q
B ko w0 O B a0 A 2 .
Solution: — — - =— — = or, — — = = — — — [hv transposition!
TR T e T =5=5 7P E ]
955 —Tr 98— 10 18¢ 18
or; - . i 0r, —— = ——
T 5 *735 35

0o, j.li_{.'f" - ]_H or, @ = l
C Solution is o = 1

Now, we shall solve such equations which are in quadratic lorm. These equations
are transformed into their equivalent equations by simplifications and lastly the
equations is transformed into linear equation of the form ar = b, Again, even
if there are variables in the denominator, they are also transformed into linear
equation by simplification.

Example 2. Solve: (y— 1)}y +2)=(y+4Hy —2)

Solution: (y - 1){y+2)=(y+4)(y - 2)
or, P —y+y—2=1°7"+4y -2y -8
or, y —2=2y—8
or, § — 2y = —8+ 2 [by transposition]
or, =y = —0
of, § =06

S Solution is y =6
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. . Gr+1 2r—4 2r-—1
Example 3. Solve and write the solution set: — T = 7 = —
b T h

br+1 20—4 2u-—1
Solution: — — — ,_J ..
15 T —1 ]

r+1 2r—1 2r—4 -
0T, — - —— = — [hy transposition]
15 2 fr—1 ' )
Gr+l—Gr+3 2r—4
0T -
15 Te—1
1 2e—d
o ==

15 Tr—1

or, 15(20 — 4) = 4(Tr — 1) [by cross=multiplication]
or, 302 — 60 = 282 — 4
or, 30r — 28r = 60 — 4 [by transposition|
or, 2r = 56 or, r =28
. Solation is o = 28

and solution set is S = {25}

| I J '
E le 4. Solve: -
xample OLVE .-r—3+~?‘—4 ,-,-—2+.r—5
1 1 ! !
Solution: -
olution T3 i . A { —05

R R 3 g At —2
C(r—3)x—4) (e—2)(r—35)

20— 2r—T

or

or, ——— =S
Tt =Tz 412 ot =Tr4+10

Values of the fractions of two sides are equal. Again, nunerators of two sides
are equal, but denominators are unequal, In this case, if only the value of the

numerators is zero, two sides will be equal,

T
Hdr—T7=0 ot, 2 =7 or, o = =
2

' T T

© Solution is ¥ = E

Work: If I:v"ﬁ 4+l +4= 4+/5 then show that ,r=06- 24/5
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Usage of linear equations

In real life we have to solve ditferent types of problems. In most eases of solving
these problems mathematical knowledge, skill and logic are necessary, In real
cases, in the application of mathematical knowledge and skill, as on one side the
problems are solved smoothly, on the ether side in daily life, solutions of the
problems are obtained by mathematics. As a result, the students are interested in
mathematics., Here different types of problems based on real life will be expressed
by equations and they will be solved.

For determining the unknown quantity in solving the problems based on real life,
variable is assumed instead of the unknown quantity and then equation is formexd
by the given conditions. Then by solving the equation. value of the variable,
that is the unknown quantity is found.

Example 5.  The digit of the units place of a number consisting of two digits is
2 more than the digit of its tens place. If the places of the digits are interchanged.
the number thas formed will be less by G than twice the given number. Find the
number,

Solution: Let the digit of tens place be & Then the digit of units place will be
r+2,

o the number s 10x + (0 +2) or, 1la+ 2

Now. if the places of the digits are mterchanged. the changed number will be
LO{r + 2) + r or, Ll <+ 20

By the question, 1le+ 20 = 2(1le+2) — 6
or, 11r+20=22r+4 -6

or. 22r — 1la = 20+ G — 4 [by transposition]
or; llxr =22

or, @ =2

cothe number s 1lr+2=11%2+2=24
CLeiven nunber is 24

Example 6. Ina class if 4 students are seated in each bench, 3 benches remain
vacant. But if 3 students are seated on each beneh, 6 students are to remain
standing. What is the number of students in that class ¥
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Solution: Let the number of students in the class be @

Sinee, il 4 students are seated in a bench, 3 benches remain vacant, the nomber
. . i
of benchies of that elass = -l -3
Again, since; if 3 students are seated in each bench, 6 students are to remain
r—6

3

standing, the number of benches of that class =

Since the number of benches is fixed.

oo e B8 - geEld  F=18
therefore, 7 3= 2 or, g
or, dr — 24 =3r+36 or.dr—3r=36+24

or, =Gl

connmber of students of the class is G

Example 7. Mr. Kabir, from his Tk, 56000, invested some money at the rate
of profit 12% per annum and the rest of the money at the rate of profit 10% per
annum. After one year he got the total profit of Tk, 6400. How much money did
he invest at the rate of profit 1297

Solution: Let Mr. Kabir invest Tk, » at the rate of profit 12%.
o he invested Tk, (56000 — ) at the rate of profit 10%.

12 12x

ow, profit of Tk, & in 1 vear is Tk, » x o or Tk 100
o 11
Again, profit of Tk. (56000 — ) in 1 wear is Tk. (56000 — =z} x 100

or, Tk 1O(56000 = x)
100

12¢  10(56000 — 1)

+
L) 1o
or, 122 -+ 560000 — 10x = GHO000

or, 20 = GAOOOD — S6O000
ar, e = 80000
o, = 400000

= {0

By the guestion,

. Mr. Kahir invested Tk 40000 at the rate of profit 129
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Work: Solve by lonming equations:

1) What is the number, if any same number is added to both numerator

) o5 _ . 4
and denominator of the fraction 3 the fraction will be ;'.-’
5

)
2) If the diference of the squares of two consecutive natural numbers is
151, find the two numbers.

3) If 120 coins of Tk.l  and Tk2  together are Tk. 180, what is the
number of coins of each kind ?

Exercises 5.1

Solve (1 - B):

l. 2 = @ =a® — B
h i
2, =2+ =z—2)=(z—4)=24+2)
3 1 o g B 25
V%241 3x+2 Sr+d
i 1 i 1 B 1 i 1
Yl 244 x+2 243
v il fi n-l—h
. - =
f—a =0t x—a—2="b
6. g=a &= b o —dn—3a0 _q
fi il a4 h
- T —d e

a2 b P2
8 (B3+vV3)z+2=5+33
Find the solution set (9 - 14);

0 2r+v2=3r—1-3,2

z— 3 1
10, =2 —
z:—1 z—1
1 1 2
1. - =
a L r4+1 ar—1
2. T n R

m—r n—x MH+n—z
Forma- 14, Mathemates, Class 9-110)
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200,
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2;’—fi+15—2f_-h‘—15
0 12-5 IR

by forming equations (15 - 25):

- B i . )
A mmber is = times of another number. T the sum of the munbers is U8,

fine the two numbers.

Difference of nmmerator and denominator of a proper fraction is 1; if 2 is
subtracted from numerator awd 2 is added to denominator of the [raction,

it will be equal to {—[ Find the fraction.
)

Swmn of the digits of a number consisting of two digits is 9: if the number
obtained by interchanging the places of the digits is less by 45 than the given

number, what is the number 7

The digit of the tens place of a number consisting of two digits is twice the
digit of the units place. Show that, the number is seven times the sum of the
digits.

A petty merchant by investing Tk, 5600 got the profit 5% on some of the
money and profit of 4% the rest of the money. If the total profit is 256,
then on how much money did he get the profit of 5947

In & girls, school if G students sit in each bench. 2 benchies remain empty. But
if 5 students sit in each bench, 6 students have to remain standing. What
is the number of henches in the class?

Number of passengers in a launch is 47. The fare per head for the cabin iz
twice that for the deck. The fare per head for the deck is Tk, 30, If the
total fare collected is Tk, 1680 . whal is the number of passengers in the
eabin?

120) coins of twenty five paisa and fifty paisa together is Tk, 35. What is
the numher of coins of each kind ?

A car passed over some distance at the speed of 60 km per hour and passed
over the rest of the distance at the speed of 40 kin per hour. The car passed
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24.

20.

over the total distance of 240 km in 5 hours, How far did the car pass over
]

at the speed of 60 km per honr

Distance between Dhala New Market and Gabtoli is 12 kine From New
Market Sajal departed for Gabtoli by rickshaw al the speed of § ki per
hour and Kajal from the same place departed for Gabtoli on foot at the
speed of 4 km per hour. After reaching Gabtoli Sajal took rest for 30
minutes and then departed for New Market at the same speed. At which
distance from New Market will they meet?

Number of passengers in a steainer is 376. The fare per head for the cabin
15 thrice that for the deck. The fare per head for the deck s Tk. G0 and the
total fare collected is Tk, 33840,

1) Letting the number of passengers on the deck as o form an equation.

2} What is the number of passengers on the deck and in the cabin?

3} What is the fare per head for the cabin?

Quadratic Equations in One Variable

Equations of the form ax? + be + ¢ = 0 [where, a, b, ¢ are constants and a # (]

are: called the gquadratic equation in one variable. Left hand side of a quadratic

equation is o polynomial of second degree, right hand side is generally taken to
e zero.

Length and breadth of a rectangular region of area 12 square cm. are respectively
£ em.oand (#— 1) em.
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S.oarea of the rectangular region s = x(x — 1)

square. cIm.

By the question, #(x—1) = 12 or, ¥ —r—12 =10

(x-1lem

1 is the variable in the equation and highest 12 sq cm

power of x is 2. Such equation is a quadratic T em
equation. The equation, which has the highest

degree 2 of the variable, is called the quadratic

e tion.

In class VIII, we have factorized the guadratic expressions inone variable of

the forms 22 + pr +q and ax? + br + ¢. Here, we shall solve the equations of the

2

forms 1% + pr + g = 0 and ar® + bx + ¢ = 0 by factorizing the left hand side and

by finding the value of the variable.

An important law of real numbers is applied to the method of factorization. The
law is as follows :

If the produet of two quantities is equal to zero, either only one of the guantities
or hoth quantities will be zern That is, if the product of two quantities a and b
e, ab=0,a=0or, b=}, or, both a =0 and b =1

Example 8. Solve: (r+ 2)(r—3)=10

Solution: (r+ 2)(z —3)=10
Lr+2=0on7r—-3=10

frx+2=0 p=—2

Again, ifx —3=0,z=3

Joeolution is 2 = =2 o, r =3

Example 9. Find the solution set: y° = /3y
Solution: y* = /3y

or, y? — i3y =0 [ by transposition, right hand side has been done zero|
or, Y(y — V3) =0

.'.?;=Durg,r—v@=u

Again, if y = V3=0,y= 3
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. Solution set is {0, v/3}

- —4
Example 10. Solve and write the solution set: ¢ — 4 = :
e
5 v
Solution: »— 4 =
Hi
or, z(r —4) =7 -4 [y cross-multiplication|
or. r{r —4) —(r—4) =0 [hy transposition|

or, (r—4}{x—-1)=0
Sr—4=00rr—1=0
fr—4=0r=4
Again,ifr—1=0,0r=1

.. Solution set is {1,4}

Example 11. Solve: ('H_ “') —5 ('H_ﬂ) +6=0

£ —11 G4 —a
Solution: ('T""") 5 (:'" - ") ol i
S i a = il
r+an
Let, =y
T =i

. from(1) we get, y* — 5y +6G=10
or, i — 2 — I+ 6=10

or, yly —2) -3y —2)=0

or, (g — 2)(y —3) =0

S.when, y—2=0, y=2
onify—3=0y=3

Now, if y =2,

r4+a 2 . ,
- [putting the value of ¥ |
& — i 1
or, r4+a=2{x—n) [hy cross-multiplication|

or, r+a=2r—2a

or,2r—r=a+2a
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Or. T = 3a

Again, when y = 3,

r+a 3
r—a |
or, & +a =30« —a) [by eross-multiplication]

or, r+a=3r—3n
or,dr—r=a+3n
or, &= 2a

S8olution is = 2a or, & = 3a

Work:
1) Comparing the equation 2* — 1 = () with ax?® + e + ¢ = 0, write down
the values of a, b, e,
2) What is the degree of the equation (@ — 1)*7 How many roots does it

have and what are these?

Usage of quadratic equations

Many problems of our daily life ean be solved easily by forming linear and
guadratic equations. Here, the formation of quadratic equations from the given
conditions hased on real life problems and techniques for solving them are
iliscmssed.

Example 12, Denominator of a proper fraction is 4 more than the numerator,
If the fraction is sguared. its denominator will be 40 more than the mmmerator,
Find the fraction.

Solution: Let the numerator of the fraction be ¥ and denominator be o + 4

R R H i
Hetee the fraction is
x4

S (i Fill g !.I '.-1 I.I! { I.-j. 1 a | 2 2] |
e 1 Lo .
LI i’ e : A + —1- l i ‘l‘}z oy H.'-.‘-I I.G

Here, numerator = &% and denominator = a° + 8¢ + 16

biy the question, 7 + 81 + 16 = 2% + 40
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or; #r -+ 16 = 40
or, Ho =4l — 16

or, B =24

or, #r=3
Sr+d=34+4=T
a3

i T T

Lo
*. the fraction is -
i

Example 13. A rectangular garden with length 50 metre and breadth 40 metre
has of equal width all aronnd the inside of the garden. If the area of the garden
except the path is 1200 square metre, how much is the path wide in metre ?

am

xm

Sm
Solution: Let the path he x metre wide.

Without the path length of the garden is (50 —2¢) metre and breadth is (40 — 2u)
metre

. Without the path area of the garden = (30 — 27) x (40 — 2r) square metre
By the question, (50 — 2x) % (40 — 22) = 1200
or, 2000 — 80r — 100x + 4r® = 1200

or, 4o — 180z 4+ 800 = 0

or, ¢ — 457 + 200 = 0 [dividing by 4]

ot, % — b — Mg + 200 =10

or, r{x —5) —40{r —=5) =0

or, (o —5)(z —40) =10
cr=0=0orz=40=1

itz —8=0x=>

tr—=4dl=0, =40
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But the breadth of the path will be less than 40 metre from the breadth of the
garden.

Srmvotdly sw=15

. the path is 5 metres wide

Example 14. Shahik bought some pens for Tk, 240. If he wonld get one more
pen in that money, average cost of each pen would be less by Tk. 1. How many
pens did he buy?

Solution: Let, shahik bought » pens in total for Tk, 240, Then each pen costs
240
Tk, 2290,
-

If he would get (x + 1) pens by Tk, 240, then the cost of each pen would be Tk,
2400

r+ 1
240 240

By the question, ——1
241 x

240 M0 -2
or, =
o ki
or, 240x = (x + 1)(240 — ) [by cross-multiplication]

or, 240r = 2402 + 240 — z* —

or, ¥ 4+ — 240 = () [by transposition|

or, r* + 16z — 152 — 240 =0

or, r{w + 16} — 15{x + 16) =0

or, (r4+16)(r —15) =D

Satlf=0orx—15=0
Fr+16=0 r=-16
fa—=16=0, =15

But the mumber of pen & cannot be negative.

SeFE-16 =15

.. Shahik bought 15 pens.
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Work: Solve by forming equations:
1} If a natural mumber is added to its square, the sum will be equal to nine

times of exactly its next natural number. What is the numhber?

2) Length of a perpendicular drawn from the centre of a cirele of radins 10
em. to a chord is less by 2 em, than the semi-chord. Find the length of
the chord by drawing a probable picture.

Example 15. In an examination ol class IX ol a school, total marks of ¢
students obtained in mathematics is 1950. If at the same examination, marks of
a new student in mathematics is 34 and it is added to the former total marks, the
average of the marks become less by 1.

1) Write dowx the average of the obtained marks of all students including the
new student and separately i students in terms of 2.

2) By forming equation from the given conditions. show that, #*+35x — 1950 = ()

3) DBy finding the value of &, lind the average of the marks in the two cases

Solution:
1950
2
Average of the marks obtained by (2 +1) students including the new student
1950 + 34 1984
o ox+l a1
) 1950 1984
2} By the gunestion, T

a5l s .
it R s R I |[by transposition]

1) Average of the marks obtained by 2 students -

{1

o,

T 4+l :
1950z + 1950 — 1984
or, =
rlr+1)

or, 7% + 1 = 1950r — 19847 + 1050  [by cross-multiplication]
or, 72 4+ » = 1950 — 34
SoEt + 35— 1950 = 0 [showed]
3) r* +35r—1950 =10
or, % + G5 — 302 — 1950 = 0
or, +{z + 65) — 30{z + 65) =0
or, (r+65)r—30)=0

Forma- 135, Mathematics, Class 9-11)
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S 05 =0ora=30=10

I #+4+66=0, = —5B5

Again, if r —30 =0, & = 30

Sinee the number of students, i.e. o cannot be negative,

Hence, r # —65

5 ae=30
; ; 1950 ;
.. in the trst case, average = T = G5 and in the second case,
1954 ,
average = T tid

Exercises 5.2

L. Assuming @ as the variable in the equation o®x + & = 0 which one of the
following is the degree of the equation?

1) 3 2) 2 3) 1 4 0
2, Which one of the following is an identity 7
) (1) 4 (r — 1)t =dr 2) (w+1)+(r—1)2=2(a*+1)
3) (a+b)*+ (a—b)* = 2ab 4) (a— b2 =a®+ 2ab+ H*
3. How many roots are there in the equation (& —4) = 07
1) 1 2y 2 3) 3 1) 4

4. Which ane of the following are the two roots of the equation 7 —7—12 = ()?

1) 3.4 2) 3,4 3) —3,4 4 -3, -4
5. What is the coeflicient of & in the equation 322 — 2 +5 = 07
1} 3 2) 2 3 1 1) -1
6. If the product of the two algebraic expressions @ and y is @y = () .;then
(i) 2=00ry=0
(f1) » =0 and y £ 0
(i6d) w# 0 and y =0

Which one of the following is correct?
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1) 7 and 2) 41 and 1 3) 1 and 19 4) 4. 71 and 77
7. Which one of the following is the solution set of the equation x® — (a -+ b)r 4
ah =1()?

1) fa. b} 9} da, —b} 3y {—a,b} 1) {—a,—b}

The digit of the tens place of a number consisting of two digits is twice the digit
of the units place and digit of the units place is x. In respect of the information.
answer the ollowing guestions (8-10}:

%, What i= the number?
1) 2 2) 3 3) 12 4} 21x
9. If the places of the digits are interchanged, what will be the mamber?

1) 4z 2) Az 3) 12z 4) 21z

1. If # = 2. what will be the difference between the original number and the
number hy interchanging their places?

1) 18 2) 20 3) 3 4) 36
Solve (11 - 17):
11 (y+5)(y—5) =24
12, (V2r+3)(V32—2) =0
13. 2(z*—=9)+9==10

3 1
14. =1
‘.?:--I—ll-."]z—!
g d—2 . Bl
L e
i Bpl_Eg2
a r b

t—a = o b

17.

a—b zr—-a b  a
Find the solution set (18 - 22):

3 4
I8, —+
r T+
rr+T+'E.T+ﬁ_
T -1 ‘}I.T-r-l_'JI
1 1 1 1
20 —+-—-+5=
2 h

=32

19.

T4a-+h
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(e 4+113 —(x—1)°
(r+ 12— (r—1)°

Solve by forming equations (23 - 34):

23.

24.

20,

27.

28,

29.

Sum of the two digits of a munber consisting of two digits iz 15 and their
product is 56; find the number,

Area of the Hoor of a rectangular room is 192 square metre. If the length of
the Hoor is decrensed by 4 metre and the breadth is increased by 4 metre,
the area remaing unchanged. Find the length and breadth of the Hoor.

Length of the hypotenuse of a right angled triangle s 15 em.  and the
difference of the lengths of other two sides is 3 em. Find the lengths of those
two sides.

The base of a triangle is 6 em. more than twice its height. If the area of the
triangle is 810 square cm., what is its height 7

As many students are there in a elass, sach of them contribute equal to
the number of class-mates of the class and thus total Tk, 420 was collected.
What 15 the mumber of students in the class and how much did each student
contribute 7

As many students are there in a elass, each of them contributed 30 paisa
more than the munber of paisa equal to the number of students and thus
total Tk. 70 was collected. What is the number of students in that class 7

Sum of the digits of & number consisting of two digits is 7. Il the places of
the digits are interchanged, the number so formed is 9 less than the given
mumber,

1) Write down the given number and the number obtained by
interchanging their places in terms of variable .

2} Find the number.

3 I the digits of the original number indicate the length and hreadth
of a rectangular region in centimetre, find the length of its diagonal.
Assuming the diagonal as the side of a square, find the length of the
diagonal of the square,
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32.

33
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The base and height of a right angle triangle are respectively (r — 1) em.
and r em. and the length of the side of a square is equal to the height of
the triangle. Again, the length of a rectangular region is (r + 3) ¢m. and
its breadth is x cm,

1) Show the information in only one picture.
2) If the area of the triangular region is 10 square centimetre, what is its
height?

Find the snccessive ratio of the areas of the triangular. square and

=

rectangular regions.

The area of a land is 192 square metre. II the length of the land is decreased
by 4 metre and the breadth is increased by 4 metre,then the area remains
unchanged. Again a circle of 20 diametre was drawn in the center of the
land. A line drawn from the center of the circle perpendicular to one of the
chords is 2 em less than the length of that chord.

1) Letting the length as » and the breadth as gy express the information
by an equation.

2) Find the perimeter of the land.
3) Find the length of the chord of the cirele.

When Nabil's age was same as Shuva’s present age, at that time Nabil's age
was twice as Shuva's age. When Shuva's age will be same as Nabil's present
age,sum of their ages will be 63, What is the present age of each one!

In the quene of bus, two more passenger are standing in front of Schag than
the mumber passengers standing hehind Sohag, Total numher of passengers
in the queue is thriee as the number of passengers standing behind him.
How many passengers are standing in the queue?

Sabuj went to drawing class at 3 : 30 from home. While he was returning
home from school, minute hand of the clock was still down the steep; but
the distanee between two hands was 30 degrees less than that was at 3 30.
When did Sabuj return home?



Chapter 6

Lines, Angles and Triangles

[ Prior knowledge of this chapter are attached to the Appendix at the end of thig
book. At first the Appendix should be read | discussed. |

Geometry is an old branch of mathematics. The word ‘geometry’ comes from the
Greek words *gen’, meaning the “earth’, and ‘metrein’, meaning ‘to measure’. So,
the word ‘geometry’ means ‘the measurement of land! Geometry appears to
have originated from the need for measnring land in the age of agricultural
hased civilization. However, now a days geometry is not only used for measuring
lands, rather knowledge of geometry is now indispensable for solving many
complicated mathematical problems. The practice of geometry is evident in
relics of ancient eivilization., Aceording to the historians, concepts and ideas of
geometry were applied to the survey of lands about four thousand years ago in
ancient Egypt. Signs of application of geometry are visible in different practical
works of ancient Egyvpt, Babylon, India, China and the Ineas civilisation. In the
Indian subeontinent there were extensive usages of geometry in the Indus Valley
civilisation, The excavations at Harappa and Mohenjo-Daro show the evidence
of that there was a well planned city. For example. the roads were parallel to
each other and there was a developed underground drainage system. Besides the
shape of houses shows that the town dwellers were skilled in mensuration. In
Vedic period in the construction of altars (or vedis) delinite geometrical shapes
and areas were maintained,  Usually these were constituted with triangles,
quadrilaterals and trapezinms.

But geometry as a svstematic discipline evolved in the age of Greek civilization.
A Greek mathematician, Thales is credited with the first geometrical proof, He
provedd logieally that a eirele is bisected by its diameter, Thales” pupil Pythagoras
developed the theory of geometry to a great extent. About 300 BC Euclid, a
Gireek scholar, collected all the work and placed them in an orderly manner in
his famons treatise, 'Elements’. Elements” completed in thirteen chapters is the
foundation of modern geometry for generations to come, In this chapter, we shall
diseuss logical geometry in accordance with Euelid,
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At the end of this chapter, the students will be able to -
» describe the basic postulates of plane geometry.
» prove the theorems related to triangles.

» apply the theorems and corollaries related Lo triangles to solve problems.

Concepts of space, plane, line and point

The space around us is limitless, 1t is occupied by ditferent solids, small and large,
By solids we mean the graims of sand, pin, pencil, paper, hook, chair, table, hrick,
rock. house, mountain, the earth, planets and stars. The concept ol geometry
springs from the study of space oceupied by solids and the shape, size, location
and properties of the space,

A =olid ocenpies space which is spread in three directions. This spread in three
directions denotes the three dimensions (length, breadth and height) of the solid.
Hence every solid is three dimensional. For example, a brick or a box has three
dimensions (length, breadth and height). A sphere also has three dimensions.
Although the dimensions are not distinetly visible, it can be divided distinctly
into length-breadth-height.

The boundary of a solid denotes a surface, that is, every solid is hounded by one

or more surfaces. For example, the six faces of a box represent six surfaces. The
upper face of a sphere is also a surface. But the surfaces of a box and of a sphere
are different. The first one is plane while the second one is curved.

Two-dimensional surface: A surface is two dimensional; it has only length and
breadth and is said to have no thickness. Keeping the two dimension of a box
unehanged, if the third dimension is gradually veduced to zero, we are left with a
face or boundary of the box. In this way, we can get the idea of surface from a

solid.
J— e~ —~
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When two surfaces intersect, a line is formed, For example, two faces of a box
meet at ane side in A line. This line is 4 straight line, Again, if & lemon is cut by
a knife, a enrved line is formed on the plane of intersection of curved surface of
the lemon,

Line: A line is one-dimensional: it has only length and no breadth or thickness.
If the width of o face of the hox is gradually receded to zero, we are left with only
line of the houndary. In this wayv, we can get the idea of line from the idea of
surface.

F : i -

The intersection of two lines produces a point. That is, the place of intersection
of two lines is denoted by a point, For example, the two edges of a box meet at a
paint, A point has no length, breadth and thickness. If the length of a line s gradually
reduced to zero, at last it ends in a point. Thus, a point is considered an entity of

zero dimension.

Euclid’s Axioms and Postulates

The discussion above about surface, line and point do not lead to any definition
they are merely description. This description refers to height, breadth and length,
neither of which has been defined. We only can represent them intuitively. The
definitions of point, line and surface which Euclid mentioned in the beginning of
the first volume of his “Elements’ are incomplete from modern point of view. A
few of Euclid’s axioms are given below:

1. A point is that which has no part.
2. A line has no end point.

3. A line has only length, but no breath and height

4. A straight line is o line which lies evenly with the points on itself.

9. A surface is that which has length and breadth onlv.

(i. The edges of a surlace are lines,

7. A plane surface is a surface which lies evenly with the straight lines on itself.

It is observed that in this description, part, length, width, eveuly ete have heen
accepted without any definition. Tt is assumed that we have primary ideas about

223
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them. The ideas of point, straight line and plane surface have been imparted on
this assumption. As a matter of fact, in any mathematical discussion one or more
elementary ideas have to be taken granted. Euelid called them axioms. Some of
the axioms given by Euclid are:

I, Things which are equal to the same thing, are equal to one another,

2. Il equals are added to equals. the wholes are egual.

3. If equals are subtracted from equals, the remainders are equal.

4, Things which coincide with one another, are equal to one another.
H. The whole is greater than the part

In modern geometry, we take a point. a line and a plane as nndefined terms amd
some of their properties are also admitted to be true. These admitted properties
are called geometric postulates. These postulates are chosen in such & way that
they are consistent with real coneeption. The five postulates of Euclid are:

Postulate 1: A straight line may be drawn from any one point to any other
point.

Postulate 2: A terminated line can be produced indefinitely.
Postulate 3: A cirele ean be drawn with any centre and any radius.
Postulate 4: All right angles are equal to one another,

Postulate 5: If a straight line falling om two straight lines makes the interior
angles on the same side of it taken together less than two right angles, then the
two straight lines, if produced indetinitelv, meet on that side on which the sum of
angles s less than two right angles,

After Euclid stated his postulates and axioms, he used them to prove other results,
Then using these results, he proved some more results by applving deductive
reasoning. The statements that were proved are called propositions or theorems,
Euelid is his ‘elements’ proved a total of 465 propositions in a logieal chain. This
is the foundation of modern geametry.

Note that there are some incompleteness in Euclid s first postulate. The drawing
of a unigue straight line passing through two distinet points has been ignored,
Postulate 5 is far more complex than any other postulate. On the other hand,
Postulates 1 through 4 are so simple and obvious that these are taken as ‘self-
evident truths’. However, it is not possible to prove them, So, these statements

Forma- 16, Mathematics, Class 9-11)
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are accepted without any proof. Since the fifth postulate is related to parallel
lines, it will be discussed later,

Plane Geometry

It has been mentioned earlier that point, straight line and plane are three
fundamental concepts of geometry. Although it is not possible to define them
properly, based on onr real life experience we have ideas about them. As a
concrete seometrical conception space is regsarded as a set of points and straight
lines and planes are considered the subsets of this universal set. That is,

Postulate 1: Space iz a set of all points and plane and straight lines are the
sub-sets of this set.

From this postulate we observe that each ol plane and straight hine is o set and
points are its elements. However, in geometrical deseription the notation of sets
iz usually avoided. For example, a point included in a straight line or plane is
expressed by © the point lies on the straight line or plane’ or ‘the straight line
or plane passes through the point’ Similarly if a straight line is the subset of a
plane, it is expressed by such sentences as ‘the straight line lies on the plane, or
the plane passes through the straight line’

It is necepted as properties of straight line and plane that,

Postulate 2: For two different points there exists one and only one straight line,
on which both the points lie

Postulate 3: For three points which are not colinear, there exists one and only

one plane, on which all the three points lie.

Postulate 4: A straight line passing through two different points on o plane lie
completely in the plane.

Postulate 5:
1) Space contains more than one plane.
2) Tu each plane more than one straight lines lie.

4) The peints on a straight line and the real numbers ean be related in such a
way that every point on the line corresponds to a unique real numher and
conversely every real number corresponds to a unigque point of the line.
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Remarks: The postulates from 1 to 5 are called incidence postulates,
The concept of distance is also an elemenfary coneept. It is assumed that,
Postulate 6:

1) Each pair of points P and €) determines a unigue real munber which is
known as the distance hetween point P and () and is denoted by PQ).

21 If P and € are different poiuts, the mmmber PO is positive.  Otherwise,

P} =10,
3) The distance between P and ¢ and that hetween ) and P are the same,
e, PQ=0QP.

Since FQ = QF, this distance is called the distance between point F and point
(). In practical, this distance is measured by previously determined unit,

According to postulate 5(e) one to one correspondence can be established
hetween the set of points in every straight line and the set of real numbers. In
this connection, it is admitted that,

Postulate 7: One-to-one corvespondence can be established between the set of
points in a straight line and the set of real numbers such that, for any points P, ¢,
P} = |n — b| where, the one-to-one correspondence associates points P oand
to real mumbers o and I respectively,

It the correspondence stated in this postulate is made, the line is said to have been
redueed to a number line. If P corresponds to a in the number line, P is called
the graph point of P and a the coordinates of P, To convert a straight line into
# number line the co-ordinates of two points are taken as () and 1 respectively.
Thus a unit distance and the positive direction are hxed in the straight line. For
this, it is also admitted that,

Postulate 8B: Any straight line AB can be converted into a number line such
that the coordinate of A is 0 and that of B is positive.

Remarks: Postulate 6 is known as distance postulate and Postulate 7 as ruler
postulate and Postulate 8 as ruler placement postulate.

(ieometrical figures are drawn to make geometrical description clear. The model
of u puint is drawn by a thin dot by tip of a pencil or pen on a paper, The model of
a straight line is constructed by drawing a line along a ruler. The arrows at ends
of a line indicate that the line is extended both ways indefinitely. By postulate 2,
two different points A and B define a unigue straight line on which the two points
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lie. This line s called AB or BA line. By postulate 5(e) every such straight line

vontains infinite number of points.

Aceording to postulate 5(a) more than one plane
exist. There is infinite number of straight lines in
every such plane.  The branch of geometry that
deals with points, lineslying in same plane and
ditferent geowetrieal entities related to them, is known
as plane Geometry, In this textbook, plane geometry
is the matter of our discussion. Hence, whenever
something is not mentioned in particular, we will
assume that all diseussed points, lines ete lie in a plane,

Proof of Mathematical statements

In any mathematical theory ditferent statements related to the theory are logically

established on the hasis of some elementary concepts, definitions and postulates.
Such statements are generally known as propositions. In order to prove correctness
of statements some methods of logic are applied. The methods are;

1. Mathematical Induction
2. Mathematical Deduetion

3. Proof by contradiction ete.

FProof by contradiction

Philosopher Arvistotle first introduced this method of logical proof. The basis of

this method is:

1. A property cannot be aceepted and rejected at the same time

b

The same ohject cannot possess opposite properties.

3. One cannot think of anvthing which is contradictory to itself,

4. If an ohject attains some property, that ohject cannot unattain that property

at the same time.
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Geometric proof

In geometry, special importance is attached to some propositions which are
taken as theorems and used successively in establishing other propositions. In
geometric prool dilferent statements are explained with the help of Ligures.
But the proof must be logical.

In deseribing peometrie propositions general or particular enunciation is used.
The general enunciation is the description independent of the fgure and the
particular enunciation is the description based on the figure.  If the general
cnunciation of a proposition is given, subject matter of the proposition is
specified] through particular emnmneiation.  For this, necessary figure is to be
drawn,

Generally, in proving the geometric theorem the following steps shounld he

follewed ;
1. General enunciation.
2. Figure and particular enunciation.
3. Description of the necessary constructions and
4. Deseription of the logical steps of the proof.

If a proposition is proved directly from the conclusion of a theorem, it is called
a corollary of that theorem. Besides, proof of various propositions, proposals for
construction of different fgures are considered. These are known as constructions.
By drawing figures related to problems, it is necessary to narrate the description

of construetion and its logical truth,

Exercises 6.1

1. Give a concept of space, surface, line and point,
2. State Euclid’s five postulates.

3. State five postulates of incidence,

4, State the distance postulate

5. State the ruler postulate,
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6, Explain the number line.

=

State the postulate of ruler placement,

|-I.

Define intersecting straight line and parallel straight line.

Line, Ray, Line Segment

By postulates of plane geometry, every point of a straight line lies in a plane. Let
AB be a line in a plane and € be a point on it, The point ' is called internal to A
ad B if the points A, € and B are different points on a line and AC+CB = AB.
The points A, C' and B are also called collinear points. The set of points including
Aand B and all the internal points is known as the line segment A5, The peints
between A and 5 are called internal points,

b= I

¢

o

=-R

c

X A

Angle

When two rays in a plane meet at a point, an angle

is formed. The ravs are known as the sides of the

angle and the common point as vertex. In the figure, P

two ravs (OF and O make an angle £ POQ at their

common point €. O is the vertex of the angle £ FPOQ.

The set of all poiuts lyving in the plane on the € side A .-
of OF and 2 side of OQ is known as the interior

region of the PO, The set of all points not lying

in the interior region or on any side of the angle is

called exterior region of the angle.
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Straight angle

The angle made by two opposite rayvs at their
common end point i3 a straight angle, In the adjacent
figare, a ray AC is drawn from the end point A of the
ray AB. Thus the rayvs AB and AC have [ormed an
angle ZBAC at their common point A. ZBAC i1s a
straight angle. The measurement of a right angle is
2 right angles or 180°.

Adjacent angle

If two angles in a plane have the same vertex, a
common side and the angles lie on opposite sides of
the common side, each of the two angles is said to be
an adjacent angle of the other.

In the adjacent figure, the angles £ BAC and £CAD
have the same vertex A, a common side AC and
are on opposite sides of AC. ZBAC and ZCAD are
adjacent angles.

Perpendicular and Right angle

If two adjacent angles are on the same line and equal,
then each of the related adjacent angle is a right
angle or 90° ; The two sides of a right angle are mutnally
perpendicular.  In the adjacent hgure two angles
ZBAC and ZDAC are produced at the point 4 of
BD by the rav AC. A is the vertex of these two
angles,

AC is the common side of the angles ZBAC and
ZDAC, The tow angles lie on the tow sides of the
common side AC. If ZBAC and ZDAC are equal,
then each of the two angles is right angle. The line
seements AC and BD are mutually perpendicular,

A n

=1
=
e
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Acute angle and obtuse angle

An angle which is less than a right angle is called an
acute angle and an angle greater than one right angle
but less than two right angles is an obtuse angle. In
the figure, ZAOC 1s an acute angle and ZAO L is an
obtuse angle. Here ZAORB is a right angle.

Reflex angle

An angle which is greater than two right angles and
less than four right angles is called a reflex angle. In
the figure, £AOC is n reflex angle.

Complementary angle

If the sum of two angles is one right angle, the two
angles are called complementary angles.

In the adjacent figure, £AQB is a right angle, The
ray OC is in the inner side of the angle and makes
two angles £ AOC and ZC0B . So taking together the
medsurement of these two angles is one right angle,
The angles ZAQC and ZC0OB are complementary

angles.

Supplementary angle

Il the sum of two angles is 2 right angles, two angles
are called supplementary angles.

The point O is an internal point of the line AB. OC
is & ray which iz diferent from the ray QA and ray
OB. As a result two angles ZAOC and ZCOB are
lormed. The measurement of this two angles is equal
to the measurement of the straight angle £ZAOB ie.,
two right angles. The angles £AOC and £C0OB are

supplementary angles.

Mathematics (lasses TX-X
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Vertical angle

Two angles are said to he the opposite angles if the
sidles of one are the oppaosite ravs of the other.

In the adjoining Hgure OA and OB are mutually
apposite rays. So are the rays OC and O, The
angles ZBOD and ZAQC pre a pair of opposite
angles.

Similarly, #BOC and ZDOA are another pair of
opposite angles.  Therefore, two intersecting lines
produee two pairs of opposite angles,

& C £

Theorem 1. The smmn of the two adjacent angles which a ray makes with a
straight line on its meeting point is equal to two right angles.

Proof: _ . .
Let, the ray OC meets the straight line AB at (). As

a result two adjacent angles ZAQC and ZC0OB are D C
formed. Draw a perpendicular D0 on AB.
Sum of the adjacent two angles

LAOC + £C0B = LAOD+/D0C + LCOB <
= ZA0D + ZDOB = 2 right angles.

W

Theorem 2. When two straight lines intersect. the vertically opposite angles
are ecual.

Let AB and O be two straight hines, which intersect
at (. As a result the angles ZAOC, ZC0OB. £BOD,
ZAOD are formed at O.

ZAOC = opposite ZBOLD and ZAC0FB = opposite
LZACD.

Parallel lines

Alternate angles, corresponding angles and interior angles of the
traversal

Forma-17, Mathematies, Class 9-110
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F
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In the figure. two straight lines AB and C'I2 are cut by a straight line EF at P
and @, The straight line EF is a traversal of AR and D, The traversal has
made eight angles Z1, #2, /3. £4. £5. £6, £7. £8% with the lines AB and CD.
Among the angles

1) Z1 and £5, £2 and 26, £3 and £7, Z4 and 8 are corresponding angles.

2) £3 and Z6, £4 and £5 are alternate angles.

3] Z4, £6 are interior angles on the right.

4y £3, £5 wre interior angles on the left.
I & plane two straight lines may intersect or they are parallel. The lines interseot
il there exists a point which is common to both lines. Otherwise, the lines are

parallel. Note that two different straight lines may at most have only one point
N COMOon,

The parallelism of two straight lines in 4 plane may be defined in three different
wavs:

1) The two straight lines never intersect each other ( even if extended to
infinity ).
2} Every point on one line lies at equal smallest distance from the other.

3) The corresponding angles made by a transversal of the pair of lines are equal.

According to definition (a) in a plane two straight lines are parallel, if they do
not intersect each other, Two line segments taken as parts of the parallel lines are
ulso parallel,
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According to definition (b) the perpendicular distance of any point of one of the
parallel lines from the other is always equal. Perpendienlar distance is the length
of the perpendicular from any point on one of the lines to the other. Conversely,
il the perpendicular distances of two points on any of the lines to the ather are
equal, the lines are parallel. This perpendicular distance is known as the distance
of the parallel lines.

The definition (¢) is equivalent to the fifth pestulate of Euclid. This definition is
more uselul in geometric prool and constructions.

Observe that, through a peint not on a line, a unique line paralle]l to it can he
drawn.

Euclid’s 5th Postulate (presented by graph)

When a transversal cuts two parallel straight lines,
1} the pair of corresponding angles are equal.
2) the pair of alternate angles are equal.

3) that pair of interior angles on the same side of the transversal are
supplementary,

In the ligure, AB || CD and the traversal PQ 5
intersects them at £ and F respectively, E /

. A B
Theretore,

F
C
1} £LPEB = corresponding ZEF D [by definition] é
2y LAEF = alternate £ZEFD
3) £LBEF 4+ ZEFD = 2 right angles

Worlk:

Using alternate definitions of parallel lines prove the theorems related to

parallel straight lines.
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In the figure the line PQ) intersects the straight lines

AB and CD at E and F' respectively and E / P
1) ZPEB = corresponding ZEF D or, A B
2) LAEF = alternate ZEFD or, C E D
3) £LBEF 4+ £EFD = 2 right angles é

Therefore, the straight lines AB and C' D are parallel.
Corollary 1. The lines which are parallel to a given line are parallel to each
other.

Exercises 6.2

1. Define interior and exterior of an angle.
2. If there are three different points in a line, identity the angles in the figure.
3. Define adjacent angles and locate its sides,

4. Define with a figure of eachi opposite angles, eomplementary angle,
supplementary angle, right angle. acute and obtuse angle.

Triangle

A triangle is a figure closed by three line segments, The line segments are known
as sides of the triangle. The point common to any pair of sides is the vertex, The
sides form angles at the vertices,

A triangle has three sides and three angles. Triangles are classified by sides into
three types: equilateral, isosceles and scalene.

By angles triangles are also classified into three types: acute angled, right angled

and obtuse angled,

The sum of the lengths of three sides of the triangle is the perimeter. By triangle
we also denote the region closed by the sides, The line segment drawn from a
vertex to the mid-point of opposite side 15 known as the median,  Again, the
perpendicular distance [rom any vertex to Lhe opposite side is Lthe height of the
triangle.
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In the adjacent figure ABC is a triangle. A, B.C
are three vertices. AB , BC CA are three sides
and ZABC, ZBCA, /CAB are three angles of the
triangle, The sum of the measurement of AL, BC
and (" A is the perimeter of the triangle.

Equilateral triangle

An equilateral triangle is a triangle of three equal
siddes,  In the adjacent fgure, triangle ABC is an
equilateral triangle; because, AB = BC = CA ie.,
the lengths of three sides are equal.

Isosceles triangle

An isosceles triangle is trinngle with two equal sides.
In the adjacent hgure triangle ABC is an isosceles
trinngle; because AB = AC #£ BC' i.e. the lengths
of only two sides are equal.

Scalene triangle

bides of scalene triangle are unegual. Triangle ABC
is a sealene triangle, sinee the lengths of its sides AB,
B, CA are unequal

Acute triangle

A triangle having all the three angles acute is acute
angled triangle. In the triangle ABC each of the
angles ZBAC, ZABC, ZBCA is acute ie., the
measurement of any angle is less than 907, 50 AABC

is acute angled.

Right triangle
A triangle with one of the angles right i= a right
angled triangle. In the figure. the #DFFE is a right
angle; each of the two other angles ZDEF and
LZEDF is aente.  The triangle ADEF is a right
angled triangle.

B
B

A

/N
A
/N

AN

C
A
o

B
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Obtuse triangle [}

A triangle having an angle obtuse is an obtuse angled j;: 7
triangle. In the figure, the £GK H is an obtuse angle; g 74

the two other angles AGHK and ZAHGK are acute.

AGHK is an obtuse angled triangle.

Interior and Exterior Angles

If a side of a triangle is produced, a pew angle is formed. This angle is known
as exterior angle. Except the angle adjacent to the exterior angle. the two others
angles of the triangle are known as opposite interior angles.

In the adjacent figure, the side BC of AALBC is |

extended to [}, The angle £AC [ is an exterior angle
of the triangle, ZABC, ZBAC and £ZACE are three
interior angles, ZAC'H is the adjacent interior angle  »

: o
of the exterior angle ZACD. Each of ZABC amd :
ZBAC is an opposite interior angle with respect to
ZACD.
Theorem 4. The sun of the three angles of a trinngle is equal to two right

angles,
- A
/4‘ \ /[I/\'&/{F
! P g -2 .
B i Vil L ! FZI_;

Let ABC be a triangle, In the triangle £FBAC+ZABC+ ZACE = 2 right angles,

Draw C'E from point C so that AB || CE . Now ZABC = ZECD |eorresponding
angles| and £BAC = ZACE |alternate angles

S LEABC + ABAC = ABECD + ZACE = ZACD
LABC + ABAC+XACE = LACD + ZACH =12

right angles,

Corollary 2. If 4 side of a triangle is produced, then exterior angle so formed
15 equal to the sum of the two opposite interior angles.

Corollary 3. If a side of a triangle is produced, the exterior angle so formed is
greater than each of the two interior opposite angles,

o
=
i
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Corollary 4. The acute angles of a right angled triangle are complementary to
ench other.

Work:

Prove that if a side of a triangle is extended, the exterior angle so formed is
areater than each of the two interior opposite angles.

Congruence of Sides and Angles

If two line segments have the same length, they A &

are congruent. Conversely, if two line segments ¢ b
are congruent, they have the same length. oA / :
If the measurement of two angles is equal, the :7-'/ /f*’
angles are congruent. Conversely, if two angles g Awd A A
are congruent, their measurement is the same, () u o =

Congruence of Triangles

If a triangle when placed on another exactly
covers the other, the triangles are congruent, The
corresponding sides and angles of two eongruent
triangles are equal.
In the adjacent figure, AABC and ADEF are B
congruent. I two triangles AABC and ADEF are

congruent and vertices A, B, O superpose on vertices
D, E, F respectively, then AB = DE, AC = DF,
BC=FEFand £A=4D, LB =4LFE . LC=4F.To
express AABC and ADEF congruent it is written
as AABC = ADEF.

It two sides and the angle ineluded hetween them of
a triangle are equal to two corresponding sides and

A

D

A
Theorem 5. (Side-Angle-Side criterion) //\
/I\

the angle imcluded between them of another triangle, B C
the trinngles are congruent.

Let AABC and ADEF be two triangles in which

AB = DE, BC' = EF and the included ZABC =

the included ZDEF. Then, AABC = ADEF. i y
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A
Theorem 6. If two sides of a triangle are equal.
the angles opposite the equal sides are also equal.
Suppose in the triangle ABC, AB = A(C', Then,
LABC = ZACE

B C
Theorem 7. If two angles of a triangle are equal, the sides opposite the equal
angles are also equal.

Special Nomination: Let, in the triangle ABC,
ZABC = ZACB. Tt is to be proved that, AB = AC

)

Prool:
Step 1. If AB # AC, then (i) AB > AC on. (i) AB < AC.

Suppose, (i) AB > AC. Cut from AB a part AD equal to AC. Now, the
triangle ADC is an isosceles triangle. 5o,

LADC = LACD [ The base angles of an isosceles trinngles are equall

In ADBC exteriar angle ZADC = ZABC [ [Exterior angle is greater
than each of the interior opposite angles|

s LACD = ZABC, Thervelore, ZACE > ZABC, but this is against the
given condition.

Step 2. Similarly, (#1) if AB < AC, it can be proved that
ZABC = ZACE, but this is also against the condition.
Step 3. So neither AB > AC nor AB < AC.
s AB = AC (Proved)

223
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Theorem 8. (555 criterion)
If the three sides of one triangle are equal to the three corresponding sides of
another triangle, the triangles are congruent.

Let, in AABC and ADEF, AB = DE, AC = DF AN \
and BC = EF. Therefore; AABC &= ADEF / \ \
. e o2

F

Theorem 9.  (ASA criterion}

Il two angles and the included side of a triangle are equal to two corresponding
angles and the included side of another triangle, the triangles are congruent.

Let, in HABC and &DEF, £B = LE, ZC = F 5

ZF and the side BC' = the corresponding side ;

EF. Then the triangles are congruent, ie: //\

AABC = ADEF R ——3e ¢ f

Theorem 10. (Hypotenuse-side criterion)

If the hypotenuse and one side of o right-angled triangle are respectively equal
o the hypotenuse and one side of another right-angled triangle, the triangles are
congruent.

Let AABC and ADEF be two right angled 4 i

triangles, in which the hypotenuse A

hypotenuse DF and AB = DE. Then, LABC = '

LDEF 8 e g &

There is a relation between the sides and angles of a triangle. This relation is
described in the following criteria 12 and 13

Theorem 11.  [If one side of a triangle is greater than another, the angle opposite
the greater side is greater than the angle opposite the lesser sides.

A

Let, in triangle AABC, AC = AB. Therefore / \
ZABC > LACB /

i Iy

Forma- 18, Mathemancs, Class 9-110)
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Theorem 12. If one angle of a triangle is greater than another, the side opposite
the greater angle is greater than the side opposite the lesser,

A
Special Nomination: Let, in trangle AABC. /\
ZABC = ZACB Tt is to be proved that, AC' > AB /
i [
Proof:

Step 1. If the side AC is not greater than AB, then (1) AC = AB
ar, (1) AC' < AB,

(i) If AC' = AB, then ZABC = ZACB [ The base angles of isosceles
triangle are equal]

Which is against the supposition, since by supposition £ZABC = LACE,

(#i) Again, if AC < AB. then ZABC < ZACB. [, The angle opposite
to smaller side is smaller]

But this is also against the supposition.
step 2. Therefore, the side AC is neither equal to nor less than AB.

;L AC = AB (Proved).

There is a relation between the st or the difference of the lengths of two sides
and the length of the third side of a triangle.

Theorem 13. The sum of the lengths of any two sides of a triangle is greater
than the third side.

Let ABC be a triangle. Let BC be the greatest side A /
of the triangle. Then, AL + AC = BC. \'\\}I

g N
Corollary 5. The difference of the lengths of anv two sides of a triangle is
smaller than the third side.

Let ABC be a triangle, Then the difference of the lenegths of any two of its sides
is smaller than the length of third side, i.e: AB - AC < BC.

2025
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Theorem 14. The line segment joining the mid-points of any two sides of a

triangle is paralle]l to the third side and in length it is half.

Special Nomination: Let ABC" he a triangle, D

and E are respictively mid-points of the AB and AC. ;

It is required to prove DE || BC and DE = -:;EC"_ ”/\E
Drawing: Join £ and E and extend to I 50 that / \\\/f)K
EF = DE. Draw a straight line segment from € to F. B C

Proof:
Step 1. Between NADE and ACEF, AE = EC |ziven]

DE=EF [y construction]
LAED = LCEF lopposite angles]
S AADE = ACEF  [SAS theorem]
VLADE = ZEFC  |alternate angle]
©AD | CF
Again, BD = AD = CF and BD | CF
Therefore BOFC is a parallelogram,
. DF || BC or, DE || BC.
Step 2. Again, DF = BC or, DE + EF = BC
or, DE+ DE = BC or, 2DE = BC or, DE = %BE’

o DE'|| BC and DE = éHE’ (Proved).

Theorem 15. (Pythagoras theorem)

In a right-angled triangle the square on the hypotenuse is equal to the sum of the

squares of regions on the two other sides, A

Let in the triangle ABC, £ZABC = 1 right angle and
AC is the hypotenuse. Then, AC* = AB?* 4+ B(C*
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Example 1. In triangle AABC. AB = AC, BA is produced to [ such that
AD = AC. €, D are added.

1) Draw the figure based on the stem.

2) Prove that, BC +CD = 2AC

3) Prove that, ZBCD = | right angle.

Solntion:

1)

B C
2) Given, AR = AC and by construction AC' = AD
For ABCD

BC + €D = BD [The sum of the lengths of any two sides of a triangle is
greater than the third side.]

or. BOC+CD > A+ AD
or, BO+CD =3 AD+AD
or, BC +CD = 24D
S BC+CD > 2AC [~AB=AC = AD]
3) Given AB = AC Therefore ZABC = LACB
Henee ZDBC = LACH
By construction AC' = AL Therefore ZADC = ZACD
Hence ZBDC = ZACD
In triangle ABCO,

LBDC+ZDBC+ ZBCD = 2 right angle [Sum of three angles of a triangle
is equal to 2 right angles|

<
=
L]
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or, ZACD + ZACB + £ZBCD = 2 right angles
or, ZBCD + £BCD = 2 right angles
ar, 22BCD = 2 right angles.

S LBCD =1 right angle

Example 2. POR is a triangle,. PA, QB and RC are three medians which
imtersect at point OJ.

1) Draw a figure based on the imformation.
2) Prove that, PQ + PR = QO+ RO
3) Prove that, PA+ QB+ RC < PQ + QR+ PR

Solution:

1)

2) From figure 1) it is to be proved that, PG + PR > QO + RO
Proof: Anyv two sides of a triangle are greater than the third one.
In triangle APQRB, PQQ+ PB = QB
Again in triangle ABOR, BR + BO > RO
S.PQ+ PB+BR+ BO >0QB+ RO
or, PQ+ PR+ BO > Q0O+ 0B + RO
S PO+ PR > Q0+ RO
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3) Drawing: Produce PA to D such that PA = AD. Add Q. D.

Proof:

In triangle AQAD and APAR,
QA =AR, AD=PA

and the mncluded ZQAD = the included c B
LFAR

LAQAD = APAR and QD = PR

Now, in &HFPQD, PQ+ QD = PD

or. PQ+ PR > 2PA [ A is the mid point
of PD |

Similarly, PO + QR > 208 PR+ QR = 2RC

PO+ PR+PO+QR+PR+QR=2PA+20B +2RC
or, 2PQ + 20R+2PR > 2PA+2Q8B + 2RC

or, PQ+ QR+ PR > PA+ QB+ RC

S PA+OQB+RC = PO+ QR+ PR

Exercises 6.3

The lengths of three sides of a triangle are given below. In which case it is
possible to draw a triangle (the numbers are in unit of length)?
1 5.6, 7 2) 5,7, 14
3) 3,4, 7 4):2, 4, 8
It one side of a equilateral triangle is produced to both, sides then what is
difference between the generated exterior angles??

1) O° 2] 12 3) 1808 4) 240°

5

2125
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3.

o

=

=1

In figure what is the value of ZRPSY
1) 40 2) T0° 3 o & 1ide

In the adjacent figure

(i) £AOC is an acute angle
(it) ZAOB is a right angle -
(iit) £ACQD is a reflex angle

Which one of the following is corvect?

1) 4 2) i 3) ¢ and 4} i and i
If a triangle when placed on another exactly covers the other

(¢} the two triangles are congruent

(#7) the corresponding sides of the two triangles are equal
(7ii) corresponding angles are equal

Which cne of the following is correct?

1) &, i 2) i, #ii 3) i, it 4) 4, 4 and i
o B
/ - 120
E F
150"
G C D

In the above figure AB || EF | €D and BD L CD. Auswer the questions
(6 — &) hased on the given figure:

What is the value of ZAEF 7

L) a0 2) 60° 3) 240° 4) 270°
Which one of the following is the value of ZBFEY
1) 300 2) 60° 3)90° 1) 1200

LOEF +7CEQG = what?
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8.

110.
11.

12.

138.

14.

16.

17.

19.
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1) &0° 2} 120° d)  1s® 4) 21F°
Prove that, the triangle tormed by joining the mid points of the sides of an
equilateral triangle is also equilateral,
Prove that, the three medians of an equilateral triangle are cqual,

Prove that, the sum of any two exterior angles of a triangle is greater than
two right angles.

In AABC, D is the mid point of side BC. Prove that, AB+ AC = 2AD

In the fgure given, AC' = 1 right angle and £B =
2£A. Prove that, AB = 28BC

\
Pl .

Frove that, the exterior angle so [ormed by producing any side of a triangle
is equal to the sum of the interior opposite angles,

Prove that, the diference hetween any two sides of a triangle is less than
the third.

In the fipure. in triangle ABC', £B = 1 right angle
and D is the mid point of hyvpotenuse AC. Prove

1
that, BD = EHCI

In AABC, AB > AC and biseetor of £A4 is AD which intersects side BC
at point £, Prove that, ZADE 15 obtuse angle.

Prove that, any point on the perpendicular bisector of a line segment is
equidistant from the terminal points of that line segment

In triangle ABC, £A = 1 right angle. Mid point of BC is D
1) Draw a triangle ABRC' with given information.

2) Show that, AB+ AC > 2AD
3) Prove that, AD = %BC

223
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20, In AABC, D and E are the mid pomts of AB and AC' respectively and
bisectors of 28 and ZC intersect at point O,

1) Express the information of the stem through figure.

2) Priwe that, DE

1
| BC and DE = EHQ

1
3) Prove that, ZBOC = 90° + E.fiﬂ

21, Prove that, bisector of the vertical angle of an isosceles triangle bisects the
bhase and perpendicular to base.

22, Prove that, sum of the three medians of 4 triangle is less than the perimeter
of the triangle.

23, An industrious father called upon his onlyson and said that he hid gold in a
nearby lorest which he bought with his earned monev. When the son asked
about the position of the gold, he informed him that there were two similar
trees A and B and a stone 5. After reaching from S to A, he wonld have
to go perpendicularly the same distance to find the point €. Again coming
from S to B, he would have to travel the same distance perpendicularly to
find the point D. Then he would [nd the gold at the midpoint ol the line
C'D. The son found the trees A and B but unfortunately did not find 5.
Will the son able to find the gold? If so, then how?

Forma- 19, Mathemancs, Class 9-11)



Chapter 7

Practical Geometry

In the previous classes geometrical figures were drawn in proving different
propositions and in the exercises. There was no need for precision in drawing
these tigures. But sometimes preeision is necessary in geometrical constructions.
For example, when an architect makes a design of a house or an engineer draws
different parts of o machine. high precision of drawing is required. In such
geometrical constructions, one makes nse of ruler and compasses only. We have
already learnt how to construet triangles and quadrilaterals with the help ol
miler and ecompasses. In this chapter we will diseuss the construction of some
special triangles and quadrilaterals,

At the end of the chapter, the students will be able to —

»  cxplain triangles and gquadrilaterals with the help of fgures
» construct triangle by using given data

»  construct quadrilateral, parallelogram, trapezinom by using given data,

Construction of Triangles

Every triangle has three sides and three angles. DBut, to specifv the shape and
sizer of a triangle, all sides and angles need not 1o be specilied. For example, as
sum of the three angles of a triangle is two right angles, one can easily hind the
measurement of the third angle when the measurement of the two angles of the
friangle is given. Again, from the theorems on congruence of triangles it is found that
the following combination of three sides and angles are enough to he congruent.
That is, a combination of these three parts of o triangle is enough to construct a
unigue triangle, In class seven we have learnt how to coustruet triangles from the
following data:

2025
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1. Three sides i L
h e b
" \! )
H i rC Ik
E
2, Two sides and
their included fx A

angle.

4. Two angles
and  their
adjacent sides

4. Two angles
anil an opposite
side

5. Two sudes

amd an opposite
angle

6.  Hypotenuse p
and a side of ,,.\
a  right-angled b B
trinngle e (s ‘x\x‘
.
] ~
B T D
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Observe that in each of the cases above, three parts of a triangle have been
specified, But any three parts do not necessarily specify a unique triangle. As for
example, if three angles are specified, infinite numbers of triangles of different sizes
can be drawn with the specilied angles {which are known as similar triangles).

i

A

Sometimes for eonstruction of a triangle three such data are provided by which
we can specify the triangle throngh various drawing. Construction in a few such

cases is stated helow:

Construction 1. The hase, the hase adjacent angle and the sum of other two

sidles of o triangle are given. Construct the triangle.

Let the base a, a base adjacent angle Zx and the sum s of the other two sides of
a triangle ABC be given. It is required to construct it.
Drawing:
1. TFrom any ray GF et the line segment B8C
equal to a. At B of the line segment BC,

draw an angle ZOBF = Zir. Fa
2. Cut a line segment BD equal to s from the a /,/4 ? f
ray BF. o 7
3. Join O, D and at €' make an angle ZDCG i ' _ %
equal to ZB8DC on the side of DC in which X
B lies,

4, Let the ray O intersect BD at A,
Then, AABC is the required triangle.
Proof: In AACD, ZADC = £LACD (by eonstruction)
sAC=AD

2023
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Now, in AABC, ZABC = Zr, BC =n [bv constriction]

and BA+AC = BA+ AD = BD = 5, Therefore, AABC is the required triangle.

Alternate Method Let Lhe base a, a hase adjacent < and the sum s of the
other two sides of a triangle be given. It is required to construet the triangle.

Drawing: _
1. From any ray BE out the line segment BC

equal to a. At 7 of the line segment BC draw
an angle ZOBF = .

2. Cul a line segment 517 equal to s from the ray
BFE.

3. Join €, D and construet the perpendicular
hisector PQ of C'1}.

4. Let the ray PQ intersect BD at 4 and CD at
1. Join A, C,

Then, AABC is the required triangle.

Proof: Tn AACR and AADR, CR = DR, AR = AR and the included ZARC =
inchided ZARD [right angle]

AACR = AADR.
SAC = AD
Now, In AABC, ZABC = Zx, BC =n [by construction|

and BA+AC = BA+AD = BD = s, Therelore, AABC is the required triangle.

Construction 2. The hase of a triangle, an acute angle adjacent the hase and
the difference between the other two sides are given. Construct the triangle.

Let the hase a, a base adjacent acute angle £r and the difference d of the other
two sides of a trinngle be given. It is required to construct the triangle.

Drawing:
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1. From any ray BF cut the line segment B¢
equal to a. At B of the line segment 5C
draw an angle ZCBF = Zi,

2. Cut a line segment B0 equal to d from the
ray BE.

3. Join C, D and at ¢ make an angle £2DC A
equal to £LEDC on the side of DC in which
E lies.

Let the rav CA interscet BE at A, Then, AABC iz the required triangle.

Proof: By construction, in AACD, LACD = £LADC

LAD = AC

So, the difference of two sides, AB — AC =AB - AD=5ED=d
Now, in SMABC, BO' =a, AB - AC' =dand £ABC = Zx

Theretore, £AABC s the required triangle.

Work:

1) If the given angle is not acute, the above construction is not possihble,
Why 7 Explore any way for the construction of the triangle under such
circumstances.

2) The base, the hase adjacent angle and the difference of the other two

sides of a trisngle arve given. Construct the triangle in an alternate
method.

Construction 3.  T'wo angles adjacent to the base and the perimeter of a
triangle are given. Construct the triangle.

Let the perimeter p and base adjacent angles 2o and 2y be given, Tt is reqguired
Loy construct the triangle.

2125
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Drawing:
1. From any ray DF, cut the part DFE equalto p
the perimeter p. Make angles ZEDL equal / /<
to Zr and ZDEM equal to £y on the same = ¥
side of the line segment DE at D and E. . -
2. Draw the bhisectors DG and EH of the two fi ¢
angles.
3. Let these bisectors G and EH intersect 53 ; ¥
at a point A. At the point A4, draw
SDAR equal to ZADE and ZEAC equal
to LAED.,
1. Let the ravs AR and AC intersects DE at F

the point B and €' respectively,

Then, AABC is the required triangle.

Proof: In AABD, ZADE = ZDARB [y construction]
oAB=DB

Again, AACE, JAEC = LEAC

LCA=CE

Therefore; AABC; AB+ BC+CA = DB+ BCHCE = DE

. L 1
ZABC = /ADB + Z/DAB = Eﬁ;e' o= Lr

1 1
Ly + =Ly =2y

and LACR = LAEC + LEAC = 3 5

Therefore, AABC is the required triangle.

P

Work:

Construct the trinngle in an alternative way.

Two acute base adjacent angles amwd the perimeter of a triangle are given.

Example 1. Construet a triangle ABC, in which Z8 = 60°, ZC" = 45° and

perimeter AB + BC' +CA =11 em.
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*X

P ﬁuﬂ

B 0
Drawing: Follow the steps below:
. Draw a line segment P} = 11 cm.

2. AL P, construct an angle of ZQPL = GF° and at Q, an angle of ZPQM = 45°
on the same side of PO).

3. Draw the bisectors PG oand JH of the two angles. Let the bisectors PG
and QH of these angles intersect at A

4. Draw perpendicular biseetor of the secments PA, QA to intersect PO at B
and €.

5. Join A, 8 and A, C.
Then, A ABC is the required triangle.

Work:

An adjacent side with the right angle and the dilference of hypotenuse and

the other side of a right-angled triangle are given. Clonstruct the triangle.

Example 2. Base of a triangle a = 3 e, base adjacent acute angle 45° and

the sum of other two sides = = 6 cm,

I} Express the information of the stem in the picture.

2) Construct the triangle. (Clonstruction and description of construction are

st )

3) If the perimeter of a square is 2&, construet the square. (Construction and

description of construction are must)

223
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Solution:

3cm ({1
IJ 5 C . cm

T

7 X as

X

2) Cut AB = a from any ray AX. Draw
S XAE = a at the point A. Take AD =
s from AE., Join B, ID. Now draw
£LDBC equal to ZADE at the point B.
The line segment BC' intersects A} at
the point €. . ABC is the required
triangle,

3) Let the perimeter of the square p = 25. We are to draw the square,

™

td
L]

=
-

A

Cut AB = i_J.f,- from any ray AX. Draw E
AE L AB at the point A. Cut AD =

AB from AE. centring the points £ C
and D draw two arcs equal radius of
; p in the interior of ZBAD. The arcs
intersects each other at the point €, Join i
B, Cand €', D. f A
o ABCT is the required square,

Forma-20, Mathemancs, Class 9-110)
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Exercise 7.1

L. Clonstruet a triangle with the following data:
1) The lengths of three sides are respectively 3 em, 3.5 em. 2.8 cm.
2) The lengths of two sides are 4 em, 3 em and the included angle is 607,
4) Two angles are 60° and 45° and their adjacent side is 5 e,
1} Two angles are G607 and 45° and the side oppesite the angle 1457 is 5 em.

5) The lengths of two sides are 4.5 em and 3.5 em  respectively and the
angle opposite to the second side is 30)°.

G) The lengths of the hypotenuse and a side are 6 cem. and 4 e,
respectively,

2. Construct a triangle with the following data;

1) Base 3.5 em. base adjacent angle 60° and the sum of the two other
siddes 8 cm.

2] Base 5 cm, base adjacent angle 457 and the difference of the two other
sides 1 em.

3) Base adjacent angles 607 and 45° and the perimeter 12 em.

3. Construet a triangle when the two base adjacent angles and the length of
the perpendicular from the vertex to the base arve given.

4, Construet a right-angled triangle when the hypotenuse and the sum of the
other two sides are given.

taky |

Construct a triangle when a base adjacent angle, the height and the sum of
the other two sides are given.

6. Construct an equilateral triangle whose perimeter is given.

7. The base, an obtuse base adjacent angle and the difference of the other two
sides of & triangle are given. Construct the triangle.

2025
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Construction of Quadrilaterals

We have seen if three independent data are given, in many cases it is possible
to construct o definite triangle,  But with four given sides the construction of
a (lefinite quadrilateral is not possible. Five independent data are required [or
construction of a definite quadrilateral. A definite quadrilateral can be constructed
if any one of the following combinations of data is known ;

1. TFour sides and an angle

[

Four sides and a diagonal

3. Three sides and two diagonals

4. Three sitlles and two included angles
5. Two sides and three angles.

In class VIII, the construction of quadrilaterals with the above specified data has
heen diseussed. If we closely look at the steps of construetion, we see that in some
cases it is possible to construct the guadrilaterals directly. In seme cases, the
constriuction i8 done by eonstructions of triangles. Sinee a diagonal divides the
guadrilateral into two triangles, when one or two dingonals are inchuded in data,
construction of quadrilaterals is possible through construction of triangle.

L. Four sides and an angle

B N R

2. Four sides and a -
diagzonal ¢ d

R OR
X
-
o)
=~
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3. Three sides and two
dingonals " b

TR OR

4. Three sides and two
included angles

L o=
o~

iy |

Two  sides and  three
angles A A

Sometimes special gquadrilaterals can be constructed with fewer data, In such a
case, from the properties of guadrilaterals, we can retrieve five necessary data.
For example, a parallelogram can be constructed if only the two adjacent sides
and the included angle are given. In this case, only three data are given, Again,
a square can be constructed when only one side of the square is given. The four
sicles of a square are equal and an angle is a right angle; so five data are easily
specified.

Construction 4. Two diagonals and an included angle between them of a
parallelogram are given. Construct the parallelogram.

Let a and b be the diagonals of a parallelogram and Zr be an angle included
between them. The parallelogram is to be constructed.

2023
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Drawing: From any ray AE. cut the

line segment AC equal to a. Bisect the P
line segment AC to find the mid-point 0. .~
At O construct, the angle ZAOFP equal
to Lroand extend the rav OF to the fl_ 4
opposite ray (). From the rays OP and x

0OQ eut two line segments OB and OD

1
equal to Eh' Join A, B: A, D O, B and
c.D

ol

Then, ABC'D is the vequired parallelogram.

Proof: In AAQB and ACOD,

0A = OC = %n, OB =00D = %h [by canstruetion]

and included £AQB = included ZC0D lopposite angle|

Therefore, AAOB = ACOD

So, AB=CD
mpand £ABO = ZCDO; but the two angles are alternate angles.

AR and €D are parallel and equal.

Similarly, AD and BC are parallel and equal.

Therefors, AHC D is a parallelogram with diagonals
| 1
AC = AD+0OC = Eﬂ i ﬁﬁ‘. =n
1. 1
and B = BO+0OD = Eii-i—ib = band the angle included between the diagonals
is ZAOB = Zu.

Therefore, ABC'D is the required parallelogram.

Construction 5. Two diaponals and a side of a parallelogram are given.
Construct the parallelogram,

Let a and b be the diagonals and ¢ be a side of the parallelogram. The
parallelogram is to be eonstructed.
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Drawing: Biseel the diagonals o and b into two :
equal parts. From any ray A4X, cut the line ¢
segment AB equal to ¢. With centre at Aand B

draw two ares with radins L, and f—J respectively
on the same side of AB . Let the arcs intersect
at Q. Join A, O aud B, O. Extend AO to AE
and B0 to BF. Now cut 2 = 0OC from OF and

2 = QD from OF. Join A, D; D, C and B, C,

Therefore, ABCD is the required parallelograan.

Proof: In AAOEB and ACOD,

OA=0C =2 OB=0D- by construction]

-
2
and included ZAOB = included ZC0OD [oppaosite angle]

L MAQB =2 ACCD

SAB=CD and ZABO = Z00C"; but the angles are alternate angles.
AB and C'D are parallel and equal.

Similarly, AD and BC are parallel and equal.

Therefore, ABCL) is the required parallelogram.

Example 3. The parallel sides and two angles included with the larger side of
a trapezium are given. Construct the trapezinm.

Let a and b he the parallel sides of a trapezium where a > b and Zr and Zy he
two angles included with the side a. The trapezium is to be constructed.

Drawing: From any ray AX, cut the line segment AB = a. At A of the line
segment AR, eonstruct the angle ZBAY equal to Zr at B, eonstruet the angle

o
=



20125

Chapter 7. Practical Geometry 154

ZABZ equal to Zy,

Now from the line segment A8, ent a line segment AE = b, At F. construct
EC | AY which cuts BZ at €. Now construct D || BA. The line segment €D
intersects the ray AY at D, Then, ABCD is the required trapezinm.

Proof: By construction, AF || CD and AD | EC. Therefore AECD is a
parallelogram and CD = AE = 1.

Now in the quadrilateral ABCD, AB = a, CD =0, AB | CD and £ZBAD =
Lo, LFABC = Ay by construction|

Therefore, ABCT} is the required trapezinm.

Work: The perimeter and an angle of a rhombus are given, Construet the

rhombus.

Example 4. In the triangle ABC, £B = 6()°, ZC' = 45" and perimeter p = 13

1.
1) Construct £Z8 and Z2C with scale and compass.

2) Construct the triangle. (Construction and deseription of construetion are

must |
)
3y Construet a rhombus whose length is equal to % and an angle equal to 25,

w
(Construction and deseription of construction is are mnst)

Solution:

1)

| X as

ﬁﬂl:l




i

3)
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I3em

R * X
0

1
Cut R{) = p from any ray RX. Draw EﬁB = SERX at the point A and
1
draw i:ff-" = ZFQR at the point Q. ER and FQ intersect each other at

1 |
the point A . Now draw ZHAB = Eih’ and £0AC = EJ{“‘ at the point A
where FERX of the side ER and ZFQR of the side FQ lie, respectively.
The line segment AL and AC intersect at the point £ and € of the line

RQ.

o ABC is the required triangle.

: 1 :
Given sides of rhombus is 3 p and an angle is 2B = 60°. Construct the
rhombus.

|
3F

ﬁ{rl‘

Cut BA = ip from any ray BX. Draw
ZABE = G0° at the point B. Take D
BC' = AB from BE, centring the point C
A and O, draw two arcs of equal radius

with %p in the interior of ZABC. The

ares infersects each other at the point L),
Join A, D; C, D.
S ABCD s the required rhombus, B % P A X

a0

W

223
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Exercise 7.2

. The two angles of a right angled triangle are given, Which one of the
following combinations allows constrncting the triangle?
1) 607 and 367 2} 4(F and 50°
3) 30° and 70° 1) 80° and 20°

2, Il the lengths of two sides of a triangle are respectively 4 ¢ moand 9 ¢ m,
then what of the following will be the length of the third side?

1) 4 2) 5 36 1) 13
3. I the lengths of two equal sides of & isosceles right angled triangle are 18
em, then what of the following is the measurement of the triangle?

1) 36 2) 81 3) 162 1) 324

1. The construction of a particular quadrilateral is possible i there is given-
(#) four sides and an angle
(#i) three sides and two included angles
(#77) two sides and three angles
Which one of the tollowing 15 correct?

1) 1 2) w 3) i 4) i, di and v

1t a rhombus-

[y |

(7) four sides are mutually equal
(#i) opposite angles are equal
(¢ii) two diagonals bisect each other in right angle
Which one of the following is correct?
1) & 2) i, §iE 3y i, i 4) i, i and i
In the picture, ABCD is a rectangle where £F =2 ¢m and DE =3 ¢ m. Use
the above information to answer the question (6-8):

Forma-21, Mathemancs, Class 9-11)
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a (B]
dem
=
E
B C

How many ¢ m is the length of BF?

1) 1 2) 5 3) V13 4) 5
How many em  is the length of ABY

1) 2 2) 2v/5 3) 5v2 4) 10
How many square ¢ m  is the measurement of ABCD?

1) 83 2) 20 3) 1245 4) 324/5
Construct a guadrilateral with the following data :

1} The lengths of four sides are 3 em, 3.5 c¢m, 25 cm and 3 em and
an angle is 457,
2} The lengths of four sidesare 3.5 cm, 4ecm, 25 cm and 3.5 cm and
a diagonal is 5 ¢ m.
3) The lengths of three sides are 3.2 cm, 3 cm, 35 cm and two
diagonals are 2.8 ¢ m. and 4.5 ¢ m.
4) The lengths of three sides are 3 ¢ m, 3.5 ¢m, 4 em and two angles
are G° and 45°.
Construet a parallelogram with the following data:
1} The lengths of two diagonals are 4 em, 6.5 cm and the included
angle is 457,
2) The length of a side is 4 com. and the lengths of two diagonals are 5
can,, 6.5 can.
The sides AB and BC and the angles ZB, ZC and £D of the quadrilateral
ABC are given. Construct the quadrilateral.

The four segments made by the intersecting points of the diagonals of a
quadrilateral ABC D and an ineluded angle between them are OA =4 ¢ m,

2025
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OB =5%cm, OC=30cm, OD=45cm and £AOB = 80 respectively.
Construct the quadrilateral.

13. The length of a side of a rhombus and an angle are 3.5 em and 45°
respectively; construct the rhombus,

14. The length of a side and a diagonal of a rhombus are given: construet the
rhombus.

15. The length of two diagonals of a rhombus are given. Construel the rhombus.
16. The perimeter of a square is given. Construct the square.

17. The lengths of the hypotenuse and a side of right angled triangle are 5 ¢ m
and 4 ¢ m Use the information to answer the following questions:

1) Find the length of the other sides of the triangle.
2) Construet the triangle. (Construction is must)

3y Construet a square whose perimeter is equal to the perimeter of the
triangle. {Construction is must)

18, AB=4em, BC =5ecm, £4 = 85, £B = B0 and £C = 95° of the
quadrilateral ABC D, Use the information to answer the following gquestions:
1) Find the value of £,
2) Use the above information to construet  the quadrilateral
ABC L Constructon s must )
3) Construet the parallelogram considering the given sides as two sides of
the parallelogram and £ = 80°. (Constructon is must)
19. The length of two parallel sides of & trapezinm 4 cm and 6 em and two
angles adjacent greater side are Zz = 60° and Zy = 50°.
1) Express the given information in a picture.
2) Construet  the trapezinm. (Construction  and  description  of
construction are must)

3) Supposing two sides of the stem as two dingonals of a parallelogram
and £y as included angle, construet the parallelogram. (Construction
and deseription of eonstruction are must)



Chapter 8

Circle

We have already known that a eivele is a geometrical fgure in a plane consisting
of points equidistant from a fixed point. Different concepts related to circles like
centre, diameter, radius, chord ete have been disenssed in previous class. In this
chapter, the propositions related to ares and tangents of a circle in the plane will
be diseussed.

At the end of the chapter, the students will be able 1o

> cxplain arcs, angle at the centre, angle in the circle, quadrilaterals inscribed
in the cirlee

B prove theorems related to cirele

> apply of the theorems to solve many problems related to eirele

- state constructions related to cirele.

Circle

A cirele is a peometrical fipure in a plane whose points are equidistant from a
fixed point. The hixed point is the centre of the circle. The closed path traced by
a point that keeps it distance from the fixed centre is a circle. The distance from
the centre is the radius of the eircle.

Let, € be a fixed point in a plane and r he a fixed

mensurement.  The set of points which are at a

distance » from O is the circle with centre ( and

radius 7. In the figure, €2 is the centre of the circle B

and A, B amd C are three points on the eircle. Each

of OA, OB and OC is a radius of the circle.

Some coplanar points are called conevleic if a cirele passes through these points,
ie. there is a circle on which all these points lie. Iu the above figure, the points
A, B and C are concyelie,

<
=
L]
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Interior and Exterior of a Circle

If () is the centre of & circle and v 1s its radius, the set

of all points on the plane whose distaneces from (2 are

less than v is called the interior region of the circle

atl the set of all points on the plane whose distances

from () are greater than r is called the exterior region R 0

of the circle. The line segment joining two points of

a circle lies inside the circle.

The line segment drawn from an interior point to an exterior point of a circle
intersects a circle at one and only one point. In the Hgure, P is the interior point
and () is the exterior point of the circle. The line segment P() intersects the circle

at i only,

Chord and diameter of a circle

The line segment comnecting two different points of

a circle is a chord of the circle. 1f the chord passes

through the centre, it is known as diameter, That

is, any chord forwarding Lo the centre of the cirele is B
diameter. In the figure, AB and AC' are two chords C
and ( is the centre of the circle, The chord AC is

a diameter, since it passes through the centre. OA A

and OC are two radii of the circle. Therefore, the

centre of a circle is the midpoint of any diameter,

The length of a dismeter is 2r, where v 15 the radius

of the circle.

Theorem 17. The line segment drawn from the centre of a eirele to bisect a
chord other than diameter is perpendicular to the chord.

Let AL be a chord (other than diameter) of a circle C
ABC with center (2 and M be the midpoint of the

chord. Join €, M. 1t is to be proved that the line

segment OM is perpendicular to the chord AR,

Drawing: .Join O. A and O, B. A B

Proof:
Step 1. In AOAM and AOBM,
AM = BM [.o M is the mid point of AB]
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OA =08 [.” radius of same circle]
and OM = OM [common side]
Therefore, AQOAM = AOBM (555 theorem]
S lOMA = £L0MB
Step 2. Sinee the two angles together make a straight angle and are equal.
Therefore;, ZOMA = ZOM B = 1 right angle,
Therefore, OM 1 AB, (Proved)

Corollary 1.  The perpendienlar bisector of any chord passes through the centre
of the cirele.

Corollary 2. A straight line can not intersect a circle in more than two points.

Work:
The theorem LT opposite of the theorem states as follows:

the perpendicular from the centre of a cirele to a chord bisects the chord.
Prove the theorem,

Theorem 18.  All equal chords of a circle are equidistant from the centre.

Let AR and €D be two equal chords of a eirele with

centre O It is to be proved that the chords AR and " 2
('L are equidistant from the centre 0. (&

Drawing:  Draw from O the perpendiculars OF a

and OF to the chords AB and C D regpectively. Join A k7 B
O, Aand O, C.

Proof:

Step I OF L AB and OF L C'D
Therefore, AE = BE and CF = DF [ The perpendicular from the

centre hisects the r‘hﬂ-i‘tl]
1 1
AR = Erlﬁ and O'F = EED
Step 2. But AB=CD [supposition]
LAE=CF

2125



20125

Chapter 8, Clircle 167

Step 3. Now in the rig t-angled triangles AOAE and AOCFE
Ivpotenuse (A = hypotenuse OC [radius of same eircle]
anul
AE=CF [Step 2]
S AOAE = MOCF [ RHS theorem)|
OB =0F
Step 4. But OF and OF are the distances [rom O to the chords AB and CD
respectively.
Therefore, the chords AB and €0 are equidistant from the eentre of the
cirele. (Proved)
Theorem 19. Chords equidistant from the centre of a circle are equal,

Let AB and €D be two chords of a circle with centre
0. OF and OF arve the perpendiculars from O to D

he chord: espectively, Then OF
the chords AB and CD respectively, Then OF and c .

OF represent the distance from centre to the chords

AB and CD respectivelv. It is to be proved that if u

OF = OF, AB=(D ANCE 78
Drawing: Join O, A and O, C.
Proof:

Step L. Sinee OF 1L AB and OF 1L CD
Therefore, ZOEA = ZOFC =1 right angle.
Step 2. Now in the right angled triangles AOQAE and AOCF
hypotenuse (A = hyvpotenuse (JC [radins of same circle]
and
OF =0F [supposition]
LACGAE 2 AOCF [RHS theorem]
rAE=CF
Step 3. AF = %AB amd C'F = El}f D [ The perpendicular from the centre
bisects the chord]
Step 4. Theretore, é:’{B = é—(‘f_} ’
Le, AB = CD (Proved)

Carollary 3. The diameter is the greatest chord of a circle.
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Exercise 8.1

.

10.

11.

-

Prove that the straight line joining the middle points of two parallel chords
of a circle passes through the centre and is perpendicular to the chords.

Two chords AB and AC of a cirele subtend equal angles with the radius
passing through A, Prove that, AB = A(.

A circle passes through the vertices of a right angled triangle. Show that.
the centre of the cirele is the middle point of the hvpotenuse,

A chord AB of one of the two concentric cireles imtersects the other circle
at points C and D. Prove that, AC = BD.

If two equal chords of a cirele intersect each other, show that two segments
of one are equal to two segments ol the other.

Show that, the two equal chords drawn from two ends of the diameter on
its opposite sides are parallel,

Show that, of the two chords of a cirele the bigger chord is nearer to the
centre than the smaller,
A chord P() = » e m of a vircle with the centre O
and OR 1L PQ.
1) What is the measurement of L0057
2) Prove that, the chord PS5 iz the largest chord
of the circle. .
3) It OR = (% 2) rm, find ouat the
measurement of ».
Prove that if the straight line joining two points make equal angles at two
different points on the same side of the straight line, then all these four points
are concenlric,

Prove that, the middle points of equal chords of a circle are concyelic.

Show thatl. the two parallel chords of a circle drawn from two ends of a
dismeter on its opposite sides are equal.

Prove that, if two chords of a circle bisect each other, their point of
intersection is the centre of the cirele.

223
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The arc of a circle

An arc iz the piece of the circle between any two
points of the cirele, Look at the pieces of the cirele
between two points A and B in the figure, We fnd
that there are two pieces, one comparatively larger
and the other smaller, The larger one is called the
major arc and the smaller one is called the minor
arc. A and B are the terminal points of this are
and all other points are its internal points. With an
internal fixed point A the are is ealled are ARB and
is expressed by the symbol AREB. Again, sometimes
nminor are is expressed by the symbol AS. The two
points A and B of the circle divide the circle into two
ares. The terminal points of both ares are A and B
and there is no other common point of the two ares

other than the terminal points.

Arc eut by an Angle
An angle s said to cut an are of a circle if
1. each terminal point of the are lies on the sides
ol the angle,
2. each side of the angle contains at least one
terminal point and
3. Ewvery interior point of the arc lies inside the

angle, The angle shown in the hgure cuts the
APB are of the circle with centre O,

Forma-22, Mathematics, Class 9-11)
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Angle in a Circle (Inscribed angle)

If two chords of a eircle meet at a point on the circle
then the angle formed hetween these chords is called
circnlar angle or angle inseribed in a cirele.

In the figure, ZACE iz an angle in a circle. Every
angle in a cirele ¢uts an arc of the cirele, This arc
may be a major or minor are or a semi-cirele,

The angle in a circle cuts an are of the circle and
the angle is said to be standing on the cut off are,
The angle is also known as the angle inseribed in the
conjugale are.

In the adjacent hgure, the angle stands on the arc
APE and is inscribed in the conjugate are AC'H.

It is to he noted that, APB and ACE are mutually
conjugate,

Mathematios (lasses IX-X

Remarks: The angle inscribed in an are of a cirele is the angle with vertex in

the are and the sides passing through the terminal points of the are. An angle
standing on an are is the angle inseribedd in the conjugate are,

Angle at the Centre (Central angle)

The angle with vertex at the centre of the circle is
called an angle at the centre. An angle at the centre
cuts an are of the eircle and is said to stand on the
arc. In the adjacent figure, ZAOB is an angle at the
centre and it stands on the are APB. Every angle
at the centre stands on a minor are of the circle. In
the fgure APE is the minor arc. So the vertex of an
angle at the centre always lies at the centre and the
sides pass through the two terminal points of the arc.
To consider an angle at the centre standing on a semi-
cirele the above deseription is not meaningful. In the
case of semicircle. the angle at the centre £BOC is
a straight angle and the angle on the are ZBAC s a
right angle.

2025
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Theorem 20. The angle subtended by the same are at the centre is double of
the angle subtended by it at any point on the remaining part of the cirele,

Given an are BC of a circle subtending angles ZB0OC

at the centre O and ZBAC at a point A of the circle A

ABC. !
We need to prove that £ZBOC = 2ZBAC
Drawing: Suppose. the line segment AC does not

pass through the centre, In this case, draw a line
segment AD at A passing through the centre,
Proof:

Step 1. In AAQE the external angle ZBOD = ZBAQ + ZABO [ An
exterior angle of a triangle is equal fo the sum of the two interior opposite

angles|
Step 2. In AAQB, OA = 0B [+ Radius of same circle]

Theretore, £ BACQ = ZABO [ Base angles of an isosceles triangle are
equall

Step 3. From steps (1) and (2), ZBOD = 2/.BA0

Step 4. Similarly, from AAQOC, ZC0D =22CA0

Step 5. From steps (3) and (4},
LBOD + £C0D = 2/BA0 + 2£LC A0 by adding|
This is the same as £BOC = 2£BAC (Proved)

We can state the theorem in a different way. The angle standing on an arc of the
cirele is half the angle subtended by the arc at the centre,

Work: Prove the theorem 20 when AC passes through the centre O of the
circle ABC.

Theorem 21.  Augles in a cirele standing on the same are are equal.

A E
Let O be the centre of a circle and standing on the
are BOD, ZBAD and ZBED be the two angles
the circle. We need to prove that £BAD = ZBED.
Drawing: Join O, B and O, [
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Proof:
Step 1. The are BCD subtends an angle £ BOD at the centre O,

Therefore, £LBOD = 2ZBAD and ZBOD = 2£BED [ The angle
subtended by an arc at the centre is double of the angle subtended on the
cirelel

L2 BAD =3/BED
of, £BAD = ZBED (Proved)

Theorem 22. The angle inseribed in the semi- cirele is a right angle.

Let AB he a dinmeter of circle with centre at O and [
ZACE is the angle subtended by a semi-cirele, 1t is ,A\
to be proved that ZACE is a right angle. A B
Drawing:  Take o point D on the circle on the v
opposite side of AB of the circle where €' 15 located, D
Proof:

Step 1. The angle standing on the arc ADB

I, :
LACB = 5 (straight angle in the centre ZAOE) .- The angle standing,

on an are at any point of the eirele is half the angle at the centre|

Step 2. But the straight angle £ZAOR is equal to 2 right angles.

1
~ L AGB = 3 (2 right angles) = 1 right angle (Proved).

Corollary 4. The circle drawn with hyvpotenuse of a right-angled triangle as
diameter passes through the vertices of the triangle,

Corollary 5.  The angle inseribed in the major are of a circle is an acute angle.

Work:

Prove that any angle inscribed in a minor arve 15 obtuse,
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Exercise 8.2

1.

an

ABCD is a quadrilateral inseribed in a cirele with centre O, If the diagonals
AC and £ intersect at the point . prove that ZAOL+LC0D = 2ZAEE.
ABCD is a quadrilateral inscribed in a civele with centre O where ZAD B+
ZBDC = | right angle. Prove that, A, €) and ' lie in the same straicht
line,

Show that, the ohligue sides of a cyelic trapezium are equal,

In the figure, the centre of the cirele is O and

OB =25¢cm.
1) Ewaluate the parameter of the circle
ABCD. i
Z2) Prove that FBAD = Eéﬂﬂf} . b
3y If AC and BD intersect at the point
£, prove that, ZAOB + ZC0D = C

2LAEB.
Two chords AB and C' D of the cirele ABC D intersect at the point £, Show
that, AAED and ABEC are equiangular.

Quadrilateral inscribed in a circle (Inscribed
Quadrilaterals)

An inscribed guadrilateral or a guadrilateral inseribed in a circle is a gquadrilateral
having all four vertices on the circle, Such quadrilaterals possess a special property,
The following work helps us understand this property.

Work: Draw a few inscribed guadrilaterals. This can easily be accomplished
by drawing cireles with different radins and then by taking four arbitrary
points on each of the circles. Measure the angles of the quadrilaterals and fll
in the following table.

Serial LA 28 el D LA+ LC | E£B+ 2D
No.

L

o

What do vou infer from the table?
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Theorem 23.  The sum of the two opposite angles of a quadrilateral inscribed
in a cirele is two right angles,

Let ABCD be a quadrilateral inseribed in a cirele D
with centre 0. Tt is required to prove that, ZABC + ,A\
ZADC = 2 right angles and ZBAD 4+ ABCD =2 A i
right angles. \v/

Drawing: Join O, A and O, C. B
Proof:

Step 1. Standing on the same are ADC, the angle at centre reflex
ZAOC =2 (£ABCat the circumference)

that is, reflex ZAOC = 2£ABC [The angle subtended by an are at the centre
is double of the angle subtended by it at the circle]

Step 2. Apgain, standing on the same arc ABC, the angle at the centre ZAOC =2
(£ADC at the cirenmference)

that is, ZAOC = 2ZADC [The angle subtended by an arc at the
centre is double of the angle subitended by it at the circle]

sreflex ZAQC+LAQC = 2(/ABC + £AADC)
But reflex £A0C4 £AC = 4 right anples
SL2(LABC 4 ZADC) = 4 right angles

S EABC + ZADC = 2 right angles

In the same way, it can be proved that ZBAD 4+ ZBCD = 2 right angles,
(Provesd)

Corollary 6. If one side of a cyelic quadrilateral is extended, the exterior angle
formed is equal to the opposite interior angle.

Corollary 7. A parallelogram inseribed in a eirele is a rectangle.
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Theorem 24. I two opposite angles of a guadrilateral are supplementary, the
four vertices of the quadrilateral are conevelie.

Let ABCD hbe the quadrilateral with ZABC +

ZADC = 2 right angles, It is required to prove that g AP
the four points A, B, ', D) are concyelic.

Drawing: Sinee the points A, B, ' are not A
collinear, there exists a unique circle which passes

through these three points. Let the circle intersect B

AD at £, Join €, E.
Proof: ABCE is a quadrilateral inscribed in the circle.

Therefore, ZABC+ ZAEC = 2 right angles, [The sum of the two opposite angles
of an inscribed quadrilateral is two right angles. |

But £ABC + ZADC = 2 right angles, [given]
LLAEC = ZADC
But this is impossible, since in ACED, exterior ZAE(C > opposite interior £ ADC

Therefore, E and D points can not be diferent points. So, £ must coincide with
the point L2,

Therefore, the points A, B, €. D are conevelic, [ Proved)

Exercise 8.3

1. Tf the internal and external bisectors of the angles £8 and £C of £AABC
meet at 2 and ¢ respectively, prove that B, P, C, £} are concyeleic,

2. ABCD is a vircle. If the bisectors of Z0°AB and £CBA meet at the point
F and the bisectors of ZDBA and ZDAEB meet at (), prove that, the four
points A, Q. P, B are concyclie.

3. The chords AB and C'D of a circle with centre () meet atl right angles at
some point within the circle, prove that, ZAOD + ZBOC = 2 right angles.
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4. The opposite angles of the quadrilateral ABC D are supplementary to each
ather. If the line AC' is the hisector of ZBALD, prove that, BC' = D,
5. () is the centre of the circle with radius 2.5
cam., AB = 3¢m and BD is the hisector of
LADC. by
1) Findthe length of AD.
2} Show that, ZADC + ZABC = 18(F,
3) Prove that, AB = B

6. If the wvertical angles of two triangles standing on equal bases are
supplementary, prove that their circuin circles are equal,

n

7. Prove that, the hisector of any angle of w evelie quadrilateral and the exterior
bigector of its opposite angle meet on Lhe circumlerence of the cirele.

Secant and Tangent of the circle

Clongider the relative position of a circle and a straight line in the plane. Three
possible situations of the [ollowing given ligures may arise in such a case:

1) The circle and the straight line have no common points
2} The straight line has cut the circle at two points

3] The straight line has touched the cirele at a point.

A cirele and a straight line in a plane may at best have two points of intersection,
If a circle and o straight line in a plane have two points of intersection, the straight
line is called & secant to the circle and if the point of intersection is one and only
one, the straight line is called a tangent to the civele. In the latter case, the
common point is called the point of contact of the tangent. In the above figure,
the relative position of a circle and a straight line is shown.

223
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In figure (1) the cirele and the straight line P¢) have no common point; in figure
(i1} the line P} is a secant, since it intersects the circle at two points A and B

and in fignre (i) the line PQ has touched the cirele at A, PQ is a tangent to the
circle and A is the point of contact of the tangent.

Remarks: All the points between two points of intersection ol every secant of
the cirele lie interior of the circle,

Common tangent

If a straight line is a tangent to two circles, it is

. el
called & common tangent to the two circles, In the f 4 ,
adjoining hgures, AR is a common tangent to hoth K (,’I O
the circles, In figure (a) and (b)), the points of contact == e TR
are different. In figure (¢) and (d), the points of %)

contact are the same.
If the two points of contact of the common tangent
to two cireles are different, the tangent is said to he
1} direet common tangent if the two centres of the
circles lie on the same side of the tangent and
2) transverse eommon tangent, it the two centres
lie on opposite sides of the tangent.
The tangent in Agure (a) is a direct common one and
in figure (¢) it is a transverse common tangent.
If a common tangent to a circle touches both the
circles at the same point, the twa circles are said
to touch each other at that point. In such a ease,

the two cireles are said to have touched internally or
externally aceording to their centres lie on the same
side or oppasite side of the tangent, In figure () the
two circles have touched each other internally and in T
figure (d) externally.

taly

Theorem 25, The tangent drawn at any point of a circle is perpendicular to
the radins through the point of contact of the tangent,

Forma-23, Mathemancs, Class 9-110)
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Let PT' be a tangent at the point ' to the circle with

centre O and OF is the radius through the point of

contact, It is required to prove that, PT 1 OF.

Drawing: Take any pomnl @ on PT and join

(5 A ¢
Proof: Since PT is a tangent to the circle at the point P, henee every point on
FI' except P lies outside the cirele. Therefore, the point ¢} is outside of the cirele.

T

co 00 is greater than OF that is, OQ) = OF and it is true for every point 2 on
the tangent PT' except P,

o 80, P 15 the shortest distance from the centre () to PT,

Therefore. PT L OF [Among all the line segments drawn from an external point
to a straight line, the perpendicular is the shortest] ( Proved)

Corollary 8. At any point on a circle, only one tangent can he drawn.

Corollary 9.  The perpendicular to a tangent at its point of contact passes
through the centre of the cirele.

Corollary 10. At any poeinl of the circle the perpendicular to the radius is a
tangent to the eircle,

Theorem 26. If two tangents are drawn to a cirele from an external point, the
distances from that peint to the points of contact are equal.

j ; . . B
Let 7 be a point outside a cirele ABC with centre O
and two line segments P4 and PB he two tangents p
to the cirele at points A and B, It is required to prove
that, PA = PB 4 ¢
Drawing: Join (), A: ), B and 0, P.
Proof:
Step 1. Sinee PA is a tangent and O A is the radius through the point of tangent,
PA L QA
AZPAO = | right angle, I The tangent is perpendicnlar to the

raclius through the point of contact of the tangent]
Similarly, ZPBO = | right angle.
2 APAQ and APBO are right-angled triangles.

Step 2. Now in the right angled triangles APAQ and APBO,
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hvpotenuse PO = hypotenuse PO and OA = OB [ Radius of the same cirele]

Lo APAO = APBO [Hypotenuse-side unanimity of right angled
trinngle|

2. PA=PB (Proved)

Remarks:

1. If two cireles towch each other externally, all the points of one execepting the
point of contact will lie outside the other circle.

2, I two eireles touch each other internally, all the points of the smaller cirele
excepting the point of contact lie inside the gsreater civele.

Theorem 27. If two circles touch each other externally, the point of contact of
the tangent and the eentres are eollinear.

Let the two circles with centres at A and B touch
each other externally at . It is required to prove
that the points A, O, B are eollinear.

Drawing: Since the given circles touch each other
at O,they have a common tangent at the point O,
New draw the common tanpent PO at O and join
(. A and O, B.

Proof:

In the cireles with the centre A, OA is the radius through the point of contact of
the tangent and PO is the tangent.

Therefore £P0OA = 1 right angle. Similarly £ POB = 1 right angle.
£POA4 £POB = 1 right angle 4 1 right angle = 2 right angles
Or, ZAOB = 2 right angles

Le. £AOFB is a straight angle.

SoAL O, B are collinear. (Proved)

Corollary 11. [If two vircles touch each other externally, the distance hetween
their centres is equal to the sum of their radii

Corollary 12. If two circles touch each other internally, the distance bhetween
their centres is equal to the difference of their radii.
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Work: Prove that, if two circles touch each other internally, the point of

contact of the tangent and the centres arve collinear,

Exercise 8.4

1. Two tangents are drawn from an external point P to the circle with centre
(). Prove that OF is the perpendicular hisector of the chord through the
touch points.

2. Prove that. if two circles are concentric and if a chord of the greater cirele
touches the smaller, the chord is bisected at the poinl of contact.

3. AF is a diameter of a circle and BC is a chord equal to its radivs. 1 the
tangents drawn at 4 and € meet each other at the point {2, prove that,
A D 15 an equilateral triangle.

4, Prove that a cireumseribed quadrilateral of a civele having the angles
subtended by opposite sides at the centre are supplementary.

PA and PB aretwo tangent from the point P external to circle with centre
(),

on

1) Construet the figure according to the stimulus.
2) Preve that, PA = PB

3) Prove that, the segment OF is perpendicular bisector of the tangent
chord.

fi. Given. (} is the centre of the circle and two tangents PA and B touch
the cirele at the point A and B respectively. Prove that, PO is the bisector
of LAPE.
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Constructions related to circles

Construction 6. To determine the centre of a circle or an arc of a circle.
Given a circle as in ligure (a) or an are of a circle as

in figure (b). It iz required to determine the centre of

the eirele or the are.

Drawing: In the given circle or the arc of the circle,

three different points A, B and ' are taken.

Join A, B and B, (. The perpendicular biseclors U
EF and GH of the chords AB and BC are drawn

. 5 " S e T 2 hvi:
respectively.  Let the bisectors intersect at (), (arCircle L

Threfore, the O is the required centre of the circle ¢

or of the arc of the cirele, ? i

Proof: By construction, the line segment EF is the h A

perpendicular bisector of chord AB and GH is the A B
et

perpendicular bisector of chord BC. But hoth EF
ald GH pass through the centre and their common

point is (2. Therelore, the point O is the centre of

the circle or of the arc of the circle.

Tangents to a Circle

We have known that a tangent can not be drawn to a eirele from a point internal
toit. If the point is on the circle, a single tangent can be drawn at that point. The
tangent is perpendicular to the radius drawn from the specified point. Therefore,
in crder to construet a tangent to a circle at a point en it, it is required to construct
the radius from the point and then construct a perpendicular to it. Again, if the
point is located outside the circle, two tangents to the cirele ean be constructed.

Construction 7. To draw a tangent at any point of a circle.
Let A be a point of a circle whose centre is O It is
required to draw a tangent to the circle at the point A.

Drawing: O, A are jomned, AL the poinl 4, a
perpendicular AP is drawn to (24, Then AP is the

required tangent.

Proof: The line segment A is the radins passing

through A and AP is perpendicular to it. Hence A A
is the required tangent.

Note : At any point of a circle only one tangent can be drawn.
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Construction 8,  To draw a tangent to a circle from a point outside,

Let P be a point outside of a cirele whose centre is
0. A tangent is to be drawn to the circle from the
point P,
Drawing:
1, Join F () The middle point M of the line
segment PO is determined.
2. Now with M as centre and MO as radins, a
circle is drawn, Let the new circle intersect the

given circle at the points 4 and 8.
4. Join A, Fand B, P.
Then both AP, BP are the required tangents.

Proof: A, O and B, O are joined. PO is the diameter of the circle APB.

;. ZPAQO = | right angle [+ the angle inscribed in the semi-cirele is a right
angle]

So the line segment OA is perpendicular to AP, Therelore, the line segment AF
is & tangent at A to the circle with centre at (J. Similarly. the line segment B P is
also o tangent to the circle.

Nota Bene: Two and only two tangents can be drawn to a cirele from an external
point,

Construction 9. To draw a circle cireumseribing a given triangle.

Let ABC be a triangle. It is required to draw a

circle circumseribing it. That is, a4 circle which passes

through the three vertices A, B and ' of the triangle

is to be drawn,

Drawing:

1. EM and FN, the perpendienlar bisectors of AB

and AC respectively are drawn. Let the line
segments mtersect each other at O,

2, A O are joined. With O as centre and radius
equal to €24, a circle is drawn.
Then the circle will pass through the points 4, B and € and this circle is the
required circumeirele of AABC.
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Proof: B, () and (', O are joined. The point () stands on EAM, the perpendicular
hisector of AB.

S 0A =08, Similarly, OA = OC

50A=08=0C

Hence, the circle drawn with (2 as the centre and OA as the radius passes through
the three points A, B and C. This circle is the required cireumeirele of AABC,

Work: In the above figure, the circumeirele of an acute angled-triangle is
constructed.  Construct the cireumeirele of an obtuse and right-angled

triangles.

Notice that for in obtuse-angled triangle, the circnmeentre lies outside the
triangle, in acute-angled triangle, the cirewmeentre lies within the triangle and in
right-angled triangle, the circumecentre lies on the hypotenuse of the triangle.

Construction 10. To draw a circle inseribed in a triangle.

Let AABC be a triangle. It is required to draw am

inseribed cirele, that is, to inscribe a circle in it or to

draw a cirele in it such that it touches each A
of the three sides BC, CA and AB of AABC.
Drawing: BL and €M, the hisectors respectively F

of the angles ZABC and ZACE are drawn. Let
the line semments intersect at . OLr is drawn
perpendicular to BC from O and let it intersect BC' B = C

at D, With () as centre and (D as radius, a circle

is drawn, Then. this circle is the required inscribed

circle,

Proof: From O, OF and OF are drawn perpendiculars respectively to AC and
AB. Let these two perpendiculars intersect the respective sides at E and F.

The point O lies on the hisector of ZABC.

G =00

Similarly. as O lies on bisector of ZACEB, OE = 0D
~GD=0E=0F

Henee. the eircle drawn with centre as () and (D as radius passes throueh D E

and F.



184 Mathematics (Masses 1X-X

Again, D, OF and OF respectively are perpendicnlars to BC', AC and AB at
their extremitios.

Hence, the cirele lying inside 2 ABC touches its sides at the points D, £ and F
respectively.

Hence, the circle DEF is the required inscribed cirele of 2ABC.

Construction 11. To draw an ex-circle of a given triangle,

Let ABC be a triangle, It is required to draw its
ex-virele, That is, to draw a eivele which touches one
sidde of triangle and the other two sides produced.

Drawing: Let AB and AC be produoced to 12 and
F respectively, BA and C'N. the hisectors of ZDBC
and ZFCH respectively are drawn. Let £ be their
pomnt of intersection. From E, perpendicular EH 15

drawn on BC and let EH intersects BC at H. With

E as centre and radius equal to EH, a circle is drawn, A B G D

The cirele HGL is the ex-circle of the triangle ABC,

Proof: From E, perpendicnlars EG and EL respectively are drawn to line
segments BD and CF.Let the perpendicular intersect line segments BD and
C'F at the point & and [ respectively.

Since E lies on the bisector of £ZDBC - EH = EG
Similarly. the point £ lies on the bisector of ZFCH, s0, EH = EL
LBEH=EG=EL

Henee, the eirele drawn with £ as eentre and radius equal to L passes through
H. G and L.

Again, the line segments BC, BD and CF respectively are perpendiculars at the
extremities of EH, EG and EL.

Hence, the circle touches the three line segments al the three points H, G and L.
Therefore, the circle HGL is the ex-cirele of AABC.

Remarks: Three ex-circles can be drawn with any triangle,

Work: Construet the two other ex-circles of a triangle.
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Exercise 8.5

!_:."l

G

The angle inseribed in o major are is-
1) acute angle 2} obtuse angle
3) right angle 1) eomplementary angle

What is the value of the angle r in the

circle with centre OF
) 1267 2} 1087

3) 72° 4) 54°

[
In the adjacent higure — 2 EC D =how nch degrees?
1) 40 29y 500
3 RO° 4y 100°

Two circles intersects each other externally. If one of their diametes is 8 ¢ m
and the radius of the another is 4 ¢ m, what is the distance hetween their two centres?

1) 0 2) 4 ) 8 4) 12
If two tangents PO and PR are drawn from the external point F in a circle
with centre O, then APCQR will he-
(1) isosceles
(i) equilateral
(#f7) right angled
Which one the following is correct?
1) 2) tand u 3) i and 4) i, vioand i

If () iz the cireumcentre of the equilateral triangle ABC, then £BOC =
how much degrees?

1) 30° 2) GO 3) 00° 1) 1200

Forma-24, Mathematics, Class 9-11)
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AB aud AC are the tangents of the eirele BOD, Centre of the cirele in O
and £ BAC = 60°, According to this information answer the questions (T -
8)
What is the value of ZBOC 7
1} 300° 2) 270° 3 1202 4} 20F
It D be the midpoint of the are BOC then
(i) £ZBDC = ZBAC

(1) ZBAC = %KBU{"

(iii) ZBOC = LDBC + £LBCD
Which one of the following is correct?

1y ¢ and # 2) 4 and i 30 e and i 4) 4, i and i
Drraw a tangent to a circle which is parallel to a given straight line.
Draw a tangent to a circle whieli is perpendieular to a given straight line
Draw two tangents to a circle such that the angle hetween them is 60°.
Diraw the cireumeirele of the triangle whose sides are 3 ¢ m, 4 c.m. and 4.5
c.om. and find the radius of this circle,
Draw an ex-circle to an equilateral triangle ABC touching the side AC of
the triangle, the length of each side being 5 ¢ m,
Dheaw the inscribed and the circumseribed circles of o square.

If the chords AR and O of a riin-le-ﬁ with centre O intersect at an internal
point E, prove that, ZAEC = i[iB{JD + LAQC)

AL is the common chord of two circles of equal radius, If a line segment
drawn from the point B meet through the circles at P and Q. prove that,
MPAQ 15 an isosceles triangle,
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The chord AB =7 ecm and QD 1 AB. are in the circle ABC with centre

(). use the adjoint figure to answer the following

questions:
1) Find the area of the circle.
2) Show that, 12 is the mid point of AL,

& [
3 oD = (— - Q) ¢ m, determine the value of &, A ¥il
S 2 N2/

In the figure, YA and ZAM are internal

hisectors of £Y and £ respectively and

YN and ZN are external bisectors of £Y

LE. Y z
1) Show that, ZMY Z+£NY Z = 90°
2} Prove that, ZY NZ =90° — IL-:T.K'
3] Prove that, Y M. Z and N are

concyelic. N

The lengths of three sides of a triangle are 4 e, 5 em and 6 c m. Use

this information to answer the following gquestions:
1} Construct the triangle.
2} Draw the cireumcircle of the triangle.

3} From an exterior point of the cireumeirele, draw two tangents to it and
show that their lengths are equal.
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Trigonometric Ratio

In our day to day life we make use of triangles. and in particular, right-angled
triangles.  Many different examples from our surroundings can be drawn where
right triangles ean be imagined to be formed, In ancient thimes, with the help
of geometry men learnt the technique of determining the width of a river by
standing on its hank, Without climbing the tree they knew how to measure the
height of the tree acourately by comparing its shadow with that of a stick. In all
the situations given above, the distances or heights can be found by using some
mathematical techiigue which eome under a special branch of mathematics called
Trigonometry, The word ‘Trigonometry” is derived from Greek words “tri’ (means
three), ‘gon’ (means edge) and ‘metron’ (means measure). In fact. trigonometry
is the study of relationship between the sides and angles of a triangle. There are
evidence of using the Trigonometry in Egvptian and Babilonian civilization. It is
helieved that the Egvptians made its extensive use in land survey and engineering
works, Early astrologers used it to determine the distanees from the Earth to
the Farthest planets and stars, At present triponometry is in use in all branches
of mathematics. There are wide used of trigonometry for the solution of triangle
related problems and in navigation ete. Now a days trigonometry is in wide use
in Astronomy and Calculus,

At the end of the chapter, the students will be able to -

p  describe the trigonometric ratios of nente angles.

» determine the mutual relations among the trigonometric ratios of acute
atigle.

p solve and prove the mathematical problems justifving the trigonometric
ratios ol acute angle.

> determine and apply frigonometric ratios of acute angles 307, 45°, 60°
geometrically,

p  determine and apply the value of meaningful trigonometrie ratios of the
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angles 0° and 90°
> prove the trigonometric identities.
» apply the trigonometric identities.

Naming of sides ol a right-angled triangle

We know that, the sides of right-angle triangle are known as hypotenuse, base
and height. This is suceessful for the horizontal position of triangle, Again, the
naming of sides is bhased on the position of one of the two acute angles of right-
angled trangle. As for example :
L. *(hypotenuse)’.the side of a right-angled triangle, which is the opposite side
of the right angle.

2. ‘(opposite side)’, which is the direct opposite side of a given angle.

3. ‘(adjacent side)’, which is a line segment constituting the given angle.
P P

0 N 0 N
For the angle ZPON, OF is the
hypotenuse, ON is the adjacent side
and PN is the opposite side. For the
angle ZOPN, (OF is the hypotenuse,
PN is the adjacent side and ON is the
opposite side.

Iu the geometric figure, the capital letters are used to indicate the vertices and
small letters are used to indieate the sides of a triangle. We often use the Greek
letters to indicate angle. Widely used six letters af Greek alphabet are :

alpha o | beta O | gamma 5 | theta § | phi ¢ | omega w

alpha beta | gamma theta | plu OINEEH

Greek letter are used in geometry and trigonometry through all the great

mathematician of ancient Greek.

~  Example 1. Indicate the hypotenuse, the adjacent side and the opposite side

& for the angle 8,
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(o) (1) fch
r )
17 q
P 4 F
15 E
Solution:
1} Hypotenuse 17 units 2) Hypotenuse p 3] Hypotenuse E'F
opposite side 8 units opposite side apposite side EG
adjacent side 15 units adjacent gide g adjacent side FG

Example 2.  Find the lengths of hypotenuse, the adjacent side and the opposite

side for the angles o and 4,

T 24
o B
25
Solution:

1) For o angle 2) For 7 angle
hypotemmse 25 units hyvpotennse 25 units
adjacent side 7 units adjacent side 24 units
opposite side 24 nnits opposite side T units

Work:

Indicate the hypotenuse, adjacent side and opposite for the angle # and ¢,
(b 12 (el d

(al D : ;
>N RN 4

g
{ell H

I

Constancy of ratios of the sides of similar right-angled triangles

2125



20125

Chapter 0, Trigonometric Ratio

191

triangles?

Work: Measure the lengths of the sides of the following four similar triangles
and complete the table below. What do you observe about the ratios of the

o
C
Db\ f y
B A AL]B D\_{*
(il {id) A B HER
it:nﬁ,ﬂi of sides raﬁn‘f_ related to mlglr:}
BEC AbH AT BCJAC

ABJAC | BC/AB

Let ZXOA is an acute angle. We take a point P on

the side OA. We draw a perpendicular PM from P Pi
to OX. Asa result, a right-angled triangle POM is

formed. The three ratios of the sides PM, OM and P

OF of APOM do not depend on the position of the

point P on the side OA

If we draw the perpendiculars PM and P M, from
two points P and Py to the side OX, two similar o M Ml

trinngles APONM and APy OM; ave foried.

Now, APOM and APOM, are heing similar,

PM _OP _ PM
M, oR " OP

P My
(P

OM _OF _ OM _OM,

OM, OP, " 0P  OPF

PM__OM  PM _ PM,
ol

P|Ji|U| l!‘_)jL Uﬂf f_)ﬂh

=2

That is, each of these ratios is constant., These ratios are called trigonometric

ratios.
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Trigonometric ratios of an acute angle

Let £X0OA be an acute angle, We take any point
P on OA. We draw a perpendicular PM from the
point P to OA. A right angled triangle POM is formed.
The six ratios are obtained from the sides PM, OM
and OF of APOM which are ealled trigonometric
ratios of the angle ZX0A and each of them are
named particularly, With respect to the ZX0A of
right-angled triangle POM, PA is the opposite side, o .
M is the adjacent side and OF is the hypotenuse.

Denoting £ZX0OA #, the obtained six ratios are

deseribed below for the angle &,

From the figure :

PM  opposite side

inf= = s angle #
e P hypotenuse isteof aiigle 6]
M adjacent side
> == — 2 e angle
Ll P hypotenuse [ecinne SF angle
| site side .
tan # = 0L [tangent of angle 6]

OM  adjacent side

And opposite ratios of them are

|
vosec d = — [cosecant of angle ]
sin
1
sec f = [secant of angle 6]
s
cot f = — [rmﬂ.ngﬂur. of angle #|

We observe, the symbol sin @ means the ratio of sine of the angle #, not the
multiplication of sin amd #, sin is meaningless without #. It is applicable for the
other triponometrie ratios as well

223
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Relation among the trigonometric ratios

FLet £ XA =# is an acute angle.

rom the adjacent figure, according to the definition

o

Lok

193

OM — OM [dividing the numerator and the denominator by OF]

sin @ M i ! or
J = i i f = —— =
op' YT Gne T P
g OM . oP
cos # = see )= —— =
P costd  OM
PM 1 OM
fan B = EI{F‘ ool f# = tﬂnﬂ. — :i;::{f
PAM
A
Again, tan = £M __ OF
or
sin A
Or, tan @ =
eivs
Hiﬂ- H|
- t i H —
= cos 6|

and similarly,

cot ff - ek

sin #

Forma-23, Mathemancs, Class 9-110)
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Trigonometric identity

(i) (sin0)2 + (cos 0)? = (ij) y (DM)

OF (P
i - QM _ P +OMT_ OF by the formula of Pythagoras]
= = — 4 o [ i O LA EOTHS
2 O O] opz - 1 ; HEOTA
= |

Or, (sin #)* + (cos 8)* = 1
.| (sin 8)* + (cos #)? = 1

Remarks: For integer indices n we can write sin"# for (sin )" and cos"f
for (cos #)".
S ; OPY?
(i) sec®d = (sec §)* = (Eﬁl})
0P OM? + P2
TOMET T OM?
QAP PA?
~ O T OM?

MY .
:j+('n ,F) =1+ (tan #)* = 1 + tan®f

[OF is the hypotennse of right-angled APOM]

OM

|.:*.if.’.‘1"2|":|| tan-t = l] and | tan2t = sec ll

i < I } J 2
(#if) cosec®d = (cosec*f)* = (%)

Pt .ﬂl' 4 \ e ;
= ‘;{:'l}uz = i IP_:IEJJ f |OF is the hypotenuse of right-angled APOM)]
] M*?

PM?  OM? (OM) :
=1+

PAE AR T T\ P
=1+ (eot #)F = 1 + cot?f

.| cosee®fl — cot? = 1| and |eot?8 = cosec?d — 1

1
Example 3. Hftan A= 3 find the other trigonometric ratios of the angle A,

4
Solution: Given that, tan 4 = 3

2025
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C
S, opposite side of the angle A= 4, adjacent side= 3
hypotenuse =442 432 = /26 =5
4 3
Therofore, sin A = =, cos A = =, eob A = - 4
3 gL R e T B i
o o
toser A= 7 s A= 3
' ' A 3 B
Work: Construct a table of the following trigonometric formulae for
memorizing easily.
sin i .
cosec il = — tan f = = sin®# + cos2d = 1
sin ¢ cos 3 s
I cos B sec = 1 + tan4
sec il = . cot i = Sin 0 coseef =1 + ool
1
oot i =
tan f

Example 4. /28 is the right-angle of a right angled triangle ABC. If tan 4 = |

then verify the truth of 2sin A.cos A = 1.

Solution: Given that, tan 4 =1
So, opposite side of the angle=adjacent side=a
hypotenuse = va? + a® = v2a

it 1 i i
Therefore, sin A = = — oA = ==
via V2 V2a /2 J3a
Now, left hand side = 2sin Acos A = 2- stz L =
1 2 2
2. —=1= right hand side. i r

2
< 25in Acos A =1 1s true.

Waork:

ZC is the right angle of a right angled triangle ABC, il AB
BC =21 em and ZABC =, find the value of cos®*# — sin=6.

29 ¢m,

Example 5. Prove that, tan f + cot 8 = sec § - cosec ¢
Solution:
Left hand side = tan # + cot ¢

ginf  ecosf

cos B sin
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sin“é + cos*#
sin # - cos
= m i Sin?f + cosf = 1]
1 1
T sinfl cosf)
= ppaee - go0

= sec # - cosec @ = Right hand side (Proved)

Example 6.  Prove that, secfl 4+ cosec?l) = sec?fl - cosec®d

Solution:
L.H.S. = sec*# + cosec?d
| 1

cos®d | s
sin“f + cos™H
eos?f osin’h

1
eos?d - sintd
1 [
= secd - cosec?d

= R.H.5 (Proved)

1
Example 7. Prove that, 1+ sin’0 3 Foosect :
Solution: : |
bedhiee 1 + sin‘f 1 + cosecf
- l e I
L+sin*0 4 1_
sin’f
| sin”f)
T 1+ sin’d LB + sin*d
1+ sin*d
T 1+ sin®d

=1 = R.HSB (Proved)

2023
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1 |
xample 8. Prove that: — |
= P RS 2 — sincd ) 2 + tan*f
Solution:
|
LILS. = =4 :
> 2 — sin“f F3 b tansd
- 1 . 1
2 — sin’f g sinfl
" cos2
1 costl
Y, N phy s F 7 e
2 —sin“fd  2eost? + sin*H
B 1 | cosh
© 2 —sin*®  2(1 —sin*f) 4 sin’@
_ 1 rosl
2 —sin“d 2 — 24in*t + sin*d
| I — sin®f
2 —sin*l 2 —sin®f
~ 2—sind
2 — sin®d
= | = R.H.S [Proved)
tan A sec . — 1
Ex: le 9.  Prowve that: - =1
RO rove Ak See A + 1 tan A
Solution:
LHS — tem A see A — 1

set A+1  tan A
tan® A — (sec’ A — 1)
" (sec A+ Dtan A
PO T T WP .
N ttq:: il + ::Jtuiq [ sec?A — | = tan?A|
(
(sec A 4 1)tan A

== R.H.S (Proved)
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Example 10.  Frove that: ]ﬂ =sec A —tan A
l +5in A

Solution:

LES. = f1 —sin A

v 1 +sin A

(1 —sin A1 —sin A)
(14 sin A1 —sin A)

V1 —sin A

B \/{1 - sin A)?
¥ 1 —sin®4

J{ | —sin A)?
cost A

| —sin A

|!'viu|tiplp;ing the numerator and denominator by

cos A
1 gin A

cos A rvos A
= gpe A — tan A

= R.H.5 (Froved)

Example 11. If tan A +sin A = o and tan A — sin A = b, prove that, a®* —# =

4/ab
Solution: Here given that, tan A +sin A =a and tan A —sin A= b
LHS. =a*-§
= (tan A +sin 4)? — (tan A —sin 4)?
{tan A.sin A [ (0 +8) — (a — 6)* = 4ab)
— 4v/1an? Asin® A
= 4y/tan A1 — cos?A)
= 4y/tan? A — tan® A eos? A

sin A
cos A

= 4y/(tan A + sin A)(tan A — sin A)
= 4v/ab
= R.H.3 (Proved)

= dv/tan® A — sin?A [ tan A =

|

2125
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Work:
1y Il eot?d —eot?A = 1, prove that, cos’ A 4+ cos®4 = |
2) Ifsin*A + sin®A = |, prove that, tan' 4 — tan?A = 1

51
Example 12. [Ifsec A+ tan A = 3 find the value of sec A — tan A.

5
| o

Solution: Here given that, sec A+ tan A = — .. (1}

!

We know that, see®A = 1 + tan® 4
Or, sec? 4 — tan®A = |
Or, {sec A + tan A)(sec 4 —tan A) =1
Or, %f_m—:c- A—tan A) = 1 [From (1)]
sosee A —tan A = —
0
Exercise 9.1
. Verify whether each of the following mathematical statements is true or
false. Give argument in favour of yvour answer.
1) The value of tan A is always less than 1.

2} cot A is the multiplication of cot and A
12

3) For any value of A4, see A = —
O

4} eos is the smallest form of cotangent

| R
.

3 )

If sin 4 = 1 find the other trigonomelric ratios of the angle A.
3. Given that, 15cot A = 8, find the values of sin A and see A.
4. I £C7 1s the right angle of the right-aneled triangle ABC, AE = 13 cm.
BC=12cm and ZABC = 8, find the values of sin #, cos# and tan @,
Z B is the right-angle of the right angled triangle ABC. If tan A = /3.
verify the truth of v/3sin 4.cos 4 = I
Prove (6-20):

| | -
sec?Ad  cosec?A

1 1
costA  eot?A

[k

6. 1)

2)




=T

10.
11.

12,

13.

14.

15,

19.

20),

21.
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| 1
Ly P S e g |
) sin®4 tan®A
1 sin A n cos A =1

cosee 4 see A
sec 4 tan A

2 = —
) cos A cot A
! 1
3 ey 1
} l . Hj_nzf:l i + ‘.rlﬁf_‘:ﬂ_—i
tan A cot A
Y 1—~{!nt;l+l—t-anﬂ_-‘fﬂf'z‘imwA+1
L I
2)

1+ tan®A 3 1+cot?A !
cos A sin A
{—tanA  1—cotA
tan Av'1l —sin"A = sin 4
sec A+tan A cosee A —cot A
cosec A +eot A see A — tan A

=am A+ oos A

cose A cosee A =
cosoe A — 1 + YT I e Tsee= A
2 im ATI- im i
crns,t.-:f-l,i =5 t't}serlA e 2tan” A
1 i”:;: A : ;n:r: A _ gcosec A

tan A see A —1

_ =0
see 4+ 1 tan A

1 +sin#
tan # +see H)2 = ———
{ ) 1 —sinf

eot A4 tan B
ot B+ tan A

1 —sin 4

——— =géc A —tan A
\.‘ | +sin A

see AL ., O
Vesmd_1 = oA e

=cot A-tan B

If cos A + sin A = /2c08 A, prove that, eos A —sin A = v’ﬁsin A

2023
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| Ctosect A — sec? A
22. If tan A = —=, find the value of - g
; Coseed 4 +ogqeet 4

V3

4
23. Ifecosee A —cot A= it what is the value of cosec 4 + oot A7

T

F sin A — beos A
24. Heot A= —j Ond the value of m:j]," s ;
a asin A + beos A

28, Ieosee d —cot A= l

£
1) find the value of cosec A 4 cot A,

2 J_
2} Show that, sec 4 = _;2—-|—
=1

3) According to the stimulus prove that, tan A + cot A = sec A - cosec A

Trigonometric ratios for the angles 30°, 45°, and 60°.

Wi hawve learnt how to draw angles 30°, 457 and 60° in geometric way.
Exact values of these trigonometrie ratios for all these angles ean also he
determined geometrically.

Trigonometric ratios of the angles 30" and 60" :
Let, ZX0OZ = 30° and F is a point on OZ. Let
us draw PM L OX and extend PM to ¢} so that
MQ = PM. Add O, @ and extend to 27

Now for APOM and AQOM PM = QM

OM common side and included £ PO = included o
QMO = NP

L APOM = AQOM

S £QOM = £POM = 30°

and ZOQM = Z0PM = 6(F

Again, ZPOQ = APOM+£Q0M = 30°+30° = 60°
SoA0PG s an equilateral triangle.

1 1 %
[fOP =2a then PM = EFQ = EGF = q [since AOPQ is an equilateral trinngle.]

Form the right-angled AQPAM we get.
OM = OP? — PM? = y/1a? — a® = /3a

Forma-26, Mathematics, Class 9-11)
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Let us find the trigonometric ratios:

sin 30° = PM & _1 cos A0 — oM V30 _ Vi
oP 20 2 52 2a 2

mn:‘.ﬂ“:% = ﬁ — \%

cosec 30° = ;f::; - % = 2, sec 30° = 3,{; . j’gjﬂ . %

cot 307 = % =$ — 3

In the same way

sin 60" = % = % — VJ—E eos 60" = % = i = :_:

tan 60)° = ﬁ—;; = \r’Edz =3

cosec G0° = gj} - % - i{ sii 09 = ‘E’ﬁ _ L:Tu _g

_PM a1

T OM 3 3

Trigonometric ratios for 45°

Let us assume ZXOZ = 45% and P i= a peint on OZ.
Draw PM 1 OX

In the right-angled AOPM, £ZPOM = 45°

S ZOPM = 45"

S0 PM = OM = a (denote)

Now, OFP* = OM?*+ PM?* = a* + a* = 2a°

ot 607

o

or, OP = +/2a
From the detinitions of tripopnometrie ratios we get.
siny 45° — PM a1 s 450 = oM a1
L L oF V2a V2’ : OF V2a V2
PM o«
| Fl s e p——
= OM
. 1 . 1

cosee 457 = — - = vV, secddt = = x/i

sin b cos-4b

1 o
cot 45% = =:] =

tan 45°
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Trigonometric ratios of complementary angles

We know, if the sum of two acute angles is 90°, one of them is called
complementary angle to the other. For example, 30° and 607, and 15° and 75° are
complementary angles to each other,

In general. the angles # and (90° — #) are complementary angles to each other.

Let ZXOY = # and P is the point on the side OY
of the angle, We draw PM L OX.

¥

Since the snum of the three angles of a triangle is two 7
rigcht angles, therefore, in the rieght angled triangle
POM,. ZPMO = 90° 90%°9
and ZOPM + ZPOM = one right angle = 90°
LZOPM =90"—ZPOM =90 —#¢ . L -
[Since ZPOM = ZXOY = 0] " -"
. M
SS90 —0) = {_53:5 = cosZ POM = cos i)
PM
eos(90° — ) = 0P — sin/POM = sin
OM
ot T — i =
tan(O)" — #) B cotZ POM = cot #
PM ,
(ST - = =f g f =1
cot (MY — #) oM tans POM = tan #
or
papn | “_ — —— 2 I et
sec(907 — ) TV el POM = cosec

P ;

coser(9M — 8) = —— =secZ POM = sec f
OM

We can express the above formulae in words below :

sine of complementary angle = cosine of angle

cosine of complementary angle = sine of angle

tangent of complementary angle = cotangent of angle ete,

Work: If sec(90° — ) =

S} En

, ind the value of cosec # — cot 7,

Ll
B,
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Trigonometric ratios of the angles 0° and 90°

We have learnt how to determine the trigonometric
ratios for the acute angle # of aright-angled triangle. Now,
we see, if the angle is made gradually smaller, how
the trigonometric ratios change.  As # get smaller /

the length of the side. PN also gets smaller, The / n
point P closes to the poinl N and Anally the anple 0 N
# eomes closer to the angle (1°, QP is reconciled with
ON approximately.,

F

; P

P
.f& [l L P

[ []
2 N i N (¥] N o N (] N

When the angle # comes closer to 0°, the length of the line segment PN reduces to

zero and in this case the value of sind = U_P is approximately zero, At the same

N
time, the length of OF is equal to the length of ON and the value of cos # = E_P
is 1 approximately,

The angle. 07 is introduced lor the convenience of discussion in trigonometry, and
the edge line and the original line of the angle (0 are supposed the same ray.
Therefore, in line with the prior discussion, it is said that, cos 0° = 1, sin 0" = 0

B sin cos
If # is the acute angle, we see tan f = Jeotfl = ——,
Cos sin
1
gopfl = — rpseef = —
cos sin &

We define the angle (0% in probable cases so that. those relations exists.

tan ¥ = sin { = 1.-] =
oo 1" |
1 1
sec (° = =-=1
e oo (F 1

Sinee division by (0 8 not allowed, cosee (0° cot ()7 can not be defined.

2023
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AP Ap Af |

() N a N ()N (0N

Again, when the angle 0 is very closed to 907, hyvpotenuse OF is approximately

equal to PN. So the value of sinf is approximately 1. on the other hand, if the

ON

angle ¢ is equal to 90°, (N is nearly zero; the value of cos # is approximately (),

S0, in agreement of formulae that are deseribed above, we can say, cos 90° = (),
sin 90" = 1

cos 9017 )
ot 90" = =_—=1
i SO 1
1 1
P = e = E i T
Suast sin 9(1° 1

Since one cannot divided by 0 as belore, tan 907 and see 90 are not delined,

Note: For convenience of using the values of trigonometric ratios of the angles
0°, 30°, 45°. 60° and 90° are shown in the following table :

_- Ratio/Angld i 307 45" Gu”° 2l
- sine 0 -l~ -1— }:ﬁ 1
2 V2 2
cosine | Vr_’j i - (l
2 2 2
tangent { ;1@ 1 \,:lq undelined
cotangent | nndefined v‘ﬁ 1 ﬁ 1]
socant 1 iﬂ V2 2 undehned
e V3 3 2
cosccant | undefined 2 2 ﬁ 1

Observe: Easy method for remembering of the values of trigonometric ratios of
some fixed angles.

(i) If we divide the numbers 0, 1, 2, 3 and 4 by 4 and take square root of
Lhe guotients, we get the values of sin (°) sin 307, sin 457, sin 60° and sin 90°
respectively.
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(i1) If we divide the numbers 4, 3. 2, 1 and 0 by 4 and take square root of
quotients, we get the values of cos (7, cos 30°, cos 45°, cos 607 and cos 90°
respectively.

(#i) II' we divide the numbers 0, 1, 3 and 9 by 3 and take square root of the
quotients, we geb the values of tan (0% tan 307, tan 45° and tan GO° respectively.
(It is noted that tan 007 is undetined ).

(fw) If we divide the numbers 9, 3, 1 and 0 by 3 and take square root of the
quotients, we get the values of cot 30°, cot 457, cot 60° and cot 90° respectively.
(11 is nated that eot 07 is undefined).

Example 13. Find the values :
1 — sin®45°
1 4 sin®45°

2) cot 907« tan (07 + sec 30° + cosec 60°

+ tan®45°

3) sin 60° - cos 307 + eos 60° + sin 30°
1 — tan?GD° o
4 ————— + sin*G0°
) 1 + tan®60° =
Solution:

. , 1 — 5in“45° o
1) Given expression = ———— + tan?45°

1 + sin®45°
1 3
- (%)
, 1
—V@? + (1) [ sin 45° = —= and tan 45° = 1]

V2

1 1 1
9 2 1 1
=—z'+|=£+1=|—+1=,—
| + I i 2 i

2 2

2} Given expression = cot 907 - tan (07 sec 307 « eoser 607
2 2
= (O

==
VERRYE
[ eot 907 = 0, tan 07 = 0, sec 30° 2 cosec G0° 29
ol =}, tan " = 0, sec = —  rosec S —

3] Given expression = sin 60° - eos 307 + eos 60 - sin 30"

2025
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VB V311
23 '22
4 . ] ] \ﬂ =] 4 0 1
[+ 60° = cos 307 = mﬂn—_rnsﬂﬂ = sin 30° = i[
3 1 4
1 — tan*60° 2
1) Given expression = = + sin-H°

| + tan®60°

7y 7\’ : 3
STl g (ﬂ) [ tan 60° = /3., sin 60° = VTF|

Example 14. 1) If v2c0s(A—B) = 1, 25in{ A+ B) = /3 and A4, B are acute
angles, tind the values of A and 5,

fmsA—siuA 1—+/3

2) A IR find the value of A.
= 2
3) L A= 45" Prove that, cos2A = %

4} Solve;2c0s* + 3sin # — 3 = 0, where f is an acute angle,

Solution:
1) 2cos{A - B)=1
L
or, tos(A — B)= —
( ) 7

or, cos(A — B) = cos 45° [ cos 457 =

e

A= =457 .01}
and 2sin(A + B) = V£
NE]
2

or, sin(4 + B) = —

or, sin{A 4+ B) = sin 60° [ sin 60° =

8|S
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LA+ B=60"...(2)
Adding (1) and (2), we get,
24 = 105"

105" i
R =0d=
2 2
Aeain subtracting (1) from (2), we get,
2E=15"
I.-Fl"l < lr'l
=g =Ty

) . L] _1”
Reqguired 4 JEE and B = s

cos A—sin A1 — /3
cos A +sind | + /3

or cos A —sin A+ rcos A+ sin A - 1—-v3+1443
d cos A—sinAd —ecosA—sinAdA 1—3-1—-13
addition-subtraction|
2oo8 A 2
or, - =
—2sin A 2./3
cos A 1
ar, = —

sin A \3

or, cot A = cot 60°

o4 =107

Given that, 4 = 45°

1 —tan®A

we have to prove that, eos 24 = ———
| + tan®A

LHS, =cos2A

= ¢e05(2 % 45°) = cos 90° =0
I = tan®A4

T 1+ tanA
1—tan®45® 1 — 1[1{}2

1+ tan?45° 14 (1)2

R.H.S.

= el
2

. LHS, = RH.S. (Proved)

[By
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4) Given equation 2cos0 + 3sin 0 — 3 = 0
or, 2(1 —sin*#) + Jind—3=0
or, 2(1 +sin#){l —sin #) —3(1 —sin @) =0
or. (1 —sin#){2(1 +&ind) -3} =0

or, (1 —sin#){2sinfé —1} =10
or, 2sinf —1 =10
or. 28in d = 1

Sl =sinf=10

ar, sinf = 1 L 1

o, sin @ = sin 90" R =5

ar. § = 90° or, sin # = sin 30°
or, § = 30°

# is an acute angle, so # = 30°,

Forma-27. Mathematics, Class 9-10
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Exercises 9.2

1. Ifcosf= é' which one is the value of cot 7
1

1) —=

V3

3) V3 4) 2

2. If cos*@ — sinf = % what is the valne of cos*d — sin'#?
1) 8 2) 2 3) 1 1) 1
3
. o :
3. If cot(f — 30°) = 7 sin f = what 7
y L ) 0 3) 1 g V3
2 2
4. Iftan(3A4) = 3. A = what?
1) 45° 2) 30° 3y 20° 4) 15°
3. For (F <@ < 90°, what is the maximum value of sin# = 7
) —1 2) 0 a L 4) 1
) 2
6. ABC is a right-angled triangle whose
hypotemise AC' =2, AB =1
(1} ZACHB = 30° d
(#i) tan A = /3
(121} sinfA+C) =10 g 8
Which one of the following is correct?
1) 4 2) n 3) 4 and 4) e and vie
7. ABC is a right-angled triangle whose
A
hypotenuse AC =2, AB =1
(i) cos A =gin(’
i
(11) cos A+ sec A= %
2 _ :
i} ten € = —= B V3 C
(i) Ve
Which one of the tollowing is correct?
1) @ and & 2} diand i ) 4 and i 4) 4, ¢ and i
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5.
9.
110,

11

135
14.
15,

16

1.

19.

20

21.

22

23.
24

26,

Determine the value | 8- 11)

I — cot®60°
1 + cot260”
tan 45° - sin60° « tan 30° - tan 60°
I — cos?i0)”
1 + cos?60°
cos 45° - eat?60° « eosec?30”

+ sec6°

show that, | 12- 17)

cos?30° — sin*30° = cos 60°
sin G007 ¢ eos 307 <+ ens GO® - sin 307 = =i 07
ros 607 « cos 307 + 8in 607 - gin 307 = cos 30°

sin 34 =ros 34, when 4 = 15%,

2tan A
sin24 = ——— when A = 45°.
1+ tan“*A
2tan A
tan 24 = l—, when A = 307
| —tan<A

If 2co8(A4 + B) = 1 = 2sin(A — B) and A, B are acnte angles, show that
A=45° B = 15"
If cos(A = B) = 1, 2sin(A + B) = /3 and A, B are acute angles, determine
the values of 4 and B.

cos A—sin A V3-1

cos A+sind V341
If A and £ are scute angles and cot(A+B) = 1, cot(A—-B) = V'3, determine
the values of A and B,

Show that, cos 34 = deos® A — 3eos A, when A = 30°.

Solve:

Salve: sin# 4+ cos # = 1. when (7 < # < 90°
Solve: cos®fl — sin®f = 2 — Geos #, when @ is an acute angle.
Solve: 2sinfl + 3cos # — 3 =0, # is an acute angle.

Solve: tan®d — (1 4+ v3)tanf +vV3 =0



d
[
I3

28.

20,

30

31.

32,

Mathematics (lasses [X-X

Solve: 3eot*60" 4 immr‘*ﬁ{]“ + Hsin*45" — dees*a0)"
If £B=90° AB =5¢cm, BC = 12¢m of AABC
1) Find the length of AC.
2) IF £ =4, find the value of sin 8 + cos 4,
3) Using stem show that, sec?4 + cosec?d = sec?d - cosec?q

In accordance of the given Hgure
1) what is the measurement of ACY
2} Find the value of tan A + tan €.
3) Find the values of = and .

sin # = p, cos f! = g, tan # = r, where # is an acute angle.

1) If r=/(3)", find the value of 8,
2) If p+g = /2, prove that 8 = 45°.

. ; 1
3) Tf Tp* + 3¢ = 4, show that, tan = —.
) Hip~+3g 7
ABC is a right-angled triangle whose £B = one right- angle and
BCeos C' — ACcos B

AB =B Prove that, e Y —
AB =B Prove that, Bi“ms_-{i'—:lf'ms.{-l_“mr 1]

ABC is a right-angled triangle whose £B = one right - angle
and cot A+ cot B = 2eot €' Prove that, AC? + BC? = 2458
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Chapter 10

Distance and Elevation

From very ancient times trigonometric ratios are applied to find the distance and
height of any distant object. At present trigonometric ratios are of boundless
importance because ol ils increasing usage. The heights of the hills, mountains
towrers, trees and the widths of those rivers which ecannot be measured in ordinary
method are measured with the help of trigonometry, It is necessary to know the
trigonometrical ratios values of acute angles in this regard.

At the end of this chapter. the students will he able to

» explain the gecline, vertical plane and angles of elevation and declination.

» solyve mathematical problem related to distance and height with the help of
trigonometry.

» measure practically diferent tvpes of distances and heighits with the help of
trigono  efry.

Horizontal Line, Vertical Line and Vertical Plane

A horizontal line is a straight Hne on the horizontal plane. A straight line parallel
to horizon is also called a horizontal line. A vertical line is a line perpendicular
to the horizontal plane. It is also called a normal line, A herizontal line and a
vertical line intersected at right angles on the plane define a plane. It is known as
vertical plane.
A

[n the figure, a tree with height of AB is standing vertically
al a distance of C'8 [rom a point € on the horizontal plane,
Here, C'B is the horizontal lime. BA is the vertical line amnid
the plane ABC is perpendicular to the horizontal plane which

is a vertical plane. /
. g
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Angle of Elevation and Angle of Depression
Observe the figure, AB is a straight line parallel 1o
the horizon. The points 4, O, B, P and @ lie ou the
same vertieal plane, The point P on the straight line
AB makes angle #POB with the line AR, Here at
(), the angle of elevation of P is ZFPOB.

So, the angle at any point above the plane with the
straight line parallel to horizon s called the angle of
clevation.

The points ©, licat lower side of the straight line
AR parallel to horizon, Here, the angle of depression
at O of Q is ZQO0B. So, the angle at any point
Below the straight line parallel to the plane is called
the angle of depression.

Mathematics Classes IN-X

'll

anghe of
chevation

3 EJ\angll: r.iH
depression
o

mnpde af
ilepFesing

Work:

Point the figure and indicate the horizontal line,
vertical line, vertical plane, angle of elevation and

angle of depression,

— base —

Note : For solving the problems in this chapter approximately right figureis needed.

While drawing the figure, the following techniques are to he applied.

/\mu/r‘Aﬂfﬁﬂ/r‘l

1. While drawing 30° angle, it is needed base > perpendicunlar.

2125
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2. While drawing 45° angle, it is needed base = perpendicular.

3. While drawing 60° angle, it is needed base < perpendicular.

Example 1. The angle of elevation at the top of a fower at a point on the
ground is 30° at a distance of 75 metre from the foot. Find the height of the
tower,

Solution: Let, the height of the tower is AB = i metre. The angle of elevation at
C from the foot of the tower BC = 75 metre of 4 on the gronnd is ZACEB = 30°

AB
From AABC we got, tan/ACE = BC
h 1 o
oaf, tan 3”5 = -:';'5— ar, ;r‘ﬁ = ?;5 or, ‘\ﬁh- = ?EI
or, = E
s v@ v’_
7/ 3
or, h = = [multiplying denominator and
numerator by i 3] C
or, h = 25+/3 75 m

S h=43.301 (approx.).

. Height of the tower is 43.30 metre (approx.)

Example 2. The height of a tree is 105 metre. If the angle of elevation of the
tree at a point from its foot on the ground is 60°, find the distance of the point
on the ground from the foot of the tree.

Solution;
Let, the distanee of the point on the ground from the A
foot of tree is BC = z metre. Height of the tree
AB = 105 metre and at € the angle of elevation of {08
the vertex of tree is ZACB = 60°, From right-angle AABC we, i
get. 60°

AB B
tan ZACB = —— C
ey xm
or, tan 60° = }ﬂﬁ

i

i %’5 - tan 609 = v/3]
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105 1056+/3
or, = —F—
V3 3

or, V3z =105 or, x= or, & = 35v/3

SO = 60.622 (approx.)

... The required distance of the point on the ground from the foot of the tree is
60.62 metre (approx.).

Work: In the picture, AB is a tree. From the information given in the

pleture
) A
1) Find the height of the tree, >
2) Find the distanee of the point @ on the
J : ; o
around from the foot of the tree. e \ o
Xm B

Example 3. A ladder of |8 metre long touches the roof of a wall and makes
an angle of 45° with the horizon, Find the height of the wall.

Solution: Let, the height of the wall AB = h metre, length of ladder AC' =18m
and makes angle ZAC'E = 45° with the ground.

AB
From AABC we got, sinfACB = T
I
or, sin 45° = 1—i
1 h 1 A
or, —= =— | sin dh =—x
V2 18 [% IE\;Q]
or, VZh=18 or,h=— THm
V2 h
18v2 i -
or, h = 3 [multiplying the munerator and A 0

denominator by /2
or, h = 12.728 (approx.)
Therefore, The required height of the wall is 12.73 (approx.)

Example 4. A tree leaned due to storm. The stick with height of 7 metre from
its foot was leaned against the tree to make it straight. If the angle of depression
at the point of contacting with the stick on the ground is 30°, find the length of the
stick.

5
=
&=
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Solution: Let, the height of the stick from the foot
leaned against the tree of AB = T metre and angle of
depression ZDBC = 30°,

S LACE = £DBC = 30° [alternate angle]

From right-angled AABC we get,

) AB R 7
sin ZACB = o On s 30° = B D o B
or E—i "'-"1i1'1.3[J"’—1 L i
2 BC | T2 300
wBG =N gk A
*. The required height of the stick is 14 metre,
Work:
In the figure, if depression angle ZCAE = 60°, ATL‘
elevation angle £ZADB = 30° AC = 36 metre, ”
AEB | DC and D, €, B lie on the same straight 300 i
line, find the lengths of the sides AD, AB and (VD .p '_Ei c

Example 5. The angle of elevation at a point of the roof of a building is 60% in
any point on the ground. Moving back 42 metre from the angle of elevation of the
point of the place of the building beconnes 45%, Find the height of the building.

Solution: Let, the height of the building is AB = h metres, The angle of elevation
at the top ZACE = 60°. The angle of elevation becomes ZADB = 45% moving
back from €' by CD = 42 metre.
Let, BC = » metre.

. BD = BC + 0D = (x +42) metre,
From AABC we get,

tan ZACE = 28 o1, tan60° = :;

B
or, V3= ;—1 [ tan 60° = 1/3]
g = i sl
i 7
Again, from AABD we get, tan £ZADE = lan 45° = %
or, tan 45° = Ty o 1= e [.- tan 459 = 1]

Forma-28, Mathemancs, Class 9-10
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or, h=x+4+42 or, h= B3 + 42 [from (1))

V3

or, vV3h = h+ 42/3 or, v3h — h =42v3 or, (V3 - 1)h =428 or, h = \—ﬁi"—ﬁ

s h=09.373 (approx.)

- Height of the building is 99.37 metre (approx.).

Example 6. A pole is broken such that the undetached broken part makes an
angle of 30% with the other and touches the ground at a distance of 10 metre form
its foot. Find the length of the pole.

Solution:
Let, the total height of the pole is AB = h A ™

metre. It breaks at the height of BC = g metre
without separation and makes an angle with the
other, ZBOD = 30° and touches the ground at a

distanes BD = 10 metre from the foot.
Here, CD = AC = AB — BC = (h — ) metre € fim
From LABCD we get,
WEBOD = o 6, B0 303
all = E o, Lan — ;
1 1
or, —==— .z=10V/3
’ D B _J
\fﬁ z 10m
Acain. sin ZBCD — BD — BD 1 B 10
galr, s =R = ﬁ or, S ¢ = ﬁ or, E == h_ =

or, h —xz =20 or, h = 20 + z or, h = 20 + 10+/3 [putting the value of z]
o h=37.321 (approx.)

. Height of the pole is 37.32 metre (approx.).

Work: A halloon is Hyving above any point between two kilometre posts. At
the point of the balloon the angle of depression of the two posts are 307 and

607 respectively, Find the height of the balloon.

2023



2025

Chapter 10, Distance and Elevation 219

Exercises 10

1. The square of the length of a stick is one third of its shadow length square.
What is the angle of elevation of sun at the edge of the shadow.
1), 1s8® 2} 30° 3) 45° 41 607
2. What is the value of & in the picture? A
y V3
il
60 C
2) —= G
) 73 -
3) 602 o
4) 603 B poesmn D
3. What is the elevation angle of point P P 1
from the point 07
1} .{Qﬂb 2) ZPOA
3) £Q0A 4) SPOB A< O *B

4. For which value of the angle ol depression length of a stick and length of its’
shadow is equal”
Ly a0° 2} 457 3] 60° 4) 40°
According to the Agure given here, answer 5 and 6.
3. What is the length of BC'?

4
1} — metre 21 4 metre A
) )
3) 442 metre 1) 44/3 metre Em

6. What is the length of AB?

4
1} — metre 2} 4 metre B

V3
3) 44/2 metre 4} 44/3 metre

7. Angle of elevation —
(i) if 30%. thenbase > perpendicular.
(11) if 457, thenbase = perpendicular,
(12¢) if 60°, thenbase < perpendicular.

Which one of the following is correct?
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10k

il

12.

i3

14.

15.

16.

17.

Mathematics ('lasses [X-X

1) 4and 2) 41 and g 3) tand i 4) 2, 12 and o
D A

In the adjacent picture-
(1) ZDAC is an angle of depression
(11) ZACE is an angle of elevation
(it§) ZDAC = ZACB

C B
Which one of the following is correct?
1) iandwu 2) i1 and wi 3) tand i 4) 1, 2t and 241
What is the other name is of geoline?
1) perpendicular line 3} Lying line
2) Parallel line 4) Vertical line

If the angle of the elevation of the taop of the miner is 30° at a point on the
ground and the height is 26 metre, then find the distance of the plane from
the Miner,

If the top of a tree is 20 metre distance from the foot on the ground at any
point on the ground andthe angle of elevation is 80°, find the height of the tree.

Forming 45°% angle with ground an 18 metre long ladder touches the top of
the wall, ind the height of the wall.

If the angle of depression at a point on the sround 20 metre from the top of the
house is 30°. then find the height of the house.

The angle of elevation of a tower at any point on the ground is 60°. If
maoved back 25 metre, the angle of elevation becomes 30°, find the height of
the tower,

The angle of elevation of a tower hecomes 60° from 45" by moving 60 metre
towards a minar, Find the height of the minar,

A man standing at a place on the bank of a river ohservesd that the angle
of elevation of a tower exactly opposite to him on the other bank was 60°.
Moving 32 metre back he observed that the angle of elevation of the tower
was 307, Find the height of the tower and the width of the river.

A pole of 64 metre long breaks into two parts without complete separation
and makes an angle 60° with the ground. Find the length of the broken part
of the pole.

o
)
L]
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18.

20.

A tree is broken by a storm such that the broken part makes an angle of 30°
with the other and touches the ground at a distance of 12 metre from it.
Find the length of the whole tree.

Standing any where on the bank of a river, & man observed that the angle
of elevation of a 150 metre long tree exactly straight to him on the other
bank is 30° The man started for the tree b a boat. But he reached at 10
metre away [rom the tree due to current.

1) According to the stem show the above description by a figure.
2) Find the width of the river.
3) Find the distanece from the starting point to the destination.

Forming 607 angle with ground an 16 metre long ladder touches the top of
the vertical wall.

1) According to the stem show the above description by a fignre.
2) Find the height of the wall.

3) How fardoes the foot of the ladder need to he moved along horizontal line
g0 that it still touches the wall and makes an angle of 30% with ground?

In the fimwe, €D = 96 metre.
1) Find the measurement of
LCAD in degree.
2} Find the length of BC'.

A Fai T 1 [ili] 30
3) Find the perimeter of AACD, B %o D




Chapter 11

Algebraic Ratio and Proportion

It is important for us to have a clear conception of ratio and proportion in
mathematics, Arithmetical ratio and proportion have heen elaborately discussed
in class VIL In this chapter, algebraic ratio and proportion will be discussed. We
regidarly use the concept of ratio and proportion in many applications: the
production of construction materials, food stafl and goods |, applving fertilizer in
land, making beautiful shapes and design to make things attractive and good
looking, and so on. Many problems of daily lives can also be solved by using the
concept of ratio and proportion,

After studying this chapter. the students will be able to

> axp ain algebraic ratio and proportion.

» use different types of rules of transtormation related to proportion,
P learn successive proportion.
>

use ratio, proportion, successive proportion in solving real life problems.

Ratio and Proportion

Ratio

If we have two quantities [or numbers) of the same unit, we can express one
guantity as a multiple (or a fraction) of the other gquantity. This fraction is called
the ratio of two quantities. Thus, a ratio says how much of one thing there is
compared to another thing,

The ratio of two quantities p and g is written as p . g = =. These two quantities,

ol e |

p and g are of same kind and same unit. Here, p is called antecedent and g is
ealled subsequent of the ratio.

2025
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Sometimes we use the ratio as an approximate measure. For example, the number
iof cars on the road at 10 AM. is two times higher than the number of cars at
8 AM. In this case, it is not necessary to know the exact mumber of cars to
determine the ratio. Again, in many occasions, we say that the area of your house
15 three times to the area of mine, Also in this case, it is not necessary to know
the exact area of the house, We use the coneept of ratio in many other cases of
practical life.

Proportion

If four quantities (or numbers), are such that the ratio of the first and the second
quantities is equal to the ratio of the third and the fourth quantities. those four
quantities form a proportion. It q, b, ¢, d are four such quantities. we write
a : b= ¢ : d The four quantities need not to be of same kind, The two quantities
of the ratio need to be of the same kind.

A B

a i

In the above figure, let the bases of two triangles he e and 6, respectively amd
each of their height is A unit. If the areas of these trinngle are 4 and B square
units, respectively. we can write.

1
—ah

g:%_-:-: or, A:B=uao:b
ibh

L, the ratio of two areas 15 equal to the ratio of two bases,

Continued proportion

By continued proportion of a, b, ¢, it is meant that a : b=b: c. a, b, ¢ will be
continued proportion, If and only if b2=ac. In case of continued proportional,
all the guantities are to be of same kind. In this case. ¢ is called the third
proportional of ¢ and b, and b is called the mid-proportional of ¢ and ¢.
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Example 1. A and B traverse the fixed distance in ¢y and {3 minutes. Find
the ratio of the average velocity of 4 and B

Solution: Let the average velocities of 4 and B be v, metre and 1 metre
per minute respectively. So, in time t; minutes A traverses wf; metre and in

ts minutes B traverses wsls metra . According to the problem, vit, = wais
o la T feE T . Lo

;. — = — Here, the ratio of the velogities is inversely proportional to the ratio of

y e t]_

time.

Work:
1) Express 3.5: 5.6 into 1 : a and b;.1,
2) Ifz:y=>5:6, then what is the value of 3% : by = what?

Transformation of ratio
Here, the quantities of ratios are positive numbers,
1. fa:b=¢:d, then b:a =d: ¢ [lnvertendol

Proof: Given that,

i c
b d
or, ad = be fmultiplying both the sides by bd)
6d B _
ory — = — [ulwu]m,f_'; both the sides by ac where o and ¢ are non-gero
ne  ac '
d b
Or, — = —
"R &

Le;bra=d:c
2. Ifa:b=-c:d then, a:c=b:d [Alternendo)

Proof: Given that,

(L c
b d
or, ad = be [multiplving both the sides by bd|
ad  bo . i

or, === | dividing both the sides by ed where ¢, d are non-zero
- b
e

"¢ d

Le,nie=b:d

2025
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3.

4.

5.

if a:bh=rc:d then, 2 ; g = %E—i Componendo]

Proof: Given that,
2 G

bood
or, $ +1= g + 1 [adding 1 to both the sides]|

g 3tk _c+d
Ty d

Ifa:b=¢:d then {L;—E = %E | dividendo|

Proof: Given that,
s o

a

or, e 1=5_3 [subtracting 1 from both the sides]

el
n=F o=d

ie, =

b il
Ifa:b=¢:d, then

a+b g d
a—b &—d
Proof: Given that, e :b=¢:4d

i

bood

a+b c+d
By componendao, g i

a—h e—d
b d

Again. by dividendo.

or, a i = 5 [[by invertendo]] ... (2)
s a+b b _cetd
I herefore, b - a—b 4

q+b_c+d

ie, — c_d[herea?éb,c%d]

a ¢ e g )

— = — = — = =_then each of the ratic = ————
Ifb i~ 7 h’hm h of the rati brdtFTh
Proof: let,

R SV
bd  f h k
Sa=0bk, ce=dk,e= fk, g=hk

Forma-29, Mathematics, Class 9-10

[ componendo-Dividendo]

% = E p [multiplying(1) & (2) ]

a+ec+e+g

225
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_ m+::+e+g_bl‘:+dk‘+ﬂi:+.’1.k_.ﬁ:{b+d+f+h-] ik
Cb+d+f+h b+d+f+h b+d+ f+h
But, k is equal to each of the ratio.

& ¢ e g weatete+y¢

‘b d f h b+d+f+h

Work:

ljl The sum of ages of mother and sister is 5 vears. The ratio ol their ages,
before ¢ years was r : p. After & vears, what will be the ratio of their

]
Ages?

2) Let a man be standing at p metre distance from a light-post, r be the
hieight of the man, s be the shadow length. Determine the height of the
light-post in terms of g, v and s.

Example 2. The ratio of present ages of father and son is 7 : 2, and after 5
vears, the ratio will be 8 ¢ 3. What are their present ages?

Solution: Let the present age of ather be a and that of the son be b,

So, by the conditions of first and second of the problems, we have,

a T
— T — o 1
> =51
a+hH 8
=—_..(2
From equation(1)we get,
h

= — ., [3

=2 @

From equation(2),we get,
3a+3) =8b+5)
or, 3a+ 15 = 8b 4+ 40
or, 3a —8h =40 — 15
L i
or, 3 x o &h = 26 [hy using(3)]
21b — 160

or, 5
or, ab = 5l

Sh=10

25
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. T= 10
In equation (3), by putting b = 10, we gel g = _EE = 3b.

S The present age of [ather is 35 vears, and that of the son is 10 years,

a+b)2_ a? + b?

Example 3. Ifa:b=5:¢. prove that, (h =] ~“pra

Solution: Given that. a:b=0b:¢
P =ac
a+b6\?  (a+b)?

Now, | - AL

% (b +.:> b+ o)
B a® + 2ab+ b
T B4 2he+ 2
o'+ 2ab+ac
T ao+2ho+ 62
_ala+2b4¢)
T eln+2h+c)

i

e

o®+b6 e’ +ac
R4 gotcd
_alg+c)
~eladt o)

7

c
Cfa+b\ a
A\bt+e)  BP+2

Example 4. If% = 5 show that.

And

o+  ac+bd
af — b oc—bd

Solution: Let, Y. 0
b d

coa=bk and e = dk

@ +8 (b6 PP+l P+
‘e B (B2 -0 R -1) k-1
ac+bd _ bk-dk+bi bk +1)  K+1
"ae—bd  bk-dk—bd  Bd(K2—1) k2-1

Now

And

227
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C @t ac+bd
e B ac— bd

1'—ﬂﬂ-' ].l"h'ﬂ
l-l—n.:-:\ 1—bx

1= 1+ ba
Solution: Given that, e o 1
l+azV 11—tz
= 1+b5r:_1+uz
"Vi1—bx 1—ax
1+bz (14 az)?
"l—br  (1—ax)?

Example 5. Solve; =1where 0 < b< 20 < 2b

or sguaring both the sides|

l4+bx 1+ 2az+ a2?

or =
"1—bx 1—2az+a%p?
- 1+bz-+1—bx 1+ 262 + a®z* + 1 — 2az + a’x? i omende and
= "W v Ane
" l+br—1+be 1+ 20z + @252 — 1 + 20% —o2ee Po
dividendan|

2 21+
% 40

or, 20z = bx(1 + 0%a?)

or,

or, z{2a—b(1 +a*z?)} =0
, x=10

Again, 20— b(1 +a’2?) =0

or, b{1 + o*2*) = 20

or, 1 +a¢x! =

I
Thus. the required solution is z =), £ - ”2?1‘1' -1
3
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Vitz+l—x
Vidz—1l-z
vitztvl—zn
Jy+z—¢1—z_p
o Vi+tz+v1—g+/1+z—+V1—x _ptl
VIt z+Vl-z—-Vitz+yl-z p-1

2p

Example 6. If = p, prove that, p? = == 41 =10
x

Solution: Given that,

[by compoenendo - dividendo)

o 2/1+xz  p+1
"al-z p-—1
Vvi+z  p+1

or,

vi—-xz p—1
r1+x_@+ﬁ_ﬁ+@+1
'1—a (p—-1)2 p*-2p+1

l+a+l—2 P +2%+1+p"—2p+1

|squaring both the sides|

or, i A g -1 by componendo - dividendol

a 241
o 2 2P+

2x dp

1 a4
ﬂl_, — E_j_\_.l

i 2p

o

- DI .

or, p* a
T
S e R
P =
SRR 2
Examplle 7. It c%—rc = afa + b), prove that, o, b, ¢ are continned
[ portio.
ot + 5
Solution: Given that, ———— =ala+ b
b e fa—b4+c \@<+:9)
k 2 _ h 2
’(a—l— e n+b}=u{r}+b]
a—b+e
a® —ah+ 1P

or, = a [dividing both the sides by (a+ b))

a—b+e¢
or;a® —ab+ b =a2 —ab+ac
or, ¥ = ac

coach, o are continued proportion.
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I d
Example 8, If e £ i s prove that, e=aora+b+e+d=0
b+c¢ d+a
Solution: Given that. &——H] — ctd
b+e d4an

a+b 1 p+d

or, T T 1 subtracting 1 from both the sides|
a+b—b—¢c¢ td—d-—-a
or, -
b+« d+a
op I”C_ _Bo—€
‘b+e d+ta

i ﬂ—l':_l_ﬂ.—'ﬂ'_
'b+e  d+a

1 1
mﬂﬂ‘“(arz+d+a)=“

([d+a+b+c)
o oS ol

or, [a—c) ([d+a+b+a)=0

0

ga—c=0o; d+a+b+c=0

r=gora+bro+d=10

X ! b
Example 9. It = B = and z, vy, 2 are not mutually egual,
U+ z z+a T4y

e 1
prove that the value of ench ratio is either equal to —1 or equal to 3

-

Solution: Let, - B W B R
y+z z4+ax Ty
Sor=kly ) (1)
=%z +x)...[2)

e=k(z+y)...(3)

By subtracting equation (2) from (1),
z-y=kly-z)or, kly—z)=-(y =)

A e |

Again, adding equations (1), (2) and (3), we get,
z+y+z=kiy+z+z+z+o+y)=2k{z+y+2)

2025
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_ (e+y+2)
2x+y+z)
1

& k—§

; e 1
o The value of each of the ratio 18 =1 or 2

2 2
. i Ir,:2 z b  ca  ab
If ax = by = ¢z, show that, — 4+ — 4+ — = — 4 — 4 —

Example 10. e Atpta

yz 2%
Solution: Let, 0z =by=cz =%
L e,
RS P EE Ty
o B E Bk B oa Bk a
‘Yz oz omy 0 FORF OB B ¢ B

2 y >

T
That i§, —+ =+ — =
yz T Iy

Example 11. If g,

a
1) Show that, — =
=

2 22 b ca ab

. 2 10
b, c and d are continued proportional, and z = - i
| pta
a? + b
b2 4 2

2] Prove that, (g% +b* + E) (02 + 2+ %) = (ab+ be + ed)®

7

=+ op

T+ 5q

3) Determine

Solution:

7 o
1) Civen that, a:b="b:cor, g

T — hp

P where p # ¢

ar, ge=H

RiE — ?+6 o’ +ec_alate) _a_ e
P+ ac+c® clate) ¢
o a? + b
o b4t
2) Given that, a, b, ¢ and d are continued proportional.
T e A
‘b ¢ d
a b ¢ ; ;
Let, e %, where k is a constant proportional.
; 5 — kot 6= dk
b 2
;:A;nr,ir:t:k:dk-k:dk

231
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%:knna:%:ﬂﬁ-b:ﬂ*

LHS = (a® + ¥ + &) (B + 2 + d?)

= {(dk*)2 + (k22 + (dk)2H{ (dF)2 + (dk)2 + d?)
= (d?k% + d?k4 + 2B (Pt + d?R2 4 dP)

= AR+ R 4 )P (R R4 1)

= kT (kS + k% 4 1)?

RHS = (ab+ be + ed)?

= (dk® . dk? + dk* - dk + dF - d)*?

= (6245 + d°k® + d%k)?

= {d?%(k*+ £+ )PP

= d*k2(k* + k% + 1)? = LHS

co (@2 + B+ AP+ P+ d?) = (ab+ be+ od)?

10
Given that, = —F2
p+g
iR
p Pty
- 2
OF; 2t ?p — S [by componendo-dividendo]
£—5p 20—p—4q
x—0p q—p
Again, £ = 10p¢
P+g
L4 Py
or, — = =
59 p+a

r+bg 2dp+ptg
z—-5g 2p-p—q
Wi SIS L Y
m—33 p—4q
Here, by adding equations (1) and (2) we get,

::+E:-p+x+ﬁq=p+3q+3p+g=p+3q_3p+q
r—9dp =z—9d¢ g-p P-4 g—p 4P

| by componendo-dividendo

L]

2025
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Exercise 11.1

8.

It the sides of two sguares are o and b metre respectively, what will be the
ratio of their areas?

If the area of a circle is equal to the area of a square, find the ratio of their
perimeter.

If the ratio of two nwmbers is 3 : 4 and their L.C.M. is 180, find out the two
nihers,

The ratio of ahsent and present students of a day in vour class is found to
be 1: 4, Express the number of absent students in percentage with respect
to the total number of students.

A thing is first bought and then sold with 28% loss. Find the ratio of buyving
and selling eost,

Sum of the ages of father and son is 70 years. 7 years ago the ratio of their
ages were 5 2. What will the ratio of their ages after § years?

Ifa:b=06:c provethat,

1) E:M
¢ B4+c?
2) uzbzc“(i+l+l)=a*’+b3+c3
ad B
) ah{:{ﬂ+|’}+c]3_l
(@b + be + ca)?
Solve:
0 1‘m=l
l+yT—2 3
gy OFT— V@ B a5 55050540

a+z+vat—af 2

1—2\* 14z
1| - = .
%) & (1+w> ] — g

Forma-30, Mathematics, Class 9-110
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g, i.f% = g =§_..‘:1]UW that,
Y EHP P
P+ 4+
2) (0 + B+ A) (B + ¢* + d%) = (ab+ be + ed)?
;ibﬁ._ show that. i—l_i{; + :tzz =3 GEh
vm+ 14+ §m—1
W M= vm+1l—3¥m—1
V22 +3b+ /20 —3b
 v2a+3b— 20 —3b
2?45 (a+b)?
Bt (brep’

10, Ifs=

, prove that, 2% — 3mz* + 3z —m =0

12, Ifz ,show that, 3bz? —daz + 36 =0

13, If

show that, e, b, ¢ are continued proportion,

: 4} b
14, 1f L e ¥ ® . prove that, = = . .
b+ec c+a a+b y+z—r zt+r—y T+y—=z
bz —cy et — —b .
15, pETH_ G0 _ T , prove that, =2
a f ¢ e b e
Lat+b— b+e— +a—b
16. u“:+&c= IiC”:ccja anid s bbb O prove that, o= b o
17, If : = * = = and 2 4+y+z # 0. show that
' :r:a—i—yb—i—z‘c_-ya.—r-z'h—ll—:rc-za.+ﬁ:b—|—-yc 7 = o
each of the ratio is = ————,
a+b+c
18 If{a+b+clp=(h+e—najg=(c+a—b)r=(a+b—c)s then prove that,
g T s p
o2 2 2
19. Iflz = my = nz. then show that IEJ.Z e -E;r + ziy. = E;; + ;:—i + I;—Z};.
2 ! o
20, :[fE — 2 and = = 914 show that., i u
g b Je—g a q

Continued Ratio

Let us assume that Roni’s earning is Tk 1000, Soni's earning is Tk 1500 and

iy
™
Samir's sarning is Tk 2500. Here, Roni's earning @ Soni's earning = 1000 : 1500 = &
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2 1 3; boni's earning 1 Samir's earning = 1500 : 2500 = 3 : 5. Hence, Roni’s ;
Soni's : Sami's earning = 2:3 : 5,

If two ratios are of the form a : band b : e they ean be re-written in the form
a:b:e Thsis called continued ratio. Any two or more ratios can be expressed
in this form. It is noted that if two ratios are to he expressed in the forma (5! e,
the antecedent of the first ratio and the subsequent of the second ratio need to be
equal, For example, if two ratios 2 : 3 and 4 : 3 are to be put in the form a2 b ¢,
the subsequent quantity of the first ratio is to be made equal to the antecedent
quantity of the second ratio. That is, those quantitics are to be made equal to
their L.C.M.

Here, L.C.M of 3 and 4 is 12,
2 2 x4 a8

liL-l'Lt,2:3—§=3x4“-E=S:12
) ) _E_tle_E_ .
-‘jﬂgﬂ.lﬂ._4.3-3—-3x3~—- 5 =129

Therefore, if the ratios 2 : 3 and 4 : 3 are expressed in the form, a : b : ¢ will be
§:12:9
It is to be noted that if the earming of Sami in the above example is 1125, the
ratio of their earnings will he 8 : 12.: 9.
Example 12. [f a,b, ¢ are quantities of same kind and e : b=3:4, h:c=6:7,
what will be a: b:e?

3 X 6 6x2 12

Suluti_nn: a:b= 11531 and b:e= A or Sy [LCM. of 4 and
6 is 12]]

==
]

LAk ie=9: 12414
Example 13.The ratio of angles of a triangle is 3 : 4 : 5. Express the angles
in degree,

Solution:Let the angles, according to given ratio, be 3%, 4z and 5z, Sum of
three angles = 108°. According to the problem, 3z + 4% -+ 5% 180" or,
12z = 180° or, £ = 157, Therefore, the angles are 3z = 3 x 15° = 45°

41 =4 x 15° = 60°
and bz = b 15° = 7H°
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Example 14. If the sides of a square increase by 10%. how much will the area
he incressed in percentage?

Solution: Let, each side of the square be g metre. Therefore, the area of the
sguare be a? square metre, If the side of the square increases by 10%, each side
will be (a + @ of 10%) metre,or 1.10a metre . In this case, the area of the
sguare will be (1.10a)? square metre, or 1.21a? square metre. Thus the the area
increases by [1.21&2 —a%) = 0.2142 sguare metre,

0.21c?

.. The percentage of increment of the area will be — X 100% = 21%
a

Work:

1) There are 35 male and 25 female students in vour class. The ratio of
rice and pulse given by each of the male and female students [or making
IKChicuri in a picnic 3 : 1 and 5 : 2, respectively. Find the ratio of
total rice and total pulse.

2)  The amount of pulse. mustard and paddy produced in a farmerts  farm
are 79 kg, 100 kg and 525 kg, respectively. The grains are sold at price of
100, 120 and 30 taka respectively, After selling all the grains, calculate
the ratio of income from the individual grain.

Proportional Division

Division of a quantity into fixed ratio is called proportional division If § is to
be divided in a given ratio g : b ¢ d,dividing S by a+b+c+d, the parts a, b, ¢
a Sa
atb+c+d a+btetd

and d need to be taken. Therefore, Lst part = 8 of

b Sh
2 t-= f —
nd par Sou+ﬁ+c+d g+b+e+d
c Sc
ard part = f - - -
et i 0 a+b+ec+d a+b+e+d
d Sd

4tl t =8 of =
H R 22 a+b+ec+d a+b+c+d

In this way, any quantity may be divided into any fixed ratio.

2023
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Example 15. The area of a rectangular land is 12 hectors and length of its
diagonal is 500 metres. The ratio of length and breadth ol this land Lo that of
other land are 3 : 4 and 2 : 3. respectively,

1) What is the area of the given land in square metre?”

2) What is the area of the other land?

3) What is the breadth of the given land?

Solution:
1) We know, 1 hector = 10, 000 square metres.
o2 12 heetors = 12 x 10, 000 = 120000 square metres

2) Given that, the ratio of length and breadth of the given land to that of other
land are 3 : 4 and 2 : 3, respectively.

Let length of the given land be 32 metres and breadth be 2y metres.
Therefore, the length of the other land is 4z metres and breadth is 3y metres.

. the area of the given land is = 3z 2y = 62y square metres and the area
of the other land is = 4% - 3y = 12y square metres,

According to the given question, Bzy = 120000 or, zy = 20000 ", the area
of the other land is = 122y = 12 % 20000 = 240000 square metres,

3) Let the length of the given land be 3z metres and the breadth be 2y metres.
Therefore, the length of its one diagonal is -/W metres.
We get from the previous () prohlem, zy = 20000
Aceording to the question, \/ {Efmﬁ = bOu
ar, 927 + 4y = 250000
or, (3x + 2y)* — 2 - 3z - 2y = 250000
or, (3z + 2y)* — 12zy = 250000
or, (3z + 23;}2 — 12 % 20000 = 250000
or, (3xz+ 2y)? = 250000 + 240000
or, (3z + 2y)? = 490000
or, 3z + 2y =700 --- (1)
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Again, (3r — 29 = Bz +21)? — 4 -3z - 2y
or, (3z — 2y)® = (32 + 2y)* — 24zy
or, (3z — 2y)% = (T00)* — 24 x 20000
or, (3z — 2y)? = 490000 — 480000
or, (3 — 2g)2 = 10000
or, 3z — 2y = 100 ... (2)
By subtracting (2) from (1) we get,
4y = 600 or, y = 150

.. the breadth of the given land is 2y = 2 x 150 = 300 metres:

2025
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Exercise 11.2

1.

If a, b, ¢ are continued proportional, which one of the followings is correct”
1) B =be 2) b =ac

3) ab=1be 4) a=b=c¢

The ratio of ages of Arvil and Akib is 5 : 3. I Aril is of 20 vears old, how
many years later the ratio of their ages will he 71 57

1} 5 vears 2) 6 years

3) 8 vears 4) 10 years

If the sides of a square double, how much will the area of a square be
increased?

1) 2 times 2) 3 times
3 4 times 4) 6 times
Iftw:y=7:5,y:2=>5:Tthen z:2= how much”?
1) 3549 2) 35:585
3) 25:49 4) 49:25
If &, o, e are continued proportional, then-

(1) o = be

o b B

(i) —=_
(i) a+b& ct+a

a—b c—a

Which one of the following is eorrect?

1} 3 2} i and 4 3) iand iy 4) i, % and 0
Ha:y=2:1andy:z2=2:1,then

(1) &, ¥, 2 are continued proportional

(78) 2:3=1:4
(7)) 1° + 2w =4yz

Which one of the following is correct?

1} iand i 2) & and 4 3) 4 and 4 4} i, éi and #E
fd A ””“i_what?
z 2imn Va —
m == n
1} s 2] L + b ) 3} L) i 4} e
b m—n m -+ L
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I the perimeter of a triangle is 36 cm and the ratio of length of its side is
3 :4:5, then answer guestion 8 and 9:

What is the length of its greatest side in ¢ m?
1) 3 2) 9 3) 12 4} 15
What is the area of the triangle in square cm?

1) 6 2) b4 3) 67 4) 80
Weight of 1 cubic com wood is T decigram. What is the percentage of weight

of the wood to the weight of equal volume of water?
Distribute Tk, 300 among a, b, e, d in such a way that the ratios are a's part
c Bs part =2 : 3, b's part : ¢'s part = 1: 2 and ¢'s part : d's part 3: 2.

Three fishermen have caught 690 pieces of fishes, The ratios of their parts
2 4 . . ;
are 3'E and g How many fishes will each of them get?

The perimeter of a triangle is 45 em. The ratio of the lengths of the sides is
3:5: 7. Find the length of each sides.

If the ratio of two numbers is 5 : 7 and their H.C.F. is 4. what is L.CM. of
the numbers 7

In a ericket game, the total runs scored by Sakib, Mushfique and Mashrafi
were 171, The ratio of runs seored by Sakib and Mushfigue, and Mushhque
and Mashrafi was 3 : 2. What were the runs scored by them individually?
In an office, there were 2 officers, 7 clarks and 3 bearers. If a bearer gets
Tk. 1, a clerk gets Tk, 2 and an officer gets Tk. 4. Their total salary is Th.
150,000, What is their individual salarv?

Il the sides of a square are increased by 20%. what is pereentage of increment
of the area of the square”

If the length of A rectangle is increased by 10% and the hreadth is decreased
by 10%, what is the percentage of inerease or decrease ol the area of the
rectangle?

In a field, the ratio of produetion is 4 ; 7 before and after irrigation. In that
field, the production of paddy in a land previously was 304 quintal. What
wottld be the production of paddy after irrigation?

If the ratio of paddy and rice produced from paddy is 3 : 2 and the ratio of
wheat aned suzi produced from wheat is 4 : 3, find the ratio of rice and suzi
produced from equal quantity of rice and wheat.

2023
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21. The area of a land is 432 square metre. If the ratios of lengths and breadths
of that land and that of another land are 3 : 4 and 2 : 5 respectively, then
what is the area of another land?

22, Zami and Simi take loans of different amounts at the rate of 10% simple
profit on the same day from the same Bank., The amount on eapital and

profit which Zami refunds after 2 vears 15 the the same amount that Simi

refunds after 3 years on capital and profit. Find the ratio of their loan.

23. The ratio of sides of a triangle is 5: 12 : 13 and perimeter is 30 ¢ m.

1)

2)

3)

Draw the triangle and write down the type of triangle with respeet to
the angles,

Determine the area of a square drawn with the diagonal of a rectangle,
where the the length of the rectangle is the fargest side of the triangle
and the breadth of the triangle is the smallest side of the triangle.

If the length is increased by 10% and the breadth is increased by 20%,
what will he percentage of increase of the area?

24.  The ratio of present and absent students of & day in a class is 1 - 4,

1)
2)

3)

Express the percentage of absent students against total students,

The ratio of present and absent students would be 1 ; 9, if & more
students were present, What was the total number of students?

Of the total number of students. the number of male students is 10
less than the twice of the number of female students. Find the ratio of
male and female students.

25, Ashik, Mizan, Anika and Ahona started a business with a total capital of
Tk, 132500 and had a profit of Tk, 26500 after the end of a vear. In the
capital of that business, Ashik’s part : Mizan's part = 2 : 3. Mizan's part :
Anika’s part =4 : 5 and Anika's part ; Ahona's part =5 : 6.

1)
2)
3)

Determine the simple ratio of the capital.
Petermine the amount of capital of each person in that business.

60%, of the profit is invested in the business at the end of vear. If the
remaining profit is divided according to the eapital ratio, then between
Ahona and Ashik who will get the greater amount of profit money?

Forma-31, Mathematics, Class 9-10



Chapter 12

Simple Simultaneous Equations in

Two Variables

[Prior knowledge of this chapter are attached to the Appendix at the end of this
book. At first the Appendix should be read | discussed. ]

For solving the mathematical prohlems, the most important topic of Algehra is

euation. In classes VI and VI we bave got the idea of simple equation and

Lhave known how to solve the simple cguation inone variable. In elass VI

we have solved the simple simultaneous equations by the methods of substitution
and elimination and by graphs. We have also learnt how to form and solve simple
simultaneous equations related to real life problems. In this chapter, the idea of
simple simultaneous equations have been expanded and new methods of solution
have been discussed. Besides, in this chapter, solution by graphs and formation
of simultaneous equations related to real life problems and their solitions have
been discussed in detail.

At the end of the chapter, the students will he able to

» wrify the consisteney of simple simultaneous equations in two variables.

p verity the mutual dependence of two simple simultaneouns equations in
two variables

¥

explain the method of eross-multiplication.
p form and solve simultaneous equations relaled to real life mathematical
problems.

> solve the simultancous equations with two variables hy graphs.

Simple simultaneous equations

Simple simultaneous eguations means two simple equations in two variables
when they are presented together and the two variables are of samne
characteristics.  Such two equations together are also ealled svstem of simple

b
=
-y
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equations. In class VITI, we have solved such system of equations and learnt to
form and solve simultaneous equations related to real life problems. In this
chapter, these have heen discussed in more details.

First, we consider the equation 22 +y = 12, This is a simple equation in two
variahles.

In the equation, can we get such values of 2 and y on the left hand side for which
the sum ol twice the first with the second will be equal to 12 of the right hand
side; that is, the equation will be satisfied by those two values?

Now. we fill in the following chart from the equation 2x-+y=12:

Value of z | Value of y | Value of LHS (2z+y) | RHS
-2 16 -4 4+ 1= 12 12
N 12 D+12=12 12
3 4] 6+6=12 12
5 2 0+2=12 12
I 12

The equation has infinite number of solutions: Among these, four solutions are:
(—2,16), (0,12), (3,6), (5,2).

Again, we fill in the following chart from another equation % — y = 3:

Value of z | Value of y | Value of LH.S (z —y) | RH.S |
—2 -5 —2+5 =3 [ 3 |

0 | -5 | 0+3=3 3 |

3 0 3-0=2 3 |

5 2 F—2=3 3 |
=3 | 3 |

The equation has infinite number of solutions. Among those. four solutions are:
(—2,—5), (0,—3), (3,0), (5,2).

If the two equations discussed above are considered together a system, both the
euations will be satistied simultaneously only by (5,2). Both the equations will
not be satisfied simmltaneously by any other values.

Therefore, the solution of the svstem of equations 2z +y =12 and z —y =3 is
{:’I.I,_'y'} = (51 2}
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Work: Write down five solutions for each of the two equations z—2y+1 = ()
and 2z 4+ y — 3 = 0 so that among the solutions, the common solution also

exists.

Conformability for the solution of simple simultaneous equations in
two variables

1)

2)

3)

) ) ) 2r 4y =12 )
As discussed earlier, the svstem of equations 3 has unigue (only
e

one) solution. Such svstems of equations are called consistent. Comparing,
the coefficient of 2 and y (taking the ratio of the coefficients) of the two

equations, we get. 1 # ——:any equation of the system of equations eannot

e
he expressed i terms of the other, That is why, such systems of equations
are called mutually independent. In the case of consistent and mutually
independent system of equations, the ratins are not equal. In this case, the
constant terms need not to he compared.
2 : . : 2e—y=0
Now we shall eonsider the system of equations . Can these
dr — 2y =12

two equations be solved?

Here, if both sides of first equation are multiplied by 2, we shall get the
second equation.  Again. if both sides of second equation are divided by
2, we shall get the first equation. That is, the two equations are mutually
dependent.

We know, the first equation has infinite number of solutions, So, the second
equation has also the same infinite number of solutions, Such systems of
equations are called consistent and mutually dependent. Such systemsof

equations have infinite number of solutions. Here, comparing the coefficients
2 -1

of & and y, and the constant terms of the two equations, we get, i = =

_ 60 1
120 12

That is. in the case of the system of such simultaneous equations, the ratios
hecome equal,
20 +y=12

Now, we shall try to solve the system of equations
4+ 2y=2>5

2023
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Here, multiplying both sides of first equation hy 2, we get, 4z 4 2y = 24
second equation is, dr 4+ 2y =5
subtracting, 0 = 19 which is impossible.

So, we ean say, such systems of equations cannot be solved. Such systems
of equations are inconsistent and mutually independent. Such systems of
equations have no solution.

Here, comparing the esefficients of x and y and constant terms from the two
TR Ll

equations, we get, =3 £ 7

That is, in case of the system of inconsistent and mutnally independent

equations ratios of the cocfficients of the variables are not equal te the ratio

of the constant terms,

Generally, conditions for conformability of two simple simultaneous equations,

ax+ by =c¢ ; .
such as, are given in the chart below:
ot + bay =
system of | comparison consistent/ | mutually | pas
puations of  octf, inconsistent| dependent ) | solutionsi how
anul const, independent | many}/mo
terms
d ".ik Ei'i . 7
(i) mz4+bhy=g P consistent | independent| yes  (only
az 2

as% + bay = & one)

(52)

a b c )
a4+ biy=g¢g =L =2 | eonsistent dependent | yes

& i
aqx + by = 0o 1 2 R (infinite)

(it1)

1y by g |. ; .
g x+ by =g —~ = — 2 — | inconsistent | independent| no

=
AT + by = o2 2 koo |

Now, il there is no constant termsin both the equations of a system of equations
i.¢ ey = s = 0, then [rom the table:

; NP | by | i . ;
According to (1) if = # E, the svstem of equations is always consistent and
a

2

independent of each other. In that case, there will be only one (unique) solution,

. o b : R )
According to {2) if e S E—‘{- . the system of equations is consistent and dependent

2 i ']
of each other. In that case, there will be infinite number of solutions.
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Example 1. Explain whether the following systems of equations are consistent /
inconsistent, dependent/ independent of each other and indicate the number of
solutions in each case.

1) a+3y=1 9) 22-5y=3 3) 3z-5y=7
2z LGy =12 T4+ay=1 6z — 10y = 15
Solution:
z4+3y=1
1) Given svstem of equations is: Y
2r4+-6y=2

Ratio of the coethicients of r is é

oo it —
Ratio of the coefhicients of y is G or,

Hatio of constant terms is )

B

26 2
Therefore, the system of equations 15 consistent and mutually dependent.
The svstem of equations has infinite number of solutions,

2y —Hy=3
r+3dy=1

2) Given svstem of equations is:

. . .
Ratio of the coeficients of r is i

Ratio of the coetficients of = is :32
. 2 . =5h
We get, — £ —
get 7 # 3

.- Therefore, the system of equations is consistent and mutually independent,
The system of equations has only one {unique) solution.

: . L sr—=by=T
3) Given system of equations is:
6o — 10y = 15

3 1

Ratio of the coethicients of 7 is i] or, 5

Ratio of the coefficients of y is __flﬂ or,

(SRR

2025
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Ralio of constant terms is fﬁ

. 3 =5 7
We getl, = = —
6 —10° 15
Therefore, the system of equations is inconsistent and mutually
independent. The system of equations has no solution,

Work: Verify whether the svstem of equations z —2y+4+1 =0, 204y-3=10
is consistent and dependent and indicate how many solutions the system of
equations may has.

Exercises 12.1

Mention with arguments whether the following simple simultaneous equations
are consistent /inconsistent, mutually dependent/ independent and indicate the

numhber of salutions,

1

T—y=4 2. 2x4y=3 3. T—y—4=0

z+y=10 x4+ 2y =06 3z —3y—10=10

dx+42y=10 3. dx4+2y=10 6. bx—2y—16=10

: i o 6

6 +4y =10 9z — 6y =10 3-1'—59':'3
;2 Fy=-—1 B - ~?I-;1:~-y=ﬂ a9, ;:L g ==—1

T —2y=2 r—2y=10 z4+y=>5

0. axz—cy=10

ex —ay = —n®

Solution of simple simultaneous equations

We shall discuss the solutions of only the consistent and independent simple

simultancous equations. Such system of equation has only one (unique) solution.

Here, four methods of solutions are discussed

L.

Method of substitution 2. Method of elimination 3,  Method of ecross-

multiplication 4. Graphical methaod.,
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In class VIIL we have known how to solve by the methods of substitution and
elimination. Here, examples of one for each of these fwo methods are given,

Example 2.  Solve hy the methad of substitution:
2r+y=28
sr—24=25

Solution: Given equations are;
2r+y==8...(1)
3xr—2y=>5...(2)
From equation (1), y =8—22...(3)
Putting the value of y from equation (3) in equation (2) we get,
3x—2(8—2x) =05
or, 3z — 16+ 4z =5

or, T2 =5+ 16
or, =21
or, & =3

Putting the value of 2 in equation (3) we get,

y=8—-2x3
or,y=8—6
or, y=2

.. solution {z,y) = (3.2)

Substitution method: Conveniently from any of the two equations, value of
one variable is expressed in terms of the other vanable and putting the obtained
value in the other equation, we get an equation in one variahle. Solving
this equation, value of the variable can be found. This value can be put in any
of the equations, But, if it is put in the eguation in which one variable has heen
expressed in terms of the other variable, the solution will be easier. From this

equation, value of the other variable will be found.

2023
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Example 3. Solve by the method of elimination:

2r+y=28
3z —2y=5H
Note: To show the difference hetween the methods of substitution and

elimigation, same cquations of example 2 have been taken in this example 3,
Solution: Given equations are:
2r+y=28...(1)
3xr—2="5...{2)
Multiplying both sides of equation (1) by 2, 4z + 2y = 16...(3)
Adding (2) and (3),
T =21
Or, & =34

Putting the valie of z in (1) we get,

2x3+y=28
or,y=8—6
or, y =2

sosolution (@, y) = (3,2)

Elimination method: Conveniently one equation or both eguations are
multiplied by such a number so that atter multiplication, absolute values of the
coefficients of the same variable become equal.  Then as per need, if the
equations are added or subtracted, the variable with equal coefficient will he
eliminated.  Then, solving the obtained eguation, the value of the existing
variable will be found. I that value is put conveniently in any of the given
equations, value of the other variable will be found.

Cross multiplication method:

We consider the following two equations!
are+by+e=0.. (1)
% +hay + e, =0...(2)

Multiplying equation (1) by by and equation (2) by by we get,
arbsxr + Bibay + bocy = 0...(3)
aghy2 + by + by =0...(4)

Forma-32, Mathematics, Class 9-10
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Subtracting equation (4) from equation {3} wir get,
(@1by — @by )z + beey —byey =0

or, (a1by — aghy ) = bicy — bagy

T 1

or = -
! bica — baty ayby — aghy

(8)

Again, multiplving equation (1} by ap and equation (2) by a; we get,
a1az% + agbyy +ciog = 0. (6)
a1aam + aybay + egay = 0., (7)

Subtracting equation (7) from equation (6) we get,
(o2by — ayba)y + cray — cam) =0

or, —(aiby —asly )y = — (s — Cath)

y B il
T e — oy ayby —ashy

From (5) and {8) we get,

0L

(8)

i ] U _ 1
bicg —bacr  ciop — om0y anby —ashy

From such relation between z and y. the teclmique of finding their values is called
the method of cross- multiplication,

From the above relation between o and y we get.,

i 1 bicy — begy
= , or, &= —————=
biey — biogy aybs — gl @by — @aby

y 1 €163 — Caly
- mL I
c10p — ey @by — azhy a1 by — agly

Again,

: . ; bios —bacy cio9 — 0
. The solution of the given equations: (z,y) = (-—lﬂuﬂi e e 2

aba — a2by” a,by — aghy

2023
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We observe:

Equation Relation  between 2 | Tllustration
and y
- T iy 1
mr+biy+e =0 —m—— ay | by o)} (i by
| Dk bﬁcl
agr+boy+es =0 | az | bp €2 as by
Ciy — Cadl)
B 1
aihy — ayhy

MNote: The method of crosssmultiplication can also be applied by keeping the
constant terms of both equations on the right hand side, Lo that case, changes ol
sigm will neeur but the solution will remain the same.

Work:

; ; dr—p—T=0D
[f the system of equations X - are expressed as the system of
Szx+y=0

az+bhy+eo =0
eouations ! e Mfind the values of ay, by, c1, @2, by, c2.
as% +boy +c2 =0
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Example 4. Solve by the method of cross-multiplication:
br—y=1
3z +2y =132

Solution:

Making  the right hand side of the
cruations 0 (zero) by transposition, we
Bel,

Gr—y—L1l=0

3vr+2y—13=10

By the method of cross-munltiplication we get,

comparing the equations with
a1z + by + ¢ = 0 and

ag% + by + 02 = 00
respectively we get,

g1 =6, h=—-1,c1=-1
a.g:?:-, 53:2., Lo = -13

1

x B Y _ 1

byca — baey B G g — Czify B oplg — a2y
T B Y B

B x (13 —2x(-1) (Dx3—(13)x6 6x2—3x(-1)
ot r Yy = 1

134+2 —-3+478 12+3

T ¥ 1
1T 1 15
Therefore, = L or, T E = ]

15 15 77 15

Again, & = 1 or, ¥ i =5

75 15
cosolution (2, y) = (1,5)
Example 5.

dJu—4y=10
2 -3y=-1

Solution: Given equations are:

T u 1
ay | by =7 G| by
az | by ca Qg by
4
T Y 1
6| —1 —1 [+ —1
3 ‘ 2 —13 a 2

Solve by the method of crossmmltiplication:

3z —4y+0=0
2r—3y+1=10

1

dz—4y =10 .
or,
2r—Jy=-—=1
By the method of cross-multiplication, we get:
& _ u =
—4%x1—(=3) %0 0x2-1x3 3x(-3)—2x(—4)
z oy 1
4T 0 " 0-3 —9+8
Ll e e

2023
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4 (N
ﬂr,‘i— _]_

A
_;l—Iar,zzé

oy 1
Again, E;-Tur,y-—-ﬁ

.-, solution (z,y) = (4, 3)

Example 6. Solve by the method of eross-multiplication:

R
i T
2 3
5T
":L"' = By = —3
Solution: Arranging the given equations in the form ez + by +¢ = 0 we get,
& U v b ;
5 =+ 5= 8 Again, 4 3y 3
3z + 2y oz — 12y
4 = 3 " - —
or 8 or, 1 3
or, 3z + 2y —483 =10 or, bz — 12y +12=10

o the given equations are:
dr—12y+12=0

By the methad of cross-multiplication we get,

T - Y _ -
2x12—(-12) % (—48) = ([-48)x5-12x3 = 3x(-12j-5x2
. 1
or, = o . R = T Z 1
24-576 —-240—36 —36-—10 ¥
e gy 1 3 2 —48 3 2
' 552 —276 —46 o] —l2 12 b —12
S
°“Es2 T 276 48
z 1 552
T el :.1I = —— = E
IO e Sl
Again, L /- L] 01, ¥ = gﬁ? =6

276 46
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cosolution: (2, y) = (12, 6)

Verthiealion of the correctness ol the solution:
Putting the values of vy in given equations,

B R Sl e :

9
In second equation, LILS = % — 3y = i }-;]:,

In first equation. L.H.S =

- 3xi=15-18==3=R.HS.
.- Lhe solution 1s correct,

Example 7. Solve by the method of cross-multiplication: ex—by = ab = br—ay

Solution: Given equations are:

ar — by = ab ar —by —ab=10 )
by —ay = ab o b —ay —ab =10 By the
By the methad of cross-multiplication, we get,
m = = s - yn.-.u_n -
(—b) x (—ab) — (—a)(—ab) (—ab) xb— (—ab) x a
1
T ax(—a)—bx (—h)
& u 1
ar, f = : ar = - P €I 1
abf — b —ab?+0*h  —a? 4+ B Y
£ y 1 a | —b —ab a —b
or, = = b | —a —ab b —a
—abla — &)  abla—8) —(e+b)(e—1b)
i y 1
Crr., — E —
abla —b) —abla—-b) (a+b)(a—b)
_ & 1 I abla —b)  ab
Cabla—b)  (@+B(a—b""""  f{e+bila—b) a+b
Apain, £ ! or, ¥ = ) ..

“abla—b) (a+B)a—b) "

‘(8 }_( ab —ub)
L e

(a+b)(a—b) o+b

2025
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Exercise 12.2

Solve by the method of substitution (1 —3);

1. Tx— 3y =3l g B4y 3. 489
2 3 a b
9p — by — 4l LI | az + by = a* 4+ B
3 2
Solve by the method of elimination{4 — 6):
4, Tx—3y =3l 5, Tz—8y=-9 6. axt+by=c
9y — by =4l Sx—dy=-3 e+ by =¢
Solve by the method of cross-multiplication {7 — 15):
7. 2x+3y+5=10 8 Sr—-Ddy+9=0 9 x+2y=7
4r+Ty+6=0 br—3y—1=0 2r—3y =10
10. 4dx+3y=-12 11. - Tz+8y=9 12, 3x—y—T7=10
2.="0 R — 4y =—3 2r+y—3=0
13. ax+by=a*+6 W y(3+x)=2(64+y) 15 (v+2)y—3)=yz-1)
2bx — ay = ab 3(3+z)=>5(y-1) S5z —11y—8=0

Solving by using Graphical Method

In a simple equation in two variables, the relation of existing variables z and y
and can be expressed by picture. This picture is called the graph of that relation.
In the graph of such equation. there exist infinite number of points, Plotting a
few such points and joining them with each other, we get the graph.
Each of a simple simultaneous equations has infinite number of solutions. Graph
of each equation is a straicht line. Coordinates of each point of the straight line
satisties the equation. To indicate a graph. two or more than two points are
NECESEATY.
Now we shall try to solve graphically the following svstem of equations:
2x4+y=3...(1)
4z +2=6...(2)
From equation (1) we get, y = 3 — 2.

Taking some values of z in the equation, we find the corresponding values of y
and make the adjoining table:



256 Mathematics (Nasses 1X-X
z|-1]0] 3
y| & |3| =3

-, three points on the graph of the equation are: (—1,5),(0,3) (3,-3).

Again. from equation (2) we get, 2y =6 — dx or, y = . _;lz

Taking some values of @ in the equation, we find the corresponding values of y
and make the adjoining table:

x| —=2(0| 6
y| 7 |3| -9

.. three points on the graph of the equation are: (—2,7),(0,3) (6,-9).
In a graph paper let XOX’' and YOY' be

regpectively the X- axis and Y- axis and O is

the arigin,

We take each side of the smallest squares of the graph y

paper asunit along with both axes, Now, we plot
the points (—1,5), (0,3} and (3, —3) obtained from
equation (1) and join them each other. The graph
is a straight line,

Again, we plot the points (-2,7),(0,3) (6, -9}
obtained from equation (2) and join them each g ?g;___'.
other. In this case also the grapl is a straight HH -
line. H RN S REERE
But we observe that the two straight lines ¥

e

Fr

- il
o e
=

¥

coincide and they have turned into the one
straight line. Again, if both sides of equation (2)
are divided by 2, we get he equation (1), That is
why the graphs of the two equations coineide.
2044 =23 (1)

dx+2y=6...(2)
dependent. Such system of equations have infinite number of solutions and its
eraph is a straight line,

m—y=4...(1)
4dp—2y=12...(2)

Here, the system of equations, } are consistent and mutnally

From equation (1) we get, y = 22 — 4.

2023
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Taking some values of # in the equation. we find the corresponding values of y
and make the adjoining table:

x| =10 [4
y|—6|—4]|4

.. three points on the graph of the equation are: (=1, —6), (0,—4), (4,4).

Again, from equation (2) we get,
dz — 2y =12, or, 22 — y = 6 [dividing both sides by 2]
or,y=2r—6

Taking some values of 2 in the equation, we find the corresponding values of y
and make the adjoining table:

x| 0 |3|6
y|—6|0]6

1

. three points on the graph of the equation are: (0, —6), (3,0), (6,6).
In a graph paper let XOX' and YOY' be
respectively the X- axis and Y- axis and O is Y

the origin. naw 1 [T
We take each side of smallest squares of Lthe graph H 1 HH T e
paper asunit along with both axes. Now, we plot T ﬂ, i E )
the points (=1, —6), (0, —4) (4,4) obtained from  , X P X
equation (1) and join them each other. The graph ‘ - % / lh=§"‘ )
is a straight line: HHE i
Again, we plot the points (0,—6),(3,0), (6,6 H kl[ d 'H as jl -t
obtained from equation (2) and join them each SESESESH LS8 EXBSERAS:
other. In this case also the graph is a straight v

line.

We observe in the graph, though each of the given equations has separately
infinite number of solutions, they have no common solution as svstem of
similtancous equations.  Purther, we observe that the graphs of the two
equalions are straight lines parallel to each other. That is, the lines will never
miersect each other. Therefore, there will be no common point of the lines, In
this case we sav, snch system of equations has no solntion.  We know, such
system of equations is inconsistent and independent of each other.

Now, we shall solve the system of two consistent and independent equations by
graphs. Graphs of two such equations in two variahles intersect at a point.

Forma-33, Mathematics, Cllass 9-10



253 Mathematios Classes IX-X

Both the equations will be satisfied by the coordinates of that point. The very
coordinates of the point of intersection will he the solution of the two equations.

Example 8. Solve and show the solution in graph:
2r4+y=2=8
3r—2y=25
Solution: Given squations are:
2z +y—8=0...(1)
dz—2y—5=0...(2)

By the method of eross-multiplication we get,

T B Yy B 1
Ly (—8)—(—2) % (—8) (—8)x3—(-5)x2 2(-2)—3x1
€ Y 1
or, —] —
—-3—-16 24410 -4-3
N [
ST
o LB
T
E_E or x-E—B
1 U A
1 14 y
¥ — T T — b
Again it or, Y - 2 :
* solution: (z,y) = {3,2) :_Es.a;"g EREEE
Let XOX' and YOY' be X- axis and Y— axis Xmpt X
respectively amd O be the origin, Taking each i |
two sides of the smallest squares along with both BAEENAENERNE SERRENEAR R
axes of the graph paper as one unit, we plot the
point (3,2). v
Example 8. Solve with the help of graphs:
Sr—y=3
br+y=21

2025
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Solution: Given equations are:
z—-y=3...(1)
Sz+y=21...(2)
From equation (1) we get, 3z —y =3, or, y =32 -3
Taking some values of & in the equation, we find the corresponding values of y
and make the adjoining table:

z|=1| 0 |3
l—ﬁ—Eﬁ

. three points on the graph of the equation are: (—1, —6), (0, —3), (3, 6)

Again, from equation (2) we get, 5z +y =21, or, y =21 — bz
Taking some values of 2 in the equation, we find the corresponding values of ¥
and make the adjoining table:

|34 S
y|6|1]| -4

. three points on the graph of the equation are: (3,86), (4,1), (5, —4).
In o graph paper let XOX' and YOY' be

respectively the X- axis and Y- axis and @ is

the origin.

We take each side of the smallest squares of the graph 1{ S
paper as unit along with hoth axes. HHHH |. ? - B
Now. we plot the peints (-1, —6), (0, —3), (3,6) B : 111"":.'-"'
ohtained from equation (1) and join them each ,J:iiiif:‘ﬂ--lsi-'
other. The graph is a straight line. — s
Again, we plot the points (3,6),(4,1), (5, —4)  Hihoa grtimer
abtained from equation (2) and join them each _ ,4}:{ :;_:;:\i i
other, In this case also the graph is a straight e ﬂ HH \

line. v

Let the two straight lines intersect each other at
P. Tt is seen from the picture that the coordinates
of P are (3,6).
.. solution: (z.y) = (3,6)
Example 10. Solve by graphical method:

2z LDy =14

dz — fy =17
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Solution: Given equations are:
2245y =—14...(1)

dy — Hy=17...(2)
—2z—14
)

Tuking some convenient values of £ in the equation, we find the corresponding

From equation (1} we get, 5y = —14 — 22, or, y =

values of y and make the adjoining table:

t| 3 —9
MTEIEIE]

Bo | b

1
. three points on the graph of the equation are: (3, —4), (51 —3) (—2,-2).

4o — 17

5

Again, from equation (2) we get, 5y =42 — 17, or, y =

Taking some convenient values of x in the equation, we find the corresponding
values of y and make the adjoining table:

B
2

£| 3 —2
g | =1 | —3| =5

1
., three points on the graph of the equation are: (3,—1), (;,—3) ,(—2, —5)

In a graph paper let XOX' and YOY' be
respectively the X- axis and ¥- axis and (0 is

the origin. 4

We take two sides of the smallest squares of the graph SRR

paper as unit along with both axes. TEETET T
x 1

Now, we plot the points (3,—4), E?_S)‘ i o

(-2, —2) obtained from equation (1) and join 1: R Tﬁ:i

them each other. The graph is & straight line. BEREID AN Fus ,»;- N ]

1 L _'“a;-_“!’ e _; : I..- ! :
Again, we plot the points (3. -1), 2 -3 |, iR T H
(—2,-5) obtained from equation (2) and join ¥

them each other. In this ease also the graph is a
straight line,

2025
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Let the two straight lines intersect each other at P, It is seen from the picture

1
that the coordinates of P are (E, —3).

sosolution: (2, y) = (%?_3)

3
Example 11. Solve with the help of graphs: 3 — E.w =8 —4dx

- : T 3
Solution: Given equation is 3 — S = 8 —dy

Let, y=3— grx;:E—&u

.'.y=3—%z...{l}

and y =8 —4%...(2)

Taking some values of z in equation (1), we find the corresponding values of y
and make the adjoining table:

E-i]‘.\:l

. three points on the graph of the equation are: (—2,86), (0, 3), (2, 0).

Again, taking some values of 2 in equation (2), we find the corresponding values

of y amd make the adjoining table;

. three points on the graph of the equation are: (1,4), (2,0), (3, —4).
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In a graph paper let XOX' and YOY' be
respectively the X- axis and Y- axis and O is

the origin,

We take each side of the smallest squares of the graph

paper as unit along with both axes.

Now, we plot the points (—2,86),(0,3),(2,0)

obtained from eguation (1) and join them each

other. The graph is a straight line,

Apain, we plot the points (1,4),(2,0),(3, —4)
abtained from eguation (2) and join them each
other. In this case also the graph is a straight

line.

Mathematics Classes IX-X
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Let the two straight lines intersect each other at P, It is seen from the picture
that the coordinates of P are (2,0).

cosolution: @ =2

Work: Find four points on the graph of the equation 2z —y — 3 = 0 in
terms of a table. Then, taking unit of a fixed length on the graph paper, plot
the points and join them each other. Is the graph a straight line?

Exercise 12.3

Solve by graphs:
l. 3z4+4dy=14

4z —3y=2
4 Jx—2y=2
ar—3y=2>5
T 3x+4+2y=4
dr—4y=1

10, 32 —-7=3 -2z

’q_'..'l'

2r45y=1
r+3y=2

x+y==6
5z +3y = 12

x4+2=0-—-2

225
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Formation of simultaneous equations from real
life problems and solution

[n everyday life, there oceur some such mathematical problems which are easier
to solve by forming equations. For this, from the condition or conditions of the
problem, two mathematical symhbols, mostly the varables z, y are assumed for
two unknown expressions. Two equations are to be formed for determining the
vitlues of those nnknown expressions. If the two eguations thus formed are solved,

vilues of the unknown quantities will be found.

Example 12. 15 is added to the 2um of the two digits of o number consisting
of two digits, the sum will he three times the digits of the tens place. Moreover,
if the places of the digits are interchanged, the number thus found will he 9 less

than the original number. Find the number,

Solution: Let the digit of the tens place of the required number be g and its
digits of the units place is y. Therefore, the number is 10z 4 y.

o2 by the 1st condition, g +y+5=3z...(1)

and by the 2nd condition, 10y + == (10z +y) - 9...(2)

From equation (1) we gel. y =3z —x—5H,0or, y =22 —5...(3)

Again, from equation (2) we get,

10y —y+2r—106+9=0

or, 9% —9x+9=10

o, y—z+1=0

or, 2z — 5 — z + 1 = 0 [putting the value of y from equation (3) we get]
or, ¥ =4

putting the value of & in equation (3) we get, y=2%x4—-5=8-5=3

Sothe number is 10z +y=10x44+3=40+3 =43
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Example 13. 8 years ago, [ather's age was eight times the age of his son. Alter
10 vears, father's age will be twice the age of the son. What are their present
ages’

Solution: Let the present age of [ather be & vears and age of son is y years,
by st condition, 2 —8 = 8(y — 8}, (1)

and by 2nd condition, 2 + 10 = 2(y +10)...(2)

From (1) we get. 2 — 8 =8y — 64

or, x =8y — 64 +8

or, z =8y — 56...(3)

From (2) we get, 2410 = 2y + 20

or, 8y — 56 + 10 = 2y + 20 [Putting the value of z from (3)]

or, 8y — 2y = 20 + 56 — 10

or, By = 66

or, y=11

(3) we get, 2 =8 % 11 — 56 = 88 — 56 = 32

coat present, Father's age is 32 years and son's age is 11 years.

Example 14. Twice the breadth of a rectangular garden is 10 metre more
than its length and perimeter of the garden is 100 metre, There is a path of width
2 metre around the outside boundary of the garden. To malke the path by bricks,
it costs TR, 110 per square metre,

1) Assuming the length of the garden to be = metre and its breadth to be y
metre, form system of simultancous equations.

2] Find the length and breadth of the earden.
3} What will be the total cost to make the path by hricks?

Solution:
1) Length of the rectangular garden is 2 metre and

breadth is y metre.

}F!Tl

- by first condition, 2y =2+ 10...(1)

and by second condition. 2(z +y) = 100..,.(2)
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2) [rom equation (2) we get, 2z + 2y = 100
or, 2z + z + 1) = 100 [putting the value of 2y from (1))
or, 3z = 90
or, x =30
o from (1) we get, 2y = 30 4+ 10 [putting the value of z]
or, 2y =40
or, y = 20

- length of the garden is 30 metre and breadth is 20 metre,

3} Length of the garden with the path = (30 + 4}
m. = 34 m.

and breadth of the garden with the path =
(20+4) m. =24 m.

2. Area of the path= Area of the garden with 5 - '4;;1'
the path - Area of the garden 8
30m
2m
= (34 % 24 — 30 x 20) square metre, o

= (816 — 600) square met re.
= 216 square metne.

.. cost for making the path by bricks = Tk. (216 x 110) = Tk. 23760

Example 15. How many times will minute hand and hour hand coineide? Find

the times.

Solution: Let minute hand and honr hand coinecide at the time z: y. We need
to remember that z { z = 0.1, -+ 11 where 0 means 12 ) is always an integer but y
may not be. We know, minute hand runs 12 times faster than the hour hand. At
time z the hour hand is exactly on the 2 and minute hand is on the 12, Within
y minutes the hour hand passes % aned the minute hand passes y ticks. So,

Forma-34, Mathematics, Class 9-10
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y
B+ 2 =
T ¥

nr,y—i—Ez

12

11
" e—— :5
or, my T

—
S Y=7T

Now we put the possible values of z:

It z =0, y =0 minute i.e. 12 00.

e =1 1: 5% minute.

10
Ifz=2 2:10— minute.
11
If z =11, 11 : 60 minute or, 12 : 00,
As the first and last times are same, these two hands coineides 11 times and the

: il s
fimes are; & ﬁ:?: e,

Work: If in triangle ABC 2B = 2% £20 = z°, ZA = " and £A =
LB+ A0, hind the value of 2 and y.

2023
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Exercise 12.4

7.

For which of the following conditions is the system of equations az+by+e =0
and pz 4+ gy + r = ) consistent and mutually independent”

i &8 gy BB & gl 5 83
pog v poog o P g
Ifa+y=4, x—y =2 which one of the following is the value of (z,y}?
1) (2,4) 2) 4.2) 3) (3.1 4) (L,3)
If z 4+ y =6 and 2% = 4. what is the value of y?
1) 2 2) 4 3) 6 4) 8
For which one of the following equation is the adjoining chart correct?
z[ 024
y|—4 0|4

1) y=2—4 2) y=8—u 3) y=4-—2a 4) y=12z—4
If22 —y =8 and & — 2y = 4, then z+y = whart?
1) 0 2) 4 3) 8 4) 12
The equations ¥ —y —4=0and 3z — 3y - 10 =
(1) are mutually dependent.
(24} are mutually consistent.
(724} do not have any solution.
O the basis of information above, which one of the following is correct”
1) 4 2) g 3) 4 and 7 4) 1 and 4
On the basis of information given helow answer questions 7 — 9.

Length of the Hoor of a reetangular room is 2 metres more than its breadth
and perimeter of the Hoor is 20 metre. For decorating the Hoor with mosaic
it costs Tk, 900 per square metre.

What is the length of the Hoor of the room in metre?

1) 10 2) 8 3) 6 4) 4

8. What is the area of the Hoor of the room in square metre?

1) 24 9) 32 3) 48 4) 80
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How much taka will be the total cost for decorating the Hoor with mosaic?

1) 72000 2) 43200 3] 28800 4) 21600

Solve by forming simultancous equations (10 — 17):

If 1 is added to each of numerator and denominator of a fraction, the fraction

will be —. Apain. il § is subtracted [rom each of numerator and denominator,

1
the fraction will he 5 Finul the fraction.

1 iz subtracted rom muunerator awd 2 is added to dewominator of & fraction,

the fraction will be 5 Again, if T is subtracted from numerator and 2 is
subtracted from denominator, the fraction will be 3 Find the raction.

The digit of the units place of a number consisting of two digits is 1 more
than three times the digit of tens place. But if the places of the digits ave
interchanged, the number thus found will be equal to eight times the sum
of the digits. What is the number?

Difference of the digits of a number consisting of two digits is 4. If the places
of the digits are interchanged, sum of the numbers so found and the original
number will be 110 ; find the number.

Present age of mother is four times the sumn of the ages of her two daughters.
Alter 5 vears, mother’s age will be twice the sum ol the ages of the two

daughters. What 1s the present age of the mother 7

If the length of a rectangular region is decreased by 5 metre and hreadth
is increased by 3 metre, the area will be less by 9 square metre, Again,
if the length is increased by 3 metre and breadth is inereased by 2 metre,
the area will be increased by 67 square metre, Find the length and breadth
of the rectangle.

A boeat. rowing in favour of current, goes 15 km per hour and rowing against
the current goes 5 km per hour. Find the speed of the boat and current.

A labourer of 4 garments serves on the basis of monthly salary, At the end of
every yvear she gets a fixed inerement. Her monthly salary becomes Tk, 4500
after 4 vears and Tk. 5000 after 8 vears. Find the salary at the beginning
of her service and amount of annual increment of salary.

2025
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18. A system of simple equations is & +y = 10, 3z — 2y =10

1) Show that the equations are consistent. How many solutions do they
have?

2) Solving the system of equations, find (z,y) .

3) Find the area of the triangle formed by the straight lines indieated Ly
the equations with the X- axis.

19, I 7 s added to the munerator of a fraction, the value of the fraction is
the integer 2, Apgain, if 2 is subtracted from the denominator, value of the
fraction is the integer 1.

1) Form a system of equations by the fraction =,

2) Find (z,y) by solving the system of equations by the method of cross-
multiplication. What is the fraction?

3) Draw the graph of the system of equations and verify the correctness
of the obtained valies of {a, y).

20, If the total number of sides of two polygons is 17 and total number of
diagonals of those polygons is 53, then what is the mumber of sides of each
polygon?

21, An assignment was given to some students where thev can work alone or in

2 . 3 .
a male-female group of two members. - of male students and = of female
students worked in groups. What fraction of students did that assignment

alone?

22, Tt takes 5 seconds for two trains of 100 and 200 metmwe lengths to cross each
other when they pass in the opposite direction and 15 seconds in the same
direction, Find the velocity of the two trains.

23, How many con ecutive integers are needed so that their produet is divisible
by 50407

24, How many times the hour hand and minute hand of a clock make an angle
of 30 degree with each other? Find the times.



Chapter 13

Finite Series

The term ‘order” is widely used in our day to day life. For example, the concept

of order is used to arrange the commodities in the shops, to arrange the events of

drama and ceremony, to keep the commodities in attractive way in the godown.

Again, to make many tasks easier and attractive, we use large to small, child to
old, light to heavy ete. types of order. Mathematical series have heen originated
from these concepts of order. In this chapter, the relation between sequence and
series and contents related to them have been presented.

At the end of this chapter, the students will be able to

|
-

describe the sequence and series and determine the differences hetween them.
explain finite series.

form formulae for determining the fixed term of the series and the sum of
fixed munbers of terms and solve mathematical problems by applving the
formulae.

determine the sum of sguares and cubes of natural numbers,

solve mathematical problems by applyving different formulae of serjes.
construet formulae to find the fixed term of & geometric progression and sum
of fixed numbers of terms and solve mathematical problems by applying the
formulae.

Sequence

Let us note the following relation:

1 2 3 4 woo e
i i 1 4 4
2 4 i 8 2n

Here, every natural number n s related to twice the number 2n. That means, the
set of positive even munbers {2,4,8,---} is obtained by a method from the set
of natural numbers {1,2, 3, .- }. This arranged set of even number is a sequence,

o
=
L
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Henee, some quantities are arranged in a particular way such that the antecedent
and subsequent terms becomes related. The set of quantities arranged in such a
way i called a sequence.

The aforesaid relation is called a funetion and written as f(n) = 2n. The general
term of this sequence is 2n. The number of terms of any sequence is infinite. The
way of writing the sequence with the help of general term is:

2n}t. n=1,2,3,--- or, {2n}12 or, {2n
i n=1 i

The lirst quantity of the sequence is called the lirst term, the second guantity is
called second term, the third quantity is called the third term ete. The hrst term
of the sequence 1, 3,5,7,-+- is 1, the second term is 2, ete. Followings are the four
exnmples of sequence :

1,258 voompns
1o T ROV, | SRS,

114!91+H 1ﬂilt.‘
L 2

23 n
2'3'4 "n+ 1
Work:
1} The general terms ol six sequences are given below. Write down the
seq 1?1-:‘{3&: i i
?’Il —
1) = 2 3) —
Sk @ 2 @) 5
n n
4) — 5) (—1)"H—— 6) (1)1l ——
#) Z () " (8) ()" 50—
2) Each of you write a_general term and then write the sequence.

Series

If the terms of a sequence are connected successively by 4 sign. a series is
obtained. Such as, |l +3 4+ 547 4+ --+ is a series. The ditferences between any
two successive terms of the series are equal. Again, 2+ 44+ 8+ 164+ iga
series. The ratio of two successive terms is equal, Hence, the characterstic of any
series depends upon Lthe relation between its two suceessive terms, Among the
series, two impartant series are arithmetie series and geometrie series,
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Arithmetic Series

If the difference between any two adjacent terms of a series is always equal, it is
called arithmetic series.

Example 1. 1+3+5+7+9+11 i3 a series, The first termn of the series is 1,
the second term 15 3, the third term s 5 ete,

Here, second term — frst term =3 — 1 = 2,

third term —second term =5 — 3 = 2, fourth term — third term =7 - 5= 2,
fifth term - fourth term =8 — 7 = 5, sixth term — fifth term=11—9= 2
Hence, the series is an arithmetic series,

In this series, the difference between two terms is called common difference. The
commaon diflerence of the mentioned series is 2. The numbers of terms of the
series are fixed. That is why the series is finite series. It is to be noted that if
the terms of the series are not fixed, the series i8 ealled infinite series, such as,
144+ T+ 10+ is an infinite series. In an arithmetic series, the first term and
the common difference are generally denoted by g and d respectively, Then by
detinition, if the first term is a, the second term is a + d, the third term is a + 24
ete. Hence, the series will be a + (a +d) + (a + 2d) +---.

Determining common term of an arithmetic series

Let the first term of an arithmetic series he aoand the common diference he 4.
Then the terms of the series are:

First term =a=a+4 (1 —1)d
Second term =a+d=a+ (2 - 1)d
Third term = a4+ 2d =a+ (3 — 1}d
Fourth term = a+3d=a+ (4 -1)d
conth term = a+ (n—1)d

This nth termn is called comumon term of arithmetic series. If the hrst term of
un arithmetie series in g and common differenee is d are known, all the terms of

2023
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the series can be determined successivelv by putting n=1,2,3,4,+++ in the nth
fierm.

Let the first term of an arithmetic series be 3 amd the common difference he 2,
Then nth term of the series is =3+ m—1) x 2=2n+1,

Worlk: [If the first term of an arithmetic series is 5 and common difference
is 7, determine the first six terms, 22nd term. rth term and (2p + 1)th term.

Example 2. Of the series 5 + 8+ 11 + 14+ -+ which term is 3837

Solution: The first term of the series @ = 5, common difference d = 8 — § =
11-8=14—-11=3

It 18 an artthmetic series.

Let, nth term of the series = 383

We know that, nth term =a+ (n — 1)d

soa4(n— Lyd = 383

or, 5+ (n—1)3 = 383

or, 5+ 3n — 3 = 383

of, In=3383—-5+4+3

or, 3n = 381
o
' 3
or, =127

. 127 th term of the given series is 383

Sum of 1 terms of an arithmetic series

Let the first term of any arithmetic series be g, last term be p, common difference
be d, number of terms be n and sum of n terms be §,,.

Writing from the first term to the last and conversely from the last term to the
first of the series we get,

Forma-35, Mathematics, Class 9-10
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Spn=o+(o+d)+(a+2d) 4+ +(p—2d)+{p—d)+p...(1)
and Sa=p+(p—d)+(p—2d) +- I[&—|—2-::£J (a+4d)+a. . (2)

Adding, 25, _{u+p}+{a+pl+[a+p) +(a+p)+(at+p)+(atp)

or, 25, = n{a+p) [.- number of terms of the series is n ]

= E{ﬂ +p) ... (3)
Again, nth term = p = a+ (n — 1}d. Putting this value of p in (3) we get,
iy = g[a + {a+ (n—1)d}|

ey Sy= g{za +(n—Dd} ... (4)

If the Arst term of an arithmetic series a, last term p and momber of terms n are
known, the sum of the series can be determined Ly the formula (3). But if the
first term @, commaen difference d and number of terms n are known, the sum of
the series are determined by the formula (4).

Determination of the sum of first # terms of natural numbers

Let 8§, be the sum of m-numbers of natural numbers i.e.
Se=14+243+-Fm—-1)%n

Writing from the first term and conversely from the last term of the series we get.

Sn=1+2+43+-+{n—2+n—-1U+n...(1)
dﬂdS—-ﬂ+{n—1}—I—(n ¥4+ +3 424+ 1...(2)

Adding. 28, = (n+ D+ m+ D +(m+ 1+ +(m+1) [p-number of terms]

or, 28, = n{n+1)

mr 4 1)
= (3

Example 3. Find the sum total of first 50 natural numbers.

- 5” i

Solution: Using formula (3) we get,

uU GLES j
Ssp = 5

* The sum total of first 50 natural numbers is 1275.

=25 x 51 = 1275

2023



2025

Chapter 13, Finite Series 275
Example 4. | +2+4+3+4+ ---+99 = what?

Solution:

The first term of the series g = 1. common difference d = 2 = 1 = 1 and the last

term p = 99.

= It is an arithmetic series.

Let the nth term of the series =9

We know, nth term of an arithmetic progression = ¢ + (n — 1)d
sa+(n—1)d=299

or, L +{n—1)1 =199

or, L+n—1=93

con=98

From {4) formula, the sum of first n-terms of an arithmetic series,
B %{za +(n — 1)d}

on ; 99 .
Henee, the sum of first 99 terms of the series Sy = ?{2 x L+(99—1) x 1} =
99

—(2498

5 (2 4 O5)

=2 ~ 2 — 99 x 50 = 4950

Alternative method: From formula (3). 5, = ?'_21('1 + Py
89 99 x 100

" Sin = (14 99) KT 4950

Example 5. What is the swm of first 30 terms of the serfes 74+ 124+ 17 +---7

Solution: First term of the series a =7, common difference d =12—-7=25
o It is an arithmetic series. Here, number of terms n = 30
We know that the swn of first n-terins of an arithmetic series |

Sy = g{za F (n— 1)d}

; 3
So, the sum of 30 terms Sag = E“{E vT4 (30 — 1)5} = 15(14 + 29 x 5)
— 1514 + 145) = 15 x 150 — 2385
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Example 6. Rashid deposits Tk, 1200 from his salary in the Arst month and
every subsequent month, he deposits Tk, 100 more than the previons month.

1)

Express the aforesaid problem as a series upto n ferms.

2) How much does he deposit inthe 18 th month and how much does he deposit
in first 18 months?

3) In how many years does he deposit a total of Tk, 1062007

Solution:

1} As per the question, first term of the arithmetic series, a = 1200, common
differenee d = 100
cosecomd term = 1200 + 100 = 1300
Third term = 1300 + 100 = 1400
neth term =a + (n— 1)d =1200 +(n — 1) 100 =1100+100n
- The series is 1200 + 1300 + 1400 + - - - + (1100 + 100n)

2) We know, n-th term = a4 (n — 1)d
. deposit in the 18 th month = a - (18 — 1)d = 1200+ 17 x 100 = 2900 Tk.
Again, summation of first nterms = 2—{23 + (n— 1}d}
. deposit in first 18 months = %8{2 x 1200 + (18 = 1) »x 100} Tk.
= 9(2400 + 1700) = 36900 Tk.

3) Let, he deposits 106200 Tk. in n months.

According to the question, g{ﬂn + (n— 1)d} = 106200

or, ;i{z % 1200 + (n — 1) % 100} = 106200
ar, 11(2400 + 100 — 100) = 212400

or, 100n? 4 2300n — 212400 = 0

or, n° +23n — 2124 =10)

or, n* +59n — 36n— 2124 =0

or, {n+59)(n—36) =0

So, n=—5b0 or, n=36

Number of months cannot be negative,

. Tha required time: 36 months or 3 vears,

2023
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Exercise 13.1

1. What is the number of terms of the series 13+ 20+ 27 +34 +---+ 1117
1) 10 2) 13 3) 15 4) 20

2. The series 5+ 84 11 + 14 4 +++ + 62
(#) is a finite series (1) is # geometric series
(¢74) 19th term of the series is 59
which one of the following is correct?
1} 4 and # 2) i and i 3) 71 and it 4) 4, 7t and 741

Based on the following informationanswer questions 3 — 4.

T+ 134+ 19+ 25 4+++ i8 & series.

3. Which one is the 16th term of the series?
1] 85 2) 91 3 97 4y 104

4. What is the summation of first 20 terms of the series?

1} 141 2) 1210 3) 1280 4) 2560
5. Find eommon difference and the 12th term of the series 2—5—-12—19—--
6. Which term of the series 8 + 11 + 14 + 17 + .-~ i5 3927
7. Which term of the series 4 + 7+ 10+ 13+ .- 15 3017

8, I the mth term of an arithmetic series is n and nth term is m. what is the
(m+ n)th term of that series?

9, What is the sum of first n terms of the sevies | +3+5+7++-+7
10, What 15 the sum of first 9 terms of the series 8+ 16+ 24 + ... 7
11, 54114174234 +--+ b9 = what?

12. 29425421 4---— 23 = what?

13, I the 12th term of an arithmetic series is 77, what is the summation of the hrst

23 terms of that series?
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It the 16th term of an arithmetic series is =20, what will be the sum of the first
31 terms?

The sum of the first n terms of the series 94+7+5+-++ 158 —144. Find the value
of n.

The sum of the first = terms of the series 2 +4 4+ 64+ 8 + --- 18 2550, Find the
vithue of n.,

If the sim of the first n terms of o series is n{n + 1), finel the series,

If the sum of the first n terms of a series is n(n + 1). what is the sum of the
first 10 terms?

If the sum of 12 terms of an arithmetic series is 144 and the tirst 20 terms is
560, find the sum of the first 6 terms,

The sun of the first m terms of an arithmetic series is n and the first n
terms is . Find the sum of the fivst (m+ n) ternns,

If the pth, gth and rth term of an arithmetic series are a, b, ¢ respectively.

show that alg—rY+blr—p)+clp—q) =0
Show that, | +3+5+ T+ + 125 = 169+ 171 + 173 + -+« + 209.

A man agrees to refund the loan of Tk. 2000 in some installments. Each
installment is Tk.2 more than the previous installment. If the first
installment is Tk.1, in how many installments will the man be able to
refund that amount?

The {th term of an arithmetic series is I and the kth term is &%

1} Construet two equations aceording to the information of the stem
considering @ as the first term of the series and d as common ditference.

2} Find the (I + &) th term,

3} Prove that smmmnation of the first ([ + k) terms of the series is
B2+ L+ k).
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Formulas of series

Determination of the sum of squares of the first n natural numbers
Let 5, be the sum of squares ol the st n natural numbers,

i Sa=12422 43+ +n?

we know,

M —aritir—1=(r—1)3

or, ¥ — (r— 1P =3r*—3r+1

in the above identity, putting r =1,2. 3.+ + .n we get.

P -0 =3-12-3-1+1

22— 1=3.22-3-2+1

3#F—23=3.32-3-3+1

= n=1%=3nF-8.a+1

adding we pet,

-0 =312 +22+3+-- +n?) —3(1 +2+3+--+n) +(1+1+1+---+1)

E—H{n il +n | cl+24+34- 0= ﬂ—{n t)
2 2

3 Sn{n+1) 2

2
_ 2P+ +3n—2n _ 20* 43 +n _ n(2n® +3n+ 1)
B 2 B 2 N 2
n(2n?+2n+n+1)  n{2n(n+1)+1L(n+1)}

2 ; 2

in+ 120
i, 38, = T .ll'i(__._’}..fr )
_nfn+ 1)(2n+1)
B f

or, n* =38, —

or, 35, =n

v Sﬂ
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The sum of cubes of the first n natural numbers

Let 5, be the sum of cubes of the first n natural numbers.

That is, Sp =13+ 254+ 33+ ... 4

We know that, (r + 1@ —(r—1P= {rz L) == 1) =dr

or, (r +12r* — r?(r — 1}2 = 4r - r? = 4r* | Multiplying hoth the sides by 2]
We get, in the above identity, putting, r = 1,2, 3, - ,n

2. 2-12.F=4.1%

32.22-2%.12=4.28

42.3¢ —32.2¢=4. 38

(n+12 - p*—n?. (R - 1)? =dn?
Adding we get,
m+1)2-n?2—12.02 =4(1* + 22+ 3* + ... + n)

or, (n+ 1)¢ - n? = 45,

Necessary formulae

1
Lo 14243 ---+H=E.EI*E+___}
2 12T22-|—32+,.,+n?_n{n+1}[2n+l}
| 6
?
3 13+23+“{3+...+ﬂ3={ﬁ-{n—+1}}
: ; .

NB: 134254+ 8+ ¥ =(14+2434+--+n)?

2025
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Work:

1) Find the sum of the first n natural even numbers.

2} Find the sum of the squares of the first n natural odd nmunbers.

(Geometric Series

If the ratio of any term and its antecedent termn of any series is always equal ie.,
if any term divided by its antecedent term, the quotient is alwavs equal, the series
i called a geometric series and the quotient 1s called common ratio. Such as, of
the series 2 4 4 + 8 4 16 4 32 the first term is 2, the second term is 4. the third
term is 8, the fourth term is 16 and the ffth term is 32. Here,

4
the ratio of the secomd term to the first term = 5 = 2

- : 8

the ratio of the third term to the second term = = 2
I . . 16

the ratio of the [ourth term to the third term = ~8 =
| iy . 32

the ratio of the Gth ternm to the fourth term = 6= o

So, this series is a geometrie series. In this series, the ratio of any term to its
antecedent term is always equal. The common ratio of the mentioned series is
2, The numnbers of terms of the series are finite, That is why the series is linite
geometric series.

The geometric series is widely used in different areas of physical and
hiological science, in organizations like Banks and Life Insurance ete,
and in different branches of technology.

If the numbers of terms are not fixed in s geometric series, it is called an infinite
eoometric series. The Arst term ol a geometrie series is generally expressed by a
and comumon ratios by 7. So by definition, if the first term is g, the second term
is ar, the third term is ar? ete. Henee the series will be a +ar +ar? + a3 +---,

Forma-36, Mathemancs, Class 9-10



a2 Mathematios (lasses IX-X

Work: Write down the geometric series in the [ollowing cases:
1) The frst term 4. common ratio 10

2) The first term 4, common ratio -

L

3) The first term 7. common ratio 0

4} The first term 3, common ratio 1

. , L
5) The first term 1, common ratio ~5

i} The first term 3, common ratio —1

Ceneral term of a Geometric series

Let the first term of a geometric series be a and common ratio he r, Then, of the

seTies
First term =0 = qr!™t Second term = ar = ar?-!
Third term = ar® = gr¥! Fourth term = ar? = art!

nth term = ar® !

This nth term is called the general term of the geometric series, If the first term
of a geometrie series @ and the common ratio v are known, any term of the series
can be determined by putting n = 1,2, 3,--- ete. suceessively in the equation of
the nth term.

Example 7. What is the 10th term of the series 2 4+ 4 4+ 8 4+ 16+ - 7

Solution: The first term of the series & = 2. common ratio ¥ = = = 2

2

.. The given series is a geometric series,

We know, the nth term of a4 geometrie series = ar®=

. 10th term of the series= 2 x 21071 =2 x 29 = 1024

Example 8. What is the general term of the series 128 + 64 4+ 32 -+ 7

[ r ¥ 1 - ¥ 1.
Solution: The first term of the series a4 = 128, common ratior = — = =

128 2

It s o geometric series.

We know, general term of geometric series = ar™™!

2023
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So, the general term of the series = 128 (1) = 2 =L __ 1
0, the general term of the series = L28 % E = T = gni7 a8

Example 9. first and the second terms of a geometric series are 27 and 9.
Find the 5th and the 10th terms of the series.

Solution: The first term of the given series a = 27, the second term = 9

N 2rxl 1
3/ 2Tx3 3

SO LTI 11
and the tenth term = ar'®! =27 x (—) -~ -

® o pal—

2 The commaon ratio r= —
27

. The fifth term = @i = 27

3) " 3«3 3 720
Determination of the sum of a Geometric series
Let the first term of the geometric series be @, comunon ratio r and mumber of
terms 1. If Sy is the sum of n terms,
Se=a+ar+ar’+-oFar® 4ot (1)
and - Sy =or +ar’ +ar’ + -+ ar" ! 4+ or" [multiplying (1) by r]... (2)

Subtracting, Sg — rS, =0 — ar”

or, Spll —ry=ua(l —r")
1—r™

)

om _af
on = 1.~

Again, subtracting (1) from (2),

cwhen r< 1

ey — &, = ar® —a

Qr, Snl:?" — _:I_.h = ﬂ(?"ﬁ . l}

- ]'}
2= H{T—l~ when r > 1
i

Observe: IF comimon ratio is ¢ = 1, each term =«
Here, in this case S, =a+a+a+---upto n = an

Work: Mr Rahim employed a man from the first of April for taking his son
to school and taking back home for a month, His wages were fxed to he
one paisa i first day, twice of the lirst day in second day 1.e. two paisa. twice
of the second day in the third day i.e. four paisa. If the wages were paid in
this way, how much would he get after one month including holidays of the
week 7




234 Mathematics (lasses IN.X
Example 10. What is the sum of the series 12 + 24 + 484+ .- 4 T68?

Solution: The first term of the series is a = 12, commeon tatio v = 12 =21
cLit I8 a geometric series.
Let, the mth term of the series = 768

We know, the nth term = gr®!

Lartl = TRS

or, 12 x 271 = 768

or; 2Ll = ?ﬁ = 64
12

Gr1 2"...1 - EE

or,i—1=8§

n=7T
)
Therefore, the sum of the series = H—Er—_l—;i whenr > 1
i
12(27 — 1
3 . ; . : 2 L. 3 .1
Example 11.Find the sminof thefirst eight terms of the series 14 5 + i + 3 4
1
9 1
Solution: The first term of the series a = 1, common ratio ¢ = % =i o

- It s a geometric series, Here the number of terms n = 8.
We know, s of n terms of a geometrie series

_a{l— )

I

S5 ,whenr<1

Henee, sum of eight terms of the series is Sy =

2023
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Example 12. Palash Sarker joined the job in January 2005 at a yearly salary
of Tk. 120000. His vearly increment is Tk, 5000. 10% of his salary is deducted
every year for provident fund. At the end of vear he deposits 12000 Tk, in a bank
at a compound interest of 129, He will retire from the job on December 31, 2030.

1} Which geries done the basic salary of Palash Sarker follow? Write down that series,

2) How much salary (in Tk.) would he receive in his entire job life excluding
the provident fund meoney?

3) What is the amonnt of total deposited money with interest in the hank by

December 31, 20317
Solution:

1) Basic salary of Palash Sarker follows arithmetic series.
The first term of the series @ = 120000 and common difference = 5000
. The second term = 120000 4 5000 = 125000
The third term = 125000 + 5000 = 130000
., The series is. 120000 4 125000 + 130000 + - - -

2) The total amount of salary excluding the provident fund from January 2005
to December 31, 2030 ie. (2030 — 2005 + 1) or, 26 vears is:

(120000 — 10% of 120000) + (125000 — 10% of 125000) + (130000 — 10% of
L30000) 4+ +»

= (120000 — L2000) + (125000 — 12500) - (130000 — L3000) + - - -
= 108000 -+ 112300 4 117000 4 «

In this canc it 15 an arithmetic series whose first term, a = 108000, commaon
ditlerence d = 112500 — 108000 = 45300 and number of terms n = 26

26
.. Total salary he receives in 26 years = E{E ¢ 108000 + (26 — 1) x 4500}
Thk.

= 13(216000 + 112500) = 13 % 328500 = 4270500 Tk.
3) Total time from 2005 to 2031 is (2031 — 20056) or 26 vears

. : 12
Deposit of 12000 Tk, after 1 vear 12000 (l L ﬁ) = 12000 x 1.12 Tk.
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Deposit of 12000 Tk, after 2 vears 12000 x {1.12)? Tk,

Deposit of 12000 Tk. after 3 vears 12000 x (1.12)F Tk.

. Total deposited amount after 26 vears = 12000 1,12+ 12000% {1.12)24+ ..
upto 26 th term.

12000{1.12 4 (1.12)% + - -+ 4 (1.12)%}

(1:12)% -] 18.04
= 19000 110 s Ams 2 _ yonn0se i tast
A = e TR

2020488 Tk, (approx:)

Exercise 13.2

a,b,c and d are four eonsecutive terms of an arithmetic series. Whieh one
of the following is trne’

d - b -
1) h=£; 2) u=%‘; 3) c=—';—‘°f 4) d:”f‘"
Forne N

2+'ﬂ
; Y"n:n
(E)g....r 2

(i) ¥ont= éﬂ.l:ﬂ. + 1){n+2)
iy o = O +f”+ Y

Which ane of the following is true?

1) iand # 2) 1 and 3) i1 and 44 4) ¢, 1 and %44
On the basis of the following series, answer questions 3 and 4.
log2 + logd 4 log8 + -+
What is the common ditference of the series?

1) 2 2} i 3) log2 4) 2log2
Which one is the 7th term of the series?

1) log32 2) log64 3) logl28 4) log256
Find the eighth term of the series 64+ 32 + 16 4+8+---,

Find the sum of the first 14 terms of the series 34+ 94+ 27 4+ -- -,

2025
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X . . 1
7. Which term of the series 128 + 64 + 32 + --- is -,5-':"
8., If —— is the fifth and ol 15 the tenth term of a geometrie series, find its
third term.
e 1 )
9. Which term of the series — — 1 4+ /2 — -+ iz 8y/27
V2
10. If 5+ z + y + 135 is a geometric series, find the value of z and y.
11, If 3+ x+y+ 2+ 243 is a geometric series. find the value of z,y and z.
12. What 1s the sum of the first 7 terms of the series 2 4 48 ~ 164 -7
13. Find the sum of (2n 4+ 1) terms of the series 1 — 14+ 1 — 14 ---.
14. What is the sum of the first 7 terms of the series log2 + logd + log8 +--- 7
15, What is the sum of the first 12 terms of the series log2 + logl + loghl2 + -+ 7
16.  If the sum of n terms of the sevies 24+ 44+ 8 4+ 16 +- -+ i5 254, find the value
of n.
17. Whal is the sum of (2n -+ 2) terms of the series 2 -2 4+2 -2 ... 7
18, If the smm of cubes of poatural nonbers 18 441, fAnd the value of 1 oand Gond
the sum of those i terms,
19. [If the sum of cubes of n natural numbers is 225, find the value of n and find
the sum of squares of those n terms,
20. Show that, B4+ 24+ F 4+ 10 =(14+2+34+.-4+10)?
P23 438 4.4 .
21. If —— = 210, what is the value of n?
1+24+34---4n
22.  An iron-bar with length of ome metre is divided into ten-pieces such that
the lengths of the pieces form a geometric progression. If the largest piece
i= ten times than that of the smallest one, find the length in approximate
millimetre of the smallest piece.
23. The first term of a geometric series is @, common ratio v, the fourth term of

the series 18 —2 and the ninth term is Bvﬁ.
1} Express the above information by two equations.

2) Find the 12th term of the series.
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3) Find the series and then determine the sum of the first seven terms of

the series,
24. The nth term of a series 1s 2n — 4.
1} Find the series,
2) Find the 10th term of the series and determine the sum of the first
20 terms,

3) Considering the first term of the obtained series as the 1st term and the
common difference as common ratio, construct a new series and find

the sum of the first § terms of the series by applying the formula.

25. An 5.5.C. examinee gets his result at 1: 15 pom. At 1: 20 p.m. 8 students
get their results, at 1: 25 pan 27 students get theirs,

1) As per the stem write down the two patterns.

2) How many students will know their results at exactly 21 10 pom? How
many students would be knowing their results by 2 : 10 p.m.?

3} When will 6175225 students get their results?

2023
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Ratio, Similarity and Symmetry

For eomparing two quantities, their ratios are to be considered.  Again, for
determining ratios, the two quantities are to be measured in the same units. In
alpehra we have discussed this in detail.
Al the end of this chapter, the students will be able to
B explain geonmetric ratios.
explain the internal division of o line segment.
verify and prove theorems related to ratios.
vority and prove theorems related Lo similarity,

explain the concepts of symmetry,

¥¥y¥yvyy

verify line and rotational svmmetry of real objects practically,

Properties of Ratio and Proportion

(N Ho:b=x:yand ¢ d=x:yit follows that, a : b=¢: d.
(#) Ifa:b="0:a,il lollows that, a =10
(#38) If @ : b=z :y it follows that, b:a =y : z (inversendo),
(i) If o : b=z : it follows that, @ : &= by (alternendo).
(v) lla:b=-c:dit follows that, ad = be (eross-multiplication)
(wi) Ifa:b=m:yit follows that, a+ b b=2 + y : ¥y (componendo)
and a —h:b=g—y: y (dividendo)

(vai) If %' = 5 it [ollows that H = z%g (componendo and dividendo),

Forma-37, Mathematics, Class 9-10
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Geometric proportions

We have learnt to find the area of a triangular region. Two necessary concepts

of ratio are to he formed from this,

1,

If the heights of two triangles are equal, their bases and areas are
proportional.
A b

8 @ cC E 4 F

Let the bases of the triangles ABC and DEF be BC = a, EF = ¢

respectively and the height i both cases be f.

1
Hence, the area of the triangle ABC = 5 » g % k. the area of the trinngle DEF
1
=—xdxh
2
Therefore, the area of the triangle ABC" area of the triangle DEF
=éxaxh:%xdxh=n:d=BG:EF

If the bases of two triangles are equal, their heights and areas are

proportional.
A D
h k
B P b cC E 0 5 F

Let the heights of the triaugles ABC and DEF be AP = h, D) = krespectively
and the liase in both cases be &,

1
Hence, the area of the triangle ABC = 5 b x h, and the area of the

&

1
triangle DEF = 7 xbxk

Therefore, the area of the triangle ABC: area of the triangle DEF

=%xbxh:%xbxk=h:k=ﬂP:DQ

2023
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Theorem 28, A straight line drawn parallel to one side of a triangle intersects
the other two sides or those sides produced proportionally,

Special Nomination: In the fgure,

the straight line DE is parallel to the A 4
gide BC of the triangle ABC. DE
intersects AR and AC (Hgure-1) or their D o
produced sections (ligure-2) at D and F B
respectively. It is required to prove that
AD:DB = AE : EC g «ce E
Drawing: Join B, E and C. D. Figue-{ bigue:2
Proof:
Step 1. The heights of AADE and ABDE are equal.
_ AADE  AD

" ABDE — DB [The bases of the triangles of equal height are
proportional |

Step 2. The heights of AADE and ADEC are equal

ONADE AR

[The bases of the triangles of equal height are

" ADEC  EC
proportional |
Step 3. But ABDE = ADEC (On the same hase DE and hetween same

Jair ol ]illﬁt\'}
; MAADE _ AADE
" ABDE ADEC

AD AR
Step 4. Therefore, =
“p wrefore, 5E = e

Le, AD: DB = AE: EC

Corollary 1. Il the line parallel 1o BC of thllm 1:'irﬂ;gr* ABC i11l.m'.~_u_u':{trf the sides
B ! AB AL

AB and AC at D and E respectively, then iD= AB and BD = CF

Corollary 2. The line through the mid point of a side of a triangle parallel to

another side hisects the thivd line.

The proposition opposite of theorem 28 is also true. That is if a line segment
divides the two sides of & triangle or the line produced proportionally, it is parallel
to the third side. Here follows the proof of the theorem.
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Theorem 29. 1l a line segment divides the two sides or their produced sections
of a triangle proportionally, it s parallel to the third side.

Special Nomination: ITun the triangle A A
AEBC the line sepment DE divides the
two sides AB and AC or their produced

sections proportionally. That is, AD : D 2

DB = AE : EC. It is required to prove B

thal DE and BC are parallel, B C D E

Drawing: Join B, E and C, D.

Proof:

G NADE  AD e : i

Step 1. ABDE -~ DB [Triangles with equal height

AADE  AE L R
and ADEC — FO [Triangles with equal height |

AD AR .

Step 2. But FE= EC |Given!

AADE  AADE
ABDE — ADEC
S ABDE = ADEC

Step 3. Therclore, [ from (i) and (ii)]

Step 4. But ABDE and ADFEC are on the same side of the common base DE.
So they lie between a pair of parallel lines,

;. BC and DE are parallel,

Theorem 30. The internal bisector of an angle of a triangle divides its opposite
side in the ratio of the sides constituting to the angle.

Special Nomination: In AABC the line
segment AL hisects the internal angle ZA and
intersects the side BC at D, It is required to
prove that BD : DC' = BA . AC.

Drawing: Draw the line segment OF parallel
to DA, sothat it intersects the side BA produced
at F.

2023
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Proof:

Step 1. Since, DA || CE and BE is their transversal by construction|
SLAEC = £ZBAD lcorresponding angles|

Again, DA || CFE and AC iz their transversal o, JACE = Z0OAD
[corresponding angles]

Step 2. But £BAD = ZCAD [supposition]
L LAEC = ZACE Hence, AC = AE [Chapter 6 Theorem 8]

Step 3. Again, since DA | CE  Therefore, gg 5t g; [step 2]
Step 4. But AE = AC

~BD BA

"DC ~ AC

Theorem 31. If any side of a triangle is divided internally, the line segment
from the point of division to the opposite vertex hisects the angle at the vertex,
Special Nomination: Let ABC be a triangle E

andd the line segment AD from vertex A divides
the side BC at D such that BD : DC = BA :

AC. Tt is required to prove that AD bisects 4
SBAC ie. £FBAD = /CAD
Drawing: Draw at C the line sepment OF
parallel to DA. so that it intersects the side BA 5 El: 7ol
produced at £,
Proof:
Step 1. For ABCE DA || CE [y construction|
s BATAE=BD:DC [theorem 28]
Step 2. But BD : DC = BA : AC ‘supposition]
SBA:AE = BA: AC [from step 1 and step 2]
SAE = AC
Therefore, LZACE = ZAEC | base angles of isosceles triangle are n:_|ua||

Step 3. But ZAEC = ZBAD [ corresponding angles|
and ZACE = ZCAD |alternate angles|
Therefore, ZBAD = A0AD [from step 2]

o the line segment AD bisects £ZBAC,
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Exercise 14.1

1. The bisectors of two base angles of a triangle intersect the opposite sides at
X and Y respectively. If XY is parallel to the base, prove that the triangle
is an isosceles triangle,

2. Prove that if two lines intersect a few parallel lines, the matching sides are
proportional.

3. Prove that the diagonals of a trapezium are divided in the same ratio at
their point of intersection.

4. Prove that the line segment joining the mid points of obligue sides of a
trapezium and two parallel sides are parallel,

5. The medians AD and BE of the triangle ABC intersect each other at G.
A line segment is drawn through G parallel to DE which intersects AC at
F. Prove that AC = 6EF.

6. In the triangle ABC, X i2 any point on BC and O is a point on AX, Prove
that AAQOB : AAQOC = BX : XC

7. In the triangle ABC, the hisector of A intersects BC at D. A line segment
drawn parallel to BC intersects AB and AC at E and I respectively. Prove
that BD : DG = BE : CF.

8. If the heights of the equangular triangles ABC and DEF are AM and DN
respectively, prove that AM : DN = AR : DE.

9. In the adjacent hgure BC' | DE

1} Prove that, ABOC and ADOE
are similar,
2] Prove that, AD: BD = AE : CE.
3} Prove that, BO: OE=C0: 0D
Similarity

The congruence and similarity of triangles have been discussed earlier in class VIL
I general, congruence is a special case of sunilarity. If two ligures are congruent,

they are similar; but two similar triangles are not always congruent.

o
=
L
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Equiangular Polygons: If the angles of two polygons with equal number of
sides are sequentially equal, the polygons are known as equiangnlar polygons.

r o (o i 7

R A B F ¢

Similar Polygons: I the vertices of two polveons with egual number of sides
can be matched in such a sequential way that

(4} The matching angles are equal and (i) The ratios of matching sides are
equal, then the two polvgons are called similar polygons.

In the above figures, the rectangle ABC'D and the square PQRS are equinngular
since the nmmber of sides in both the figures is 4 and the angles of the rectangle
are sequentially equal to the angles of the square (all right angles). Though the
sitnilar angles of the hgure are equal, the ratios of the matching sides are not the
same. Hence the Heures are not similar. In ease of triangles, situation like this
dnes not arise. As a result of matching the vertices of triangles, if one of the
conditions of similarity is true, the other condition antomatically hecomes true
and the triangles are similar. That is, two similar triangles are always equiangular
and two equiangular triangles are always similar,

If two triangles are equiangular and one of their matching pairs is equal, the
triangles are congruent, The ratio of the matching sides of two eguiangular
triangles 15 a constant. Proofs of the related theorems are given helow.

Theorem 32. I two triangles are equiangular, their matehing sides are
proportional,

Special Nomination: Let ABC and DEF be triangles with £A4 = /D, LB =
AE and L0 =/F
AB AC BC
DE DF EBF
A 0

We need to prove that,

Tl
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Drawing: Consider the matching sides of the triangles ABG and DE F unequal.
Take two points P and @ on AR and AC respectively so that AP = DE and
AQ = DF. Jein P and @ and complete the drawing.
Proof:
Step L. In AAPQ and ADEF
AP=DE AQ=DF,ZA = 2D Therefore, AAPQ = ADEF [SAS theorem|
Therefore, LZAPQ = LDEF = ZABC and LAQP = £ADFFE = LACBE.
That is, the corresponding angles produced as a result of intersections of
AB and AC hy the line segment PQ are equal.
AB_4C AB_ Ao
AP AQ " DE” DF
Step 2. Similarly, cutting line segments ED and EF from BA and BC
respectively, it can be shown that,
BA _BO
ED  EF
o AB_BO 4B _AC_BO
““DETEF " DE DF BEF

The proposition opposite of theorem 32 is also true.

Therefore PQ || BC

[corollary 1]

[theorem 25

Theorem 33. If the sides of two triangles are proportional. the opposite angles
of their matching sides are equal,

AB AC _ BC

DE - DF — BR [t is to

Special Nomination: Let, in AABC and ADEF,
prove that, #A= /2D, FB=/FE, ZG=/F,
A (]

VAV

/
B

C

Drawing: Consider the matching sides of the triangles ABC and DEF unequal,
Take two points P and @) on AB and AC respectively, so that AP = DE and
AQ = DI Join F and Q).

2023
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Proof:
. AB AC AR AC
Sinee 5E - DF Therefore o E

Therefore PQ || BC theorem 29
S LABCO = £LAPQ | corresponding angles made by the transversal AB]
and LACE = £LAQFP | corresponding angles made by the transversal AC]
S AABC and AAPCG) are equiangular,
Therefo 45 Hcor AR 20
Srerore, — =
AP PQ ' DE PQ
But AL i
DE  EF
_BC _BC
“EBF PO
SBF =P
Therefore AAPQ and ADEF are congruent, [SSS theorem]
L LPAQ =2EDF, LAPQ =2DEF, £AQP=FDFE
SLAPQ = LABC and LAGQGP = LACB

/A=/D, 7JB=/E,/C=/F

[theorem 32]

[supposition]

Theorem 34. If one angle of a triangle is equal to an angle of the other and
the sides adjacent to the equal angles are proportional. the triangles are similar.

y N— i Al AC
Special Nomination: Let in AABC and ADEF, £4 = 21 and BE = DF

It is to be proved that, AABC and ADEF are similar.
A D

/ N, E i
B c

Drawing: Consider the matching sides of ABC and DEF unequal. Take two
points P and & on AB and AC respectively so that AP = DFE and AQ = DF.
Join 7 and Q).

Forma-38, Mathemancs, Class 9-10
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Proof:
For AAPQ and ADEF AP = DE, AQ = DF and internal £4 = internal 2D
LBAPQ = ADEF [SAS theorem)|

Ll A=LD, LAPY =B, LAQP =/F

Again, since —B = E therefore A_-B = E
R DE DF' AP AQ

[theorem 20]
~PQ| BC

Therefore ZABC = ZAPQ and ZACE = LAQP
S LA=ZD LB =4E and LC = LF

ie, AABC and ADEF are equiangular
Therefore AABC and ADEF are similar.

Theorem 35. The ratio of the areas of two similar triangles is equal to the
ratio of squares on any two matching sides.

Special Nomination: Let the triangles ABC and DEF be similar and BC and
EF be their matching sides respectively. It is required to prove that, AABC :
ADEF = BG? : EF?

A
n
h /‘\
7] o i E H r

Drawing: Draw perpendiculars AG and DH on BC and EF respectively. Let
AG=h, DH =p.

2023
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Proof:
Step 1, AABC = % x BC' % h and &DEF=%K EF xp
1
&AHG_EKBGKhHEKBG
ADEF 1 p  EF

— % BF % p

w2

Step 2. But in the triangles ABG and DEH, /B =28, ZAGEBE=/ZDHE
[1 right angle|

o £BAG = £FEDH
SAABC and ADEF are equiangular, so similar,
h AB BC

>~ DE — EF las AABC and ADEF are similar]

AABC b BC BC _BC B

Step 3. m—;x EF EF'X EF  EF?

Internal Division of a Line Segment in definite ratio

It A and B are two different points in A plane and yn and % are two natural
numbers, we acknowledge that there exists a unigue point X lying between 4 and

Band AX - XB=m:n

In the above figure, the line segment AB is divided at X internally in the ratio
m:nie AX: XB=m:n
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Construction 12. To divide a given line segment internally in a given ratio.

Special Nomination: Let the line segment AB
be divided internally in the ratio m : n.

Drawing:  Let an angle 5AX be drawn at
A From AX cut the lengths AE = m and
EC = n sequentially. Join B, 0, AL E, draw
line segment ED parallel to O'B which intersects
AR at D. Then the line segment AB is divided
at D internally in the ratiom : n.

Proof: Since the line segment DE is parallel to
a side BC of the triangle ABC.
SLAD:DB=AF: EC=m:n

Work: Divide a given line segment in defimite ratio internally by an
alternative method.

Example 1. Divide a line segment of length 7 ¢ m  internally in the ratio 3 : 2.

Solution: Draw anv ray AG. From AG, cut a

line segment AS = 7 ¢ m. Draw an angle Z5A4X X

at A From AX, ecut the lengths AE = 3 c.m. ) S

and EC = 2 cm  from EX. Join B,C. At E

E, draw an ZAED equal to LACE whose side :

intersects AB at D, Then the line segment AB 4 I ; e,

is divided at D internally in the ratio 3 : 2.

Work:

Diraw a triangle similar to a particular triangle whose sides are —» the sides

of the given triangle.
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Exercise 14.2

1. In AABC,f the line DE parallel to BC intersects AB and AC at D and
E respectively, then-
() AABC and AADE are similar.
s
( BD AE
(idt) AABC  BC?
AADE — DE?

Which one of the following is true?

1) 4 and 2) ¢t and 4 3) 41 and g4 4) 4, i and i
Use the information from the adjacent fgure to answer

the questions 2 and 3:
2. What is the ratin of the height and base of AABC?

A
AR

1 4 2 5 o

1 = 2) = ) = g) 2 -

) 3 ) % ) % ) 7 Vi o

3. What is the area of AABD in square units! BBy *

1) 6 2) 20 3) 40 4y 50
4, If in AABC, PQ || BC, then which one of the

following is true? A

1) AP: PE=AQ : QC

2y AB: PQ=AC . PQ P 0

3, AB: AC = PQ:BC i B

4) PQ:BC = BP: B
5. Prove that if each of the two triangles is similar to a third triangle. they are
congruent to each other.
6. Prove that, if one acute angle of a richt-angled triangle is equal Lo an acute
angle of another right-angled triangle, the triangles are similar.

7. Prove that the two right-angled triangles formed by the perpendicular [rom
the vertex eontaining the right augle ave similar to each other and also to
the original triangle.
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10.

11,

12,

13.
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D

In the adjacent figure, ZB = ZD and CD = A,

4AB. Prove that, BD =5BL. %

L'T
A line segment drawn through the vertex 4 of the parallelogram ABCD
intersects the BC and DO at M and N respectivelv. Prove that BM » DN
is a constant,

D
In the .-ulljm:unl. figure BD 1 AC and DG = BQ =
2AQ = 5QC. Prove that, DA L DC. A ¢

B
In the triangles AABC and ADEF /A = Z0. Prove that, AABC
LADEF =AB-AC: DE-DF

The hisector AD of £4 of the triangle ABC intersects BC at D, The line
serment G'F parallel to DA intersects the line segment BA extended at E,

1) Draw the figure according to the information.
2) Prove that, BD : DC = BA : AC
3) If a line segment parallel to BC interscet AB and AC at P and @
respectively, prave that BD : DC' = BP : CQ.
In the ligure, ABC and 25 Fare two similar triangles,

1) Name the matching sides and A D

matching angles of the triangles, /J\ /l\
2) . ]

Prove thiat,
AABD A A pgr 24 M & 9 ¥
ADEF — DE? DF®  [f?

3) tBC=3cm, EF=8c¢m, LB =46(°, i—g = g and area of AABC

is 3 square ¢ m, then draw the triangle ADEF and find its area.
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Symmetry

Symmetry is an important geometrical concept, commonly exhibited in nature
and = used ahnost in every feld of our activity, Artists, designers, architects,
carpenters always make use of the idea of symmetry, Tree-leaves, Howers,
bechives, houses, tables. chairs -everyvwhere we find symmetrical designs. A
figure has line symmetry, if there is a line about which the figure may be folded

s0 that the two parts of the figure will coincide.

Uen —
T

Each of the above Rgures has the line of symmetry.

Waork:

1} Sumi has made some paper-cut design as shown
in the adjacent figure. In the Boure, mark the

lines of symmetry. How many lines of symmetry e
does the figure have? Falbs
S € NEIre Nave. 3 - ‘:}
2 Write and identify the letters in English alphabet R It
! ' S rl']aﬁrﬁ

having line symmetry. Also mark their line of
-."-'_‘!r’l'lll]‘ti.!t.l"_r'.

Line of symmetry of a regular polygon

A polygon i3 a closed figure made of several line segments. A polygon is said to be
regular if all its sides are of equal length and all its angles are equal., The triangle
is a polygon made up of the least number of line segments, An equilateral triangle
s o regular polveon of three sides. An equilateral triangle is regular becanse its

sides as well as angles are equal. A sguare is the reg : ' fi sidis.
sides as well as angles are equal. A square is the regular polygon of four sides
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The sides of a square are equal and each of the angles is equal to one right angle,
Similarly, in regular pentagons and hexagons, the sides are equal and the angles
are equal as well.

Equilateral triangle Square Regular pentagon Regular hexagon

Each regular polvgons is a igure of svmmetry. Therefore, it is necessary to know
their lines of symmetry. Each regular polvgon has many lines of symmetry as it

hias manry sides,

Three lines of symmetry | Four Hies of symmery Five lines of symmetry | Six lines ul'":ymn::rr}'
Equilatern] trinngle Soure Regular pentngon Regular hexagon

The concept of line symmetry is closely related to mirror
reflection. A geometrical figure has line synmetry when
one hall of it is the mirror iimage of the other half, So, the
line of symmetry is also called the reflection symmetry.

Work:

1) The line of symmetry is given, find the other hole.

INOE

2)  Identify the lines of symmetry in the following geometrical Higures,

(1) An isosceles triangle (2) A scalene triangle
(3) A square {(4) A rhombus (5) A regular hexagon
(G) A pentagon (71 A eirele
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Rotational symmetry

When an obyject rotates around any fixed point, its shape and size do not change.
But the diferent parts of the object change their position, If the new position
of the ohject after rotation hecomes identical to the original position, we say the
ohject has a rotational symmetry. The wheels of a hicycle, ceiling fan, square ete.
are examples of objects having rotational symmetry, As a resull of rotation the
blades of the fan looks exactly the same as the original position more than onee,
The blades of o fan may rotate in the clockwise direction or in the anticlockwise
direction, The wheels of o hicyele may rotate in the clockwise direction or in the
anticlockwise direction. The rotation in the antwlockwise direction is considered
the positive direction of rotation.

This fixed point around which the chject rotates is the centre of rotation. The
angle of turning during rotation is called the angle of rotation. A full-turn means
rotation by 360%; a half-turn is rotation by 180°,

In the figure below, a fan with four blades rotating by 90° is shown in different
positions. It is noted during a complete revolution in four positions (rotating
about the angle by 90°, 1807, 270 and 360°%), the fan looks exactly the same. For
this reason, it i said that the rotational symmetry of the fan is order 4.

%%%ﬂ%%

Here is one more example for rotational symmetry, Clonsider the intersection of
two diagonals of a square the centre of rotation. In the quarter turn about the
centre of the square, any dingonal position will be as like as the second figure. In
this way, when vou complete four quarter-turns, the square reaches its original
position. It is &aid that o square has a rotational symmetry of order 4.

P E

|
a-‘%ﬁm » "“;ﬂn +—}-—g — —:—E'ET - 4 -

P P

F

Forma-39, Mathematics, Class 9-10
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Observe also that every object occupies same position after one complete
revolution, So every geometrical object has a rotational symmetry of order 1.
For finding the rotational symmetry of an object, one needs to consider the
following matter.

1) The centre of rotation

2) Th

+ angle of rotation
3) The direction of rotation

4} The order of rotational symmetry

Work:

1) Give examples of  plane objects from your snrroundings which have
rotational symmetry.

2) Find the order of rotational symmetry of the ollowing Agures.

X HD DA

Line symmetry and rotational symmetry

We have seen that some geometrical shapes have only line symmetry, some haye
only rotational symmetry and some have baoth line symmetry and rotational
symmetry. For example. the square has four lines of symmetry as well rotational

symmetry of order 4.

The circle is the most symmetrical hgure, because it can be rotated around its
centre throurh any angle.  Therefore, it has unlimited order of rotational of
symmetry. At the same time, every line through the centre forms a line of

reflection symmetry and s it has unlimited number of lines of symmetry.

2023
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Work: Deétermine the line of symmetry and the rotational symmetry of the
given alphabet and complete the table below:

Letter | Line of symmetry | Number of lines of symuetry | Rotational symmetey | Order of mtational symmetry
1 5 : | = | - .
i I i
0 | | |
L E | | |
C | |

Exercise 14.3

1.

In plane geometry:
(1) The triangle is a polygon made up of the least number of line segments.
(#2) A rhombus is the regular polygon of four sides
(i2) Sides of a regular polygon are equal, but angles are no
Which of the following is true?
1) ¢ 2} iandiz 3) dand iy 4) 1, 11 and 79
How many lines of symmetry does a scalene triangle have?
1y o 2) 1 3) 3 4y Countless

From the [ollowing figure, answer question 3 and 4,

The length ol each side of the polyvgon is 6 ¢.m.

How many lines of symmetry does the polygon have?
1) 3 2) 6 3) 7 4} Countless
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4 For the polygon-

(2) Order of rotational symmetry is 4

(#1) The angle of rotation is 60°

(142) Each angles in equal

Which of the following is trus?

1) 2) % 3] 41 and 13 4) 1, 41 and i3
3. Which one of the followings has line of symmmetry?
1} Fignre of a house 2} Figure of a mosque 3} Fignre of a temple

4} Figure of a church 5} Figure of a pagoda 6) Figure of a parliament
7} Figure of a mask S} Figure of the building of the Tajmahal.

6. Lines of symmetry are given (dashed lines), complete the geometrical fignres
and fdentify:

/ <

7. Find the lines of symmetry of the following figures:

@ U A\ B

8. Complete the following figures such that refleetion symunetry is achieved:

9. Find the rotational symmetry of the following higure:

PO PO A

i8]

2023



2625

Chapter 14, Ratio, Similarity and Symmetry 309

10, Draw those English letters that have symmetry with respect to—

11
12.

13.

14.

15.

1) Horizontal mirror
2)  Vertical wmirror
3) Beth horizontal and vertical mirrors

Draw three figures which do not have symmetry,

When vou slice a lemon, the cross-section looks as shown
in the hgure. Determine the rotational symmetry of the
figure.

Fill in the blanks:

Shape (Centre of Rotation | Order of Rotation | Angle of rotation

Soares

Rectangle

T‘iiiﬂ]l‘l}ﬂ 15

Equilateral triangle

Seti-cirele

_Iiugular pentagon

Name the quadrilaterals which have line of symmetry and rotational
symmetry ol order more than 1.

Can we have a rotational symmetry of a body of order more than 1 whose
angle of rotation is 18°7 Justify vour answer.



Chapter 15

Area Related Theorems and
Constructions

We know that bounded plane figures may have different shapes, If the region is
bounded by four sides, it is known as quadrilateral Quadrilaterals have classification
and they are also named based on their shapes and properties. Apart
from these. there are many regions bounded by more than four sides.
These are polygonal regions or simply polvgons, Every closed region has a
certain measurement, which is called the area of the region. For measurement of
areas usually the area of a square with sides of 1 unit of length is used as the
unil area and their areas are expressed in square units, For example, the area ol
Bangladesh is 1.47 lacs square kilometers (approximately). In our day to day life
we need to know and measure areas of polygons for meeting the necessity of life,
S0, it is important for the learners to have a comprehensive knowledge about
areas of polygons, Areas of polygons and related theorems and constructions are

presented here.

At the end of the chapter, the students will be able to

» explain the area of polvgons

virihy and prove theorems related to areas,

>

» construct polyzons and justify construetion by using given data.
» construct a gquadrilateral with area equal to the area of a triangle.
>

construet a triangle with ares equal to the area of a quadrilateral.

Area of a Plane Hegion

Every closed plane region has definite area. Inorder to measure such area, usually
Lhe area of a square having sides of unit length is taken as the unit. For example,
the area of a square with a side of length 1 em s 1 square centimere.,

2025
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We know that,

1) If the length of the rectangular region ABCD 2 s
AB = g units (say, metre). breadth BC = b units i
(say. metre), the area of the region ABC'D = ab A « B

square units (say. sguare metres).

o
- \
2) If the length of a side of the square region ABC'D, AB \
= g units (sav, metre), the area of the region ABC'D &
2 B :

= @* square units (say. sguare metres).

When the area of two regions are equal, the

sien " =" is used between them. For example,
in the higure the area of the rectangular region
ABCD = arca of the triangular region AED,
where AB = BE,

It should be mentioned that, if AABC and
ADEF are congruent, we write HABC =
ADEF. In this case, the area of the triangular
region AABC = area of the triangular region
ADEF.

But. two triangles are not necessarily congruent
when they have equal areas.  For example, in
the figure, area of AABC = area of ADBC but
HNABC and ADBC are not congruent

Theorem 36. The areas of all triangular regions having same base and lying
hetween the same pair of parallel lines are equal to one another,

Let, the trisngular regions ABC and DB stand & . K A
on the same base BC and lie between the pair of R

parallel lines BC and AD. It is required to prove S
that, Aregion ABC = A region DBC.

B C
Drawing: At the points B and C' of the line segment BC, draw perpendiculars
BE and CF respectively. Thev interseet the line AD or extended AD at the

points £ and F respectively. As a resull a rectangular region FBCF is formed.
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Proof: According to the construction, EBCE is a rectangular region.
In triangle AL the base and height are 5" and BE respectively.

Henee, A repion ABC = % » BC x BE .. (i)

In triangle D BC, the base and height are BCand O F respectively.

o region DBC = r—; x BCxC = % x BCxBE .. ([, EBCE rectangule]
Comparing (i) and (ii)

S0 region ABC = A region DBC (proved )

Corollary 1. If the areas of triangular regions lying on the same base and same
side are equal, the triangles lie between the same pair of pazallel lines.

Corollary 2. Area of a triangle is exactly half of the area of a parallelogran lying
on the same base and between the same pair of parallel lines.

Hinis: In the figure, ABCD is a parallelogram with AC as diagonal.
A
SAABC EAADC 3

LOAABC = ; * Area of parallelogram ALCL.

Theorem 37. Paralleloprams lving on the same base and between the same
pair of parallel lines are of equal area.

K D rj

A K B L

Let the parallelograms regions ABCTD and ABEF stand on the same base 4B
and lie between the pair of parallel lines AE and FC. Tt is required to prove that,

area of the parallelogram ABCD = area of the parallelogram ABEF.

Drawing: Join A, C and A, #. From the points Cand B, draw perpendiculars
EK and C'L to the base AB and extended AB respectively.

2025
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Proof: The area of AABC = é % AB x CL and

The ares of AABE = é x AB x BEK

s CL = EK, [by construction AL || F(J]

.. The area of AABC = The area of AABE

== % area of the parallelogram ABC D = % area of the parallelogram ABEF.

.. Area of the parallelogram ABC 1) = area of the parallelogram ABEF. (proved)

Theorem 38, Pythagoras Theorem

In a right-angled toangle, the area of the square drawn on the hypotenuse is equal
to the sum of the areas of the squares drawn on the other two sides.
Special Nomination: Let ABC he a right-

angled triangle in which ZACB is a right angle -

and hypotenuse is AB. It is to be proved that,

AB? = BC?* 4 AC?, Fg
Drawing: Draw three squares ABED, ACGF

and BOHK on the external sides of AB, AC

and BC respectively. Through €, draw the line
segment CL parallel to AD or BE., Let CL o
intersects AB at M and DE at L respectively.

Join O, D and B, F.

|=
k=2

Proof;

Step 1. In ACAD and ABAF, CA = AF, AD = AB and included ZCAD =
LOAB+£BAD = ZOAB+ZCAF = inclnded £BAF [£BAD = LOAF =
L right angle]

Therefore, ACAD = ABAF

Forma-40, Mathematics, Class 9-10



ald Mathematios (lasses IX-X

Step 2, Triangle ACAD and rectangular region ADLM lie on the same base AD
and between the parallel lines A D and C'L. Therefore, Rectangular region
ADLM=2ACA D [Theorem 37]

Step 3. ABAF and the square ACGF lie on the same base AF and
between the parallel lines AF and BG. Hence, square region ACGF =
2AFAB = 2ACAD [Theorem 37]

step 4. Rectangular region ADLM = square region ACGF.

Step 5. Similarly joining C, E and A, K it can be proved that rectangular region
BELM = square region BOHK

Step 6. Rectangular region (ADLM + BELM) = square region ACGF+ sqnare
region BCH K. or, square region ABFE D = square region AC'GF+ square
region BOHK,

That is, AB? = BG? + AC? (Proved)

Construction 13. Construct a parallelogram with an angle equal to a definite
angle and area equal to that of a triangular region.

Let ABC he a triangular region and Zg he a definite angle. Tt is required to
construct a parallelogram with angle squal to £o and area equal to the area of
the triangular region ABC.

2023
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Drawing: Bisect the line segment BC' at E. At the point E of the line segment
EC, draw C EF equal to £, Through A, draw AG parallel to BO which intersects
the ray EF at F. Again, throngh €. draw the ray OG parallel to EF which
intersects the ray AG at . Hence, ECGF is the required parallelogram.

Proof: Join A, E .

Now, area of AABE = arca of AAEC since base BE = base EC and heights
of both the triangles are equall,

-.oarea of AABC = 2 (area of AAEC).

Again, arca ol the parallelogram FCGEF = 2 (area of KALC) [since both lie on
the same base EC and EC || AG).

coarea of the parallelogram region FCGF = area of AABC.
Again LCOEF = Zzfsinee EF||CB by construction),
So the parallelogram ECGF is the required parallelogram.

Construction 14. Construct a triangle with area of the trianngular region equal
to that of a quadrilateral region.

. .
A B &

Let ABCD be a gquadrilateral region. It is required to construet a triangle such
that area of the triangular region is equal to that of a rectangular region ABC' D,

Drawing: Join D, B. Through C, draw CE parallel to DB which intersects
the side AB extended at E. Join ), E. Then, ADAE is the required triangle.

Proof: ABDC and ABDE lie on the same hase BD and OF || DB
{(by construction).

o.aren of ABDC = area of ABDE,
. area of ABDCH area of AABD = area of ABDE+ area of AABD
. area of the quadrilateral region ABCD = area of AADE. Therefore, AADE

is the required triangle.
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Nota Bene: Applying the above mentioned method innumerable numbers of
triangles can be drawn whose area is equal to the area of a given quadrilateral
regin.

Construction 15. Construct a parallelogram. with a given angle and the area
of the bounded region equal to that of a quadrilateral region.

[/

=
T

/N

Let ABCD be a quadrilateral region and Zr be a definite angle. Tt is required
to constriuet a parallelogram with angle £z and the area equal to area of the
quadrilateral region ABC L.

A & f "

Drawing: Join B, D. Through C, dvaw CF parallel to DE which intersects
the side AB extended at F'. Find the midpoint G of the line segment AF, At A
of the line segment AG, draw GAK equal to Zx and draw AK | GH through G.
Again, draw KD || AG throngh D and let, KDH intersects AK and GI al K
and H respectively, Hence AGHR is the required parallelogram.

Proof: Join D, F. By construction AGH K is a parallelogram, where ZGAK =
Zz. Again, area of ADAF = area of the rectangular region ABC D and area of the
parallelogram AGH K = area of the triangular region DAF Therefore, AGHK is
the required parallelogram.
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Exercise 15

The lengths of three sides of a triangle are given, in which case below the
construction of a right-angled triangle is not possible

1) 3em, 4 cm, 5 em 2) 6cm, 8 cm, 10 cm

3) bom, 7om,9cm 4) S5em, 12 cm, 13 cm

[n plane geometry :
(i) Each of the bounded plane has delinite area.
(1) If the area of two triangles is equal, the two friangles are congroent,

(#42) If the two triangles are congruent, their area is equal.

Which one of the following is correct 7
1) iand 4 9) i and i 3) i and i 4) 4, i and ifi

A
In the adjacent figure, AABC is equilateral, AD 1

BC and AB = 2. 3
Based on the information mentioned above,
answer question no. 3 and 4:

B = what!
1 1 2) V2 3) 2 4) 4

What is the height of the triangle?
1) é_ 2) V3 3) £ 4) 23
vV 3 V'3
Prove that, the diagonals of a parallelogram divide the parallelogram into
four equal triangular regions.

Prove that, the area of a square is half the area of the square drawn on its
diagonal.

Prove that, any median of a triangle divides the triangular region into two
regions of equal area.

A parallelogram and a rectangular region of equal area lie on the same side
of the bases. Show that. the perimeter of the parallelogram is greater than
that of the rectangle,
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X and Y are the mid points of the sides AB and AC of AABC, Prove that

the ares of AAXY = il:'}!.'l'l‘.}l of the trisngular region AABC).

ABCD is a trapesium. The sides AB and €D are parallel to each other.

Find the area of the region bounded by the trapezium ABC D,

P is any point interior to the parallelogram ABCD. Prove that the area of
1

APAB + the area of APCD = S(area of the parallelogram ABC'D),

A line parallel to base BC of the triangle ABC intersects AR and AC at D

and £ respectively. Prove that, ADBC = AEBC and ADBF = ACDE,

ZA =1 right angle of the triangle ABC. D is a point on AQ. Prove that

BC? + AD? = BD? + AG?,

ABC is an isosceles right triangle. BC is its hypotenuse and P is any point

on BC. Prove that PB? 4+ PC? = 2P A2,

£ is an obtuse angle of AABC; AD is perpendicular to BC. Show that
AB? = AC? + BC® 4+ 2BC - 0D,

£C 1s an acute angle of AABC,; AD is perpendicular to BC. Show that
AB* = AC? + BC? — 2BC - CD.
QD is a median of the APQR.

1) Draw a proportional fignre according to the stem,

2) Prove that, PQ* + QR? =2(PD* + @D%)

3) If PQ = QB = PR, then prove that, 4QD* = 3PQ?

ABCD is a parallelogram where AB = 5em, AD =4 cmmand £ZBAD = 75°
APML is another parallelogram where ZLAP = 607, Area of AAED and
area of parallelogramn APM L are equal to the area of parallelogram ABC D,

1} Draw £BAD by using pencil, compass and scale.
2) Draw AAED |drawing and description are musi|.
3)

Draw parallelogram APM L [drawing and description are must].
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Chapter 16

Mensuration

The length of a line, the area of a place, the volume of a solid ete,  are
determined for practical purposes. In the ease of measuring any such guantity,
another gquantity of the same kind having some definite magnitude is taken as
unit. The ratio of the quantity measured and the umit dehned m the above
process is the amonnt of the quantity.

(uantity measured

Le. masnitude = = , :
- Unit quantity

In the case of a fixed unit, every measure is a munber which denotes how many
times the magnitude of the unit is the magnitude of the quantity measured, For
example, the hench is 5 meter long, Here metre is a definite length which is taken
as a nnit and in comparison to that the bench is § times in length.
At the end of the Chapter, the students will be able to
> determine the area of polygonal region by applying the laws of area of
triangle and quadrilateral and solve allied problems.
p determine the circumference of the cirele and a length of the chord of a
rircle.

determine the area of civele.

Yyr

determining the area of a circle and its segment, =olve the alied problems.
»  determine the area of solid rectangles, cubes and evlinder and solve the
alliedd problems,

p determine the area of uniform dnd non—uniform solids

Area of Triangular region

3 U & 3 1 a
In the previous class, we learned that area of triagular region = Ex. base x height.
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1.

Right-angled triangle: Let in the right-angled
triangle ABC, BC = a and AB = b are the adjacent
sides of the right angle, Here if we consider BC az
the hase and AFE as the height,

Area of AABC = %X base x height = éqb

Two sides of a triangular region and the angle
included between them are given:

Mathematics (Mazsses ITX-X

Let in AABC, the sides ure BO =a, CA =0, AB=c.

AD is drawn perpendicular from A to BC. Let
altitwde (height) AD = h.

AD
Considering the angle & we get, — =sinC

or, % = sin(’ or, h = bsinC

Area ol AABC = %B{T w AD
— !rl ¥ bsinC = —absinC
Similarly, area of A4ABC

I
= ,L—)btr:smﬂ = Em sinF

Three sides of a triangle are given:

Let in AABC, BC =q, CA = band

AB =c¢

.. Perimeter of the triangle 2s =a 4+ b+ c.
We draw AD L BC.

Let, BD = z,then CD=a—x

In right-angled AABD and AACD

. AD? = AB? — BD? and AD® = AC? — C'D?
LAB® - BD? = AC? - CD?

or, & —22 = ¥ = (g — z)?

or, & — 22 = b — ¢® + 2az —2?

or, 2ar =2 +a* - b

'a:-—cz-l (i
- — Eq

A
b
C = 'B
A
b
A
b ¥ C
. ¥4 S
b
=X
B c
£ v =

2025
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Apain.
AD? = — z°
& 402 —#\?
(1)

( c:’+nz—h2')( r:2+-:32—b2)
= '{"+ e — I ——
2a 2a

_?ﬂc+c2+n2—bz_:?nc—cz—a.3+b3

2o 2o

_ {let+a)* —8}{p* — (e — a)’}
B 407
_le+a+blc+a—b)(b+e—a)b-c+a)
B 4a?
_la+b+e)la+bt+e—2b)a+b+c—2a)la+b+c— 2c)
B 402

2s5(2s — 2b)(25 — 2a)(2s — 2¢)

ds(s —a)(s — b)(s— ¢)

sl = '%x/.sr{s —a)(s—h)(s—c)

- Area of AABC

1 1 2
= EBG cAD = 5@ EJ&'[S —a)(s—b)(s—c) = Jals —a)(s — b)(s — )
4, Equilateral triangle: Let the length of cach side
of the equilateral triangular region ABC be a.

Draw AD L B Gé i
S BD=0D=—-
In right-angled E\AHD 4
BD?+ AD?* = AB? . \
2 .
or, AD? = AB?— BD? = g% — (”") - W
N 2 4 ! B aD C
- AD = T‘* 2
Area of AABC = %'EC‘AD:%-Q_- {5’?‘; = %f

Forma-41, Mathematics, Class 9-10
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5. Isosceles triangle: Let ABC he an isosceles
triangle in which
AB =AC =qand BC =
Draw AD 1 BC' .. BD=CD= >

2
LABD i3 right angled.
ADY = A@z — BD? .
5 b 2 W da® - B
2 4 dq

A
i
Vol — b2 ¥l n [
SAD = e—b—>
1
Area of isosceles AABC = 7 BC -AD
BT

=§+M =£1,f—_4ﬂ2_52
Example 1. The lengths of the two sides of a richt -angled triangle, adjacent to

right angle are 6 ein and 8 e respectively, Find the area of the triangle.

Solution: Let, the sides adjacent to right angle are e = 8

: L
e and b = 6 em  respectively. . Its area = Emﬁ = 6bem

1

= ¥ 6 x 8 square ¢ m = 24 square cm
- 8 cm

Example 2. The lengths of the two sides of a triangle are 9 cm and 10 cm

respectively and the angle included between them is 607, Find the area.

Solution: Let, the sides of triangle are a = 9 cm. and

b= 10 em. respectively. Their included angle 8 = 60°.
, Area of the tringle = %absinﬁﬂ“ O cm

1 60"
=5 % 8 10 x ? sq em = 38.97 sq em [(approx.)

10 cm

Required area 38.97 sq cm  [approx.)
Example 3. The lengths of the three sides of a triangle are 7 em, 8 em and
9 em. respectively. Find its area.

Solution: et. the lengths of the sides of the triangle are g =7 e, b= 8 em
and ¢ =9 cm.
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a+b+e T+8+9

Semi perimeter § = 5 = > ¢m = 12
cm
o Iis area = \/s{s — a)(s — b)(s — ¢) Qcm 8em

=/12(12 - T)(12 — 8)(12 — 9) sq.c m

=12x5x4x3sqem

=/ T20 = 26,83 sq.c m  (approx.) 7 em
 The area of the triangle 26.83 sq.c m  (approx.)

Example 4.  The area of an equilateral triangle incresses by 3v/3 sq. metre
when the length of each side increases by 1 metre. Find the length of the side of
Lhie triangle,

Solution:

Let, the length of each side of the equilateral triangle is
3 9

g metre. . Its aren = —g* sg. metre.

The area of the triangle when the length of each side

3 p
inereases by 1 mete = T{Q—I— 1)? sq. metre.

According to the question, if (a+ 1]|2 - }g g = 3#/5
‘fj“

or, ([a+1)* —a® = 12 [{iivi:lmg by 5

(o +1)

or,a?+2a+1—a*=120r,2a =1l or, a=5.5
The required length is 5.5 metre,
Example 5. The length of the hase of an isosceles triangle is 60 cm. If its area

15 1200 sq. metre, ind the length of equal sides.

Solution: Let the base of the isosceles triangle be b =60 cm  and the length of

equal sidesbea.
o ST S
Area of the triangle = Exftlai — 5

h
Accarding to the question, E\,"alc;;ﬂ — 5 = 1200

i ﬁf J/&a® (60} = 1200

or, 15v/4a? — 3600 = 1200 60 cm
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or, 4a2 — 3600 = 80

or, 4a® — 3600 = 6400 [y squaring]

or, 4a® = 10000

ar, a° = 2500

Sog=—"h0

The length of equal sides of the triangle is 50 em,

Example 6. From a certain place two roads run in two directions making an
angle of 120°. From that place, persons move in the two directions with speed of
10 km per hour and 8 km per hour respectivelv, What will be the direct distance
hetween them alter § hours ?

Solution: Let two persons start fram A with velocities 10 km /hour and 8 km /hour
respectively and reach B and €' after 3 hours. Then after § hours, the direct
distance between them is BC. From @ perpendicular €0 is drawn on BA
produced.

;. AB =156 %10 km = 50 km, AC' =5 x 8 lan = 40 km

and ZBAC = 120° C

S EDAC = 1807 — 1207 = 60°

AACD is right-angled. 40

% = 5in 60° or, C D = ACsin 60° = 40 x ? 204/3 120° 7 e
AD 1 B 50 A D

and A0 = ¢ng 0% or, A = ACcos 60° = 40 » 2 = 20

Again, from right-angled triangle BOD we get,

BC?= BD? + OD? = (BA+ AD)? + CD?
= (50 4 20)2 4 (20+/3)* = 4900 + 1200 = 6100

...BC = T8.1 (approx.)

The required distance 15 78.1 km (approx.)

Example 7. Consider the diagram given and
1) Find the length of the side BC.
2) Find the value of BD?
3) Find the ratio of areas of AABD and ABCD.
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Solution:

1y AB=15,AC =125
.. BO =/ AC? — AB? = {/(25) — (15)2 = /400 = 20

2) Area of AABC = %B{: -AB = %AC‘ -BD

15¢cm iy

%AG' BD = ifﬁ't’;" -AB
S26x BD =20x 16 4
GBI =12

3) From right-angled triangle AABD we get.

AP + BD? = AB?

or, AD? 4122 = 15°

or; AD? = 225 — 144 = &1

SAD=%and CD=AC-AD=25-9=16
So, ratio of areas of AABD and ABC'D is:

1
AABD 3BD-AD g

AABD : ABCD =916

Exercise 16.1

1.

The hypotenuse of a right-angled triangle is 25 m. If one of its remaining

two sided is 3 of the other, find the length of the two sides,

4

A ladder with length 20 m. stands vertically against a wall. How much
further should the lower end of the ladder be moved so that its upper end
deseends 4 metre?

The perimeter of an sosceles triangle is 16 m. 1f the length of equal sides is
P of base, find the area of the triangle.

The lengths of the two sides of a triangle are 25 em, 27 em and perimeter
is 84 em. Find the area of the triangle.

When the length of each side of an equilateral triangle is inereased by 2
metre, its area is increased by 64/3 siuare metre, Find the length of side of
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the triangle.

The lengths of the two sides of a triangle are 26 m., 28 m. respectively and
its area is 182 square metre. Find the angle between the two sides.

The length of equal sides of an izosceles triangle is 10 m and area 48 square
metre. Find the length of the base,

Two roads run from a certain place with an angle of 135°% in two directions.
Two persons move from that place in two directions with the spesd of 7 km
per hour and 5 km per hour respectively. What will be the direct distance
between them after 4 hours?

If the lengths of the perpendiculars from o point interior of an equilateral
trinngle to three sides are 6 cm, 7 em, 8 cm  respectively: find the length
of sides of the triangle and the area of the triangular region.

, G ; ; 11 ;
I'he perpendicular of a right-angled triangle is 6 cm less than T times of

& 3 4 . ;
the base, and the hypotenuse is 3 em less than 3 times of the base:
1} Let the base be 2. Express the area of the triangle in terms of z.
2) Find the length of the base,

3) 1If the length of the base of the triangle is 12 cm., find the area of the
equilateral triangle having the same perimeter as its perimeters.

Area of Quadrilateral Region

o Area of the rectangle ABCD = 2x urea of AABC

Area of Rectangular Region: Let, the length
of AR = g, breadth BC' = b aud diagonal AC =
d of rectangle ABCD. We know. the diagonal p C
of a rectangle divides the rectangle into two equal :

triangular regions.

1
=2X 51’]‘-1]':&.3?

perimeter of the rectangnlar region, 8 =2(a+b) and A I B
ohserve that triangle ABC is right-angled.

LAG? = AB%Y BC? or, df = 0¥ 4

=V + 1
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2. Area of Square Region: Let the length of each
side of a square ABCD be a and diagonal d. The
diagonal AC divides the square region into two equal
triangular regions,

;. Area of the square resion ABCD = 2x area of
NABC =2 x %{: ca=a%= (length of a siduf
Ohbserve that. the perimeter of the square region g =

4n snd diagonal 4 = vo? + a2 = V242 = /2a

3. Area of a parallelogram region:
a) Base and height are given: Let, the base

AB = band height DFE = h of parallelogram ABCD.
The diagonal BD divides the parallelogram into twao
equal triangular regions.

c. The area of the parallelogram ABC D

= 2% area ofl AABD =2 x %b-h = bh

b) The length of a diagonal and the length
of a perpendicular drawn from the opposite
angular point on that diagonal are given:

Let, in a parallelogram ABCD. the diagonal be
AC" = d and the perpendicular from opposite angular
point D on AC be DE = h. Diagonal AC divides the
parallelogram into two equal triangular regions.

.. The area of the parallelogram ABCD

_ 9% area of AACD = 2 %d-hz: dh

4. Area of Rhombus Region: Two diagonals of
a rthombus region are given. Let the diagonals he
AC =d|, BD = dy of the rthombus ABC'D and the
diagonals intersect each other at Q.

Diagonal AC divides the rhombus region into two
equal triangular regions. We know that the diagonals
of & thombus hisect each other at right angles,

oo Height of AACD = %
. The area of the thombus ABCD

= 2% area of AACD =2 x %n"l . %2 = %dldg
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5. Area of trapezium region: Two parallel sides of
trapezinm region and the distance of perpendicular
hetween them are given, Let ABC'D he a trapezinm
whose lengths of parallel sides are AR = g unil, s o

C'D = b unit and distance between them he GFE =
AF = h. Diagonal AC divides the trapezium region
ABCD into AABC and AACT. \
Area of trapezium region ABCD
= area of AABC + area of AACD b o £ 8
= %AH x GE + é—(}'ﬂ x AF

1 hia+ b)

1
— == h, — ==
2& + Ebh 5

: W , :
Example 8. Length of a rectangular room is = times of breadth. If the avea is
384 square metre, find the perimeter and length of the diagonal.

Solution: Let breadth of the rectangular room is & metme,

i3 3 3
- Length of the room is ia: and area EI » = Ezﬂ

According to the question, g:c? = 384 or, 32 = 768 or, n? = 256

cox = 16 metre,

Length of the rectangular room = % % 16 = 24 metre and breadth = 16 metne.
o.M perimeter = 2(24 + 16) metre = 80 metre and length of the diagonal

= /242 + 167 metre = /832 metre = 28,84 metre (approx.)
Therequired perimiter 1580 metre and length of the diagonal is 28.84 meter (approx. )

Example 9. The area of a rectangular region is 2000 square meter. [f the
length is reduced by 10 metm, it becomes a square region, Find the length and
breadth of the rectangular region.

Solution: Let length ol the rectangular region be 2 metre and breadth y metre.
. area of the rectangular region is = zy sq. metre

According to the question, zy =2000...(1) and 2 — 10=y...(2)

Putiing y= x-10 in equation (1} we get,

z(z — 10) = 2000 or, % — 10z — 2000 = 0

2023
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or, 22 — 50z + 40z — 2000 = 0 or, {(z — 50){x + 40) = ()

Sr==080 or,r =—40

But length can never be negative. ', 2 = 50

Now putting the value of z in equation (2) we get, y =50 — 10 =40
. The length of the rectangular is 50 and breadth 40 metre.

Example 10. There is a road of 4 metre width inside around a square held.
[f the area of the road is 1 hector, determine the area of the field excluding the
road.

Solution: Let, the length of the square held is 2 metre.

- Its aren is o2 sq. metre
There is & road around the held with width 4 meire.
Length of the square field excluding the road = (z—2x4)

Xm
ldm

or, (% — 8) metre,

Area of the square field excluding the road is = {(z — §)?
s8¢, et e

. Aren of the road = 2? — (z — 8)? sq. metre

We koow, 1 hector = 10000 sq. metre

According to the question, £ — (z — 8)2 = 10000

or, ° — x° + 167 — (4 = 10000

or, 16z = 10004

CoE =629

Area of the square field excluding the road

= (629 — 8)? 5. metre = 385641 sq. metre = 38.56 hector (approx.)
The required area = 38.56 hector (approx.).

Example 11, The area of a parallelogram is 120 sq. em and length of one of
its dingonal is 24 cm. Determine the length of the perpendicular drawn on that
diagonal from the opposite vertex.

Solution: Let a diagonal of a parvallelogram be d = 24em and the length of the
perpendicular drawn on the diagonal from the opposite vertex be b em.

Forma-42, Mathematics, Class 9-10
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o Area of the parallelogram = dh square em.

' 120 120
As per question, dh = 120 or, h = = = — =5 24
The required length of the perpendicular is 5 cm. =

Example 12. The length of the sides of a parallelogram are wetre and 8 metre

[f the length of the smaller diagoual is 10 m, determine the length of the other diagonal.

Solution:
Let, in the parallelogram ABCD; AB = a = 12 metre ‘ =
and All=r = 8§ metre and disgonal BD = b = 10 10

metre Lot us draw the perpendicdars DF and CF
from [ and € on AB and the extended part of AB
respectively, Join €, A and D, B,

() '
. Semi perrimeter of AABD, s = 12—4_; =

mefe = 15 metme,

........ -

. area of AABD=y/s(s — a)(s - b)(s — £) = /15(15 — 12){15 — 10)(15 - 8) sq.
metre = 415 x 3 x5 X 7 sq. metre = 1575 sq:  metie = 39.68 sq. mete
(approx.)

Again, area of HABD - %AB x DF

or, 39.68 = % x 12 x DF or, 6DF = 39.68 . DF = 6.6 (approx.)
Now, &4BCE is a right-angled triangle.

s BE*=BC? - CE?=AD? — DF?* =8 — (6.61)? = 20.31

. BE =40 (approx.)

So, AE=AB + BE =12+45=16.5 (approx.)

In the right-angled AACE

AC? = AE® + CF® = (16.5)° + (6.61)* = 315.94

s AC = 17.77 (approx. )

The required lengih of the diagonal is 17.77 metre (approx.)

Example 13. The length of a diagonal of & rhombus is 10 metre and its area is
120 s, metre, Determine the length of the other diagonal and its perimeter.
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Sohition:

Let. the length of a diagonal of rhombus ABCD is BD = D C
d; = 10 metre and another diagonal dz metre. v
1
Area of the rhombus = §J-| dy 8. meter
1 12 2
As per question, §d1d2 = 120 or, dy = E[;[T = 24 A

metre. A B
We know, the diagonals of rhombus bisect each other at right angles. Let the

diagonals interset al the point ().

LOD =08 = l—ZD metre = 5 metre and OA = 0C = % metre = 12 metre,
In the right-angled 5AQD

AD? = 0A* + OD* = 122 + &°

SAD =13

. The length of each sides of the rhombus is 13 metre.

The perimeter of Lhe rhombus = 4 % 13 metre = 52 metre

The required length of the diagonal is 24 metre and perimeter 52 metre.

Example 14. The lengths of two parallel sides of a trapezinm are 81 em and
51 em  and the lengths of two other sides are 37 em and 13 em respectively.
Determine the area of the trapezinm,

Solution:

Let, in trapezium ABCD; AB =91lem. CD = jlem.
Lot us draw the perpendiculars DF and CF on AB
from [ and C respectively.

s CDEF is a rectangle.

S BEF=0D=51ecm

Let, AE =g and DE=CF="h

5. BEF=AB—AF=91—-(AE+EF)=91— (g +51) =40 —x
From the right-angled AADE we get,

AE* 4+ DE? = AD%or, 22 + W2 =132 or, 22 + K2 = 169 .. (1)
Again in theright angled triangle BOF

BF? + CF? = BC? or, (40 — z)? + k2 = 37

or, 1600 — 80z + 2? + h? = 1368
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or, 1600 — 80z <+ 169 = 1369 [From (1]
or, GO0 + 169 — 13689 = =0z
or, 80z =400 . £=5
Now putting the value of % in equation{l) we get,
BR4h=1600or, =169 —25 =144 . h=12
: 1
Area of the trapezium ABCI = E{AB‘ +CD)h
= =(D1 +51}3 12 sguare e =71 x 12 square ¢m = 852 sguare cim
4! ) ! ( q

Tha required area iz 8562 square ¢m.

Area of regular polygon

The lengths of all sides of a regular polygon are equal. Again, the angles are
also equal. Regular polyegen with n sides produces n isosceles triangles by adding
ventre to the vertices.

S0, area of the repular polypon = X area of one triangular repion

ABCDEF -« is a regular polveon whose centre is
. . It has nosides and the length of each side is o,
We join O, Ajand O, B.

Let height of AAQB, ON = h and ZOAB =40

The angle produced at each of the vertices of regular
polveon = 26

. Total angle produced by n mumber of vertices in AN B
the polveon = 28n

Angle produced in the polyvzon at the centre = 4 right angles,

. The sum of angles of number of triangles (26n + 4) right angles.

L Sum of 3 angles of AQAB = 2 right angles.

 Summation of the angles of m numbers of triangles = 2n right angles,
28 - n+ 4 right angles = 2n right angles.

or, 20 - n = (2n — 4) right angles.

2n—4
or, = e

right angles.
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9
nr,t?:(l— ~-)_>c!}t}"

A 7
=00 — 22
kil
; k 2h
Here, tand z% — T =
2
v fg== gtauﬂ
1
Area of A OAB = Eah
1
3 E{I’ = gtaﬂﬂ
a? o lsoe
= Itan (El} = )
T 1R0°
— %{:utT [ tan (90" — A) = cotA]

na* 180°

.. The require area of a regular polyzon having n sides = =7e cot——
n
Example 15. 1If the length of each side of a regular pentagon is 4 em, determine

its aremn.

Solution: Let, length of each side of a regular pentagenisa =4 ¢m and number
of sides n=5

a a
i 180
We know, ares of a regular polygon = ch:d:-

: n
: Sxdd 1807
. Area of the pentagon = -—i—mt 5 BCUATE G111 I c
= 20 x cot36® square cm
= 20 x 1.376 square ¢m (using calenlator) A

= 27.528 square cm (approx.)

Required area 27.528 square cm (approx. )

Example 16. The distance of the centre to the vertex of a regular hexagon is
4 metre. Determine its area,

Solution: Lel, ABCDEF is a regular hexagon whose centre is , © is joined to
each of the vertex and thus 6 triangles of equal area are formed,
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200D = 3607 _ e E D

i}
Let the distanece of rulnl;rt' £ to its vertex is a metne, AvA
roarea of ACOD = 30 @ 3in60* F v*v C
V3 A

= x 42 square metre=4v/3 square metme A B

Aren of the regular hexagon = 6x area of ACOD
— 6 % 443 seuare metre = 24+/3 stpuare metre

The required area in 244/3 square metre,

K
Example 17. According to the given figure—
1) Find length of the diagonal of the rectangle.
: : aa 13.74°
2} Find the integer value of its area. i ; B
3) Find the perimeter of the isosceles triangle. el
B 50 ¢

Solution:

1) As per the given figure, the area is divided into reetangle ABC'D and
isosceles triangle ADE.

Length of diagonal of rectangle ABCD = /50% + 14? ¢cm1 = 51.92 ¢m
(approx.)

2} Area of rectangle ABC' L) = 50 % 14 square em = 700 square cm

: 1 1
Aren of triangle ADE = EAIJ AR sin/IMAE = 5 X 50 x B0 x 8in73.74"
gguare cm = 24 3 50 x 0.960001 square ¢m = IEDEI'-'quLn: e (approx, )

Total area = (T00 + 1200} square cm = 1900 square cm

3) Let,in AADE, AD=AE=5)¢m =q, DE=}
. Area of the isosceles triangle ADE = quaﬁ'j’

T
As per the guestion, 1\/4:;32 — B = 1200

b/4(50)7 — b2 = 4800

or, 57(10000 — &%) = 23040000 by squaring|
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or, 1000082 — 5* = 23040000

or, b* — 100008 - 23040000 = 0

or, b* — 640087 — 36006% + 2304000 = 0

or, (B — GAOD)(B? — 3600) =0

2B = 6400 = 0 or B — 3600 =0

or, b = 6400 or #* = 3600

coh =80 or b =60

If b = 80, then % -AD - DE -sin ADE = 1200

or, % x B0 x 80 % sin/ADE = 1200

or, sinZADE =086

SLADE = 36.87° (approx.)

Sum of three angles of AADE = 73.74% + 36.87° + 36.87° = 147.48°

But sum of three angles of any triangle = 180°, So b # 80

If b = then g0, é -AD - DE-sinZADE = 1200

or, % ® 50 x 60 % sinZADE = 1200

or, sinZADE =038

S LADE = 53.13° (approx.)

Sum of three angles of AADE = 73.74° + 53.13° + 53.13° = 1807, . & = 60
. The perimeter of the triangle (50 + 50 4 60) ¢m = 160 ¢m

Exercises 16.2

1. The length of a rectangular region is twice its width, If its area is 512 sq.
metre, deternmine its perimeter.
2. The length of a plot is B0 metre and the breadth is 60 metre A pond was excavated

in the plot, If the width of each side of the border around the pond is 4
metre, determine the area of the horder of the pond.
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The length of a garden is 40 metre and its breadth is 30 metre. There is
# pond inside the garden with border of equal width surrounding it. If the
area of the pond is 5 of that of the garden, lind the length and breadth of

the pond.

Outside a square there is a path of width § metre around it. If the area
of the path is 500 square meter, find the area of the field.

The perimeter of a square region is equal to the perimeter of a rectangnlar
region. The length of the rectangular region is thrice its hreadth and the
area is 768 sq. metre. How many stones will be required to cover the square
region with square stones of 40 cm each?

Area of a rectangular region is 160 sq. metre. If the length is reduced by 6 metre
it hecomes a square region, Determine the length and the breadth of the
rectangle,

.3 ;
The base of a parallelogram is — th of the height and area is 363 square

inches. Determine the hase and the height of the parallelogram.

The area of a parallelogram is equal to the area of a square region. If the
bage of the parallelogram is 125 metre and the height is S metre , find the length of
the diagonal of the square.

The length of two sides of a parallelogram are 30 ¢m and 26 cm, If its
smaller diagonal is 28 em, find the length of the other diagonal.

The perimeter of a rhombus is 180 cm and the smaller diagonal is 54 em.
Find its other diagonal and the area,

Difference of the length of two parallel sides of & trapezinm is 8 em  and
their perpendicular distance is 24 cm. If thearea of the trapezium is 312sq.
cm, find the lengths of the two paralle] sides of the trapeziumn.

The lengths of two parallel sides of a trapezium are 31 em  and 11 ¢m

respectivelv and two other sides are 10 and 12 cm respectively. Find the
area of the trapezinm,

The distance from the centre to the vertex of a regular oetagon is 1.5 metre

Find the area of the regular octagon.

The length of a rectangular llower garden is 150 metre and breadth is 100 metre,
For mursing the garden, there is o path of width 3 metre along its length and
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hreadth right at the middle of the garden.

1} Describe the above information with figure,
2) Determine the aren of the path.

3) How many bricks of 25 cm length and 12,5 em
to make the path metalled?

L E i

width will he reqguired

15. From the information of the figure below, determine the area of the polygon.

16.

12

B
T

22em

From the information of the figures below, determine the area of Lthe polygons.

o Liem g D ____1ng

£ c :Hl“ I]HI]

2em Fem F10em

B A 18em

Measurement regarding circle

Circumference of a circle

The length of a cirele is ealled its eircumference.
Let v be the radius of a cirele. its ecircumterence
¢ = 2mr, where m = 3.14159265. .- which is an
irrational number. Value of # = 3.1416 is used as
the approximate value, Therefore, if the radius of a
cirele is known, we can find the approximate value of
the circumfberence of the circle by usimg the value of

m.

Forma-43, Mathemances, Class 9-10
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Example 18. The diameter of a cirele is 26 cm, Find its cireamference,

Solution: Let, the radios of the cirele 5 7,

cdiameter of the eircle = 2 and circumference = 2xr
; 26
As per question, 2r=26 or, r = ) o, r=13 cm

o cireumference of the crele = 29r = 2 % 3.1416 % 13 cm = 31.63
cm (approx. )

Length of arc of a circle

Let O be the centre-of a cirele whose radius is v and
arc AB = 3, which produces §° angle al the centre,
', eireumference of the circle = 2mr

Total angle produced at the centre of the circle = 360°
and are s produces angle §° at the centre. We know,
any interior angle at the centre of a circle produeed

by any arc is proportional to the are,
¢ 5 wrf
S EE = e OF, =
w0 2mr 180+
Area of circular region and circular segment
The area. surrounded by any cirele, is called a cirenlar region and the cirele is
called the boundary of the circular region.

Circular segment; The arca formed by an are and the radins that joins the
end points of that are to the centre of the circle is called circular segment,

If A and B are two points on a eircle with centre £,
interior to LZAODB, radins 04 and OB, and the arc
AB. form a circalar segment. In previous class, we
have learnt that if the radius of & cirele i2 ¢, the area A

e )
We know, any angle produced by an arc at the centre 4 %
of i circle is proportional to the are.

So, at this stage we can accept that the area of two cireular segments of the
same cirele are proportional to the two ares on which they stand.
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Let us draw a radivs v with centre (), The
circular segment ACQRE stands on the are APE whose o
measurement is . Draw a perpendicular OC on OA A
Area of circular segment AQB %
Area of cirenlar segment AQC ‘m
B Measurement ofZAQR A
Measurement of £ AO0C
Area of cireular segment AOB g
oY = —
" Area of circular segment AOC 90°

[ LAQC = 80°]
ar, Area of circular segment AQE = q—i—; * urea of circular segment AQC

7 .
= — % = X area of the circle

Q.D.l

So, area of circular segment = 3

— KT
a60e

Example 19. The radins of a circle is 8 ¢m and a ecircular segment subitends
an angle B6% at the centre. Find the length of the are and area of the cireular

seginent,

Solution: Let, radius of the circle r = 8 ¢ m, length of arc is 8 and the angle
subtended by the circnlar segment is # = 567,
W o mrd 3.1416 x 8 x 56

e S e cm = 7.82 cm (approx.) and

o
X mr? = — % 3.1416 x §* = m = 31.
Ssge X" 565 3.1416 x 8% square cm = 31.28

Area of circular segment =

sguAare cm (Approx. )

Example 20. If the ditference hetween the radins and circumference of a cirele
i8 90 ¢, find the radius of the cirele.

Solution: Let the radius of the circle be r.

oL Diameter of the circler is 2r and circamference = 2xr

A5 per question, 271 — 2r = 90

or, 2r(m — 1) =90
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.
2r—1)  3.1416 — 1
The reguired radius of the circle is 21.01 em  (approx.)

or, T = =21.01 em (approx.)

Example 21. The diameter of a cirenlar field is 124 metre There is a path with
6 metre, width aronmld the field. Find the area of the path.

Solution:

Let the radius of the circular field be r and radins of the field with the path be B

124
=5 metre = 62 metre and B = (62 4 6) metre = 68 metre

Area of the circular field = mr® and area of the circular field with the path = 7 R?
. Aren of the path = Area of field with path — Aren of

the field é

= (tR? —m?) = 7(R* — 1)

= 3:1416(68% — 62%) = 3.1116(1624 — 3844)

= 3.1416 x¢ T8() = 245().44 square metre (approx.)

The required area of the path is 2450.44 square metm

(approx.)

Work: Circonmference of a circle is 440 metre. Determine the length of the sides
of the inscribed square in it.

Example 22. The radius of a circle is 12 em and the length of an arc is 14
em. Determine the angle subtended by the eircular seement at its centre.

Solution: Let, radins of the circle is r = 12 em, the length of the arc is 3 =14
e and the angle subtended at the centre is §.

il
We ktow, § = —
2 Know, 8 13{]
or, T8 =180 x 5
180 x s 180 x 14
ar 3.1416 % 12

The required angle is 66.84° (approx. )

or, § = = 66.84° (approx.)
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Example 23, Diameter of a wheel is 4.5 metre. To traverse a distance of 360 metre,
how many times the wheel will revolve?

Selution: Given that. the dinmeter of the wheel is 4.5 metre.
4.5

.. The radius of the wheel, r = B = 2.25 metre and circumference = 2xr.
Let, for traversing 360 metre , the wheel will revalve n times,

As per question, n x 27r = 360
360 360
2nr 2x 3.1416 x 2.25

-, The wheel will revolve 25 times, {(approx.)

or, = = 25.46 (approx.)

Example 24. Two wheels revolve 32 and 48 times respectively to cover a
distance of 211 metre 20cm. Determine the difference of their radii.

Solution: 211 metre 20 cm = 2112() cm
Let, the radii of two wheels are R and r respectively ; where R > r.

- Cirenmferences of two wheels are 2R and 2mr respectively and the difference
of radii is (R—r).
Az per the guestion, 32 x 2rR = 21120,

21120 21120
32%2r 32 x2x3.1416
and 48 x 2ar = 21120

21120 21120
T A8 x 2r 48 x 2 x 3.1416
S R—r=(10504—-70.03) =35.00 e =0.35 m (approx.)

or, R = = 105.04 em (approx.)

0T, T = T0.03 em (approx.)

The difference of radii of the two wheels is 0.35 metre (approx.)

Example 25. The radius of a circle is 14 cm. The area of a square is equal to
the area of the cirele, Determine the length of the square.

Solution: Let the radius of the circle, r = 14 em  and the length of the square is o.

- Area of the square region = a? and the area of the circle = 7ré,

According to the question, a® = 7r®

o, @ = /7r = v/3.1416 x 14 = 24 .81 (approx.)
The required length is 24.81 cm  (approx.)
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Example 26. In the ligure, ABCD is a square whose length of each side 1522
metre and region AED is a half eirele. Determine the area of the whole region.

Solution: Let the length of each side of the square ABCD be a.

o Aren of square region = a? <

Apain, AED is a hall circle, ,r_" E
o1y A 7 P

. Radius of the half circle r = 5 metre = 11 mel e,

U . l L
Therefore, area of the half circle = Eﬂ'r*’ a| m

B L&

o Aven of the whole region = Arvea of the square ABCD 4 area of the half cirele
AED

1
N o o e T
(n® + Efr-r )
5 1
= (22% + 2 X 3.1416 x 11%) = 674.07 square metre (approx. )

The reguired area is 874.07 square metre (approx.)

Example 27. In the ficure, ABCD is a rectangle whose length is 12 metre the
breadth is 10 metre. and DAFE is a civenlar segment. Determine the length of the arc
IDE and the area of the whole region,

Solution: The radius of the circular segment, ¥ = AD = 12 metre and the angle
subtended at centre 8 = 30°.

mrl A

. length of the arc DE = ﬁ

aldléx12x30 5
= = (.28 metre (approx.) A - D

180 2 12

&rf:;:} of the cireular segment ADE = 260 X mre, | 19
= x 3.1416 x 122 = 37.7 square metre (approx.)

360 ' g H c

The length of the rectangle ABCD ig 12 metre and breadth is 10 metre.
. Area of the rectangle = length x breadth = 12 x 10 = 120 square metre

oo Area of the whole region = (37.7 4 120) square metre = 157.7 square metre
(approx.)

The reguired area is 157.7 square metre (approx. ).
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Work: Determine the area of the dark marked region in the figure.

Exercises 16.3

1.

=]
B

Angle subtended by a circular segment at the centre is 30°, If the diameter
of the circle is 126 cm, determine the length of the arc.

1
A horse civeled around a field with a speed of 66 metre per minute in 15 minute,

Detarmine the diameter of the field.

Area of a circular segment is 77 square metre and the radius is 21 metre,
Determine the angle subtended at the eentre by the eircular are.

The radius of a circle is 14 cm and an are subtends an angle 757 at its
centre. Determine the area of the circular segiment.,

There is a road around a cireular field. The outer circumference of the road
is greater than the inner cireumberence by 44 meters, Find Lhe width of the

road.

The dismeter of a circular park is 26 metre. There is a road of 2 metre width
surrounding the park. Determine the area of the road.

The diameter of the front wheel of a car is 28 em and the back wheel is 35
em. To cover & distance of 83 metre. how many integer number of times more
the front wheel will revolve than the back one 7

The eiremiference of a circle is 220 metre. Determine the length of the side of
the square, inscribed in the circle,

The circumference of a cirele is equal to the perimeter of an equilateral
triangle. Determine the ratio of their areas,
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10. Determine the area of the dark marked region with the help of the

information given below :

ldem

1Zem

Solids

Rectangular solid

The region surrounded by three pairs of parallel rectangular planes or surfaces is

known as rectangular solid.

Let, ABCDEFGH 15 a rectangular solid, whosge length AB = a, and breadth
BC = b and height AH =c¢.

1. Determining the diagonal: AEF is the diagonal of the rectangular selid
ABCDEFGH.

In AABC, BC I AB and AC is the hypotennse.
SACR = AB 4 BCR=a* 4+ ¥

Again, in AABC, FC 1 AC and AF is hypotenuse,
AR = ACP 4+ OF  =a’ + B + ¢

AR =Var 32

- the diagonal of the rectangular solid = /a2 + b2 + 2

i

Rectangular solid A 3

2, Detenmination of area of the whole surface: There are 6 surfaces of the
rectangular solid where the opposite surfaces are of equal dimensions,
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Area of the whole surface of the rectangular solid I i

= 2( area of the surface of ABCD + area of -
the surface of ABGH 4+ area of the surface of : !
BOFG) T.:;_:”; 8 il
=2(AB x AD + AB x AH + BC x BG) Prass it IR TN
= 2(ab + ac+ bc) = 2(ab + bc + ca) S|

34, Volume of the rectangular solid = length x width x height = abe

Example 28. The length, width and height of a rectangular solid are 25 cm;,
20 rm and 15 em  respectively. Determine its area of the whole surface, volume
and the length of the diagonal.

Solution: Let, the length of the rectangular solid is o = 25 cm, width b = 20
cm and height ¢ = 15 ¢m
. Area of the whole surface of the rectangular solid = 2{ab + be+ cn)
= 2(25 % 204 20 % 15415 x 25) = 2350 square cm
and Volume = gbe = 26 % 20 x 1H = 7H00 cube cm
and length of its dingonal = a2 + 8% + ¢2
= /252 + 202 + 152 = /624 + 400 + 225 = /1250 = 35.363 cm (approx.)

The required arca of the whole surface is 2350 square cm, volume 7500 cubic
cm and length of its diagonal 35.363 cm (approx.).

Work: Determine the volume, area of the whole surface and the length of
the diagonal of your mathematies book after measuring its length, width and
height.

Cube
If the length, width and height of a rectangular solid

E
are equal, it 1s called a cube. / /
Liet, ABCDEFGH is a cube. A

Its length = width = height = a units

E

1. The length of diagonal of the cube
—Va+a +a = V3 = \/3a It
The area of the whole surface of the cube
=2a-a+n-at+a-a) =20 +a"+a¥) =6a" 4

3. The volume of the cube = g+ q o = ¢ Cube
Forma-44, Mathematics, Class 9-10
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Example 29. The area of the whole surface of a cube is 96 square metre.
Determine the length of its diagonal.

Solution: Let, the sides of the cube is a.

. The area of its whole surface = 6a? and length of its diagonal = v/3a

As per question, 6a? =96 or, a? = 16 . a =4

. The length of the diagonal = /3 - 4 = 6.928 metie (approx.).

The required length of the diagonal 6.928 metre (approx.).

Work: The sides of 3 metal eubes are 3 em, 4 em and 5 em  respectively.
A new cube is formed hy melting these 3 cubes. Determine the area of the
whole surface and the length of the diagonal of the new cube.

Cylinder
The salid formed by a eomplete revolution of any
rectangle about one of its sides as axis is called

a cylinder or a right circular cylinder. The two

; ; ) ) A ‘ ; ; Crenermtor—a

ends of a vight cireular cylinder are circular surfaces. L
vig

The curved face is called eurved surface and the i |
total plane is called whole surface, The side of the

rectangle which is parallel to the axis amd revolves
about the axis is called the generator line of the
evlinder.

,-.'""-__.—"“\1 Area=wnr’
i

S Area = 2rrk
2/F.

Arca= mr?

The figure above is a right circular eylinder, whose radius is + and height A.
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1. Area of the hase = mr?
2. Area of the eurved surfuce = perimeter of the base x height= 27rh
3. Area of the whole surface
= (ar® + 2arh +nr?) = 2nr(r + h)
4. Volume = Area of the base x height= 72k

Example 30. If the height of a right circular evlinder is 10 cm and radius of
the base is 7 cm, determine its volume and the area of the whole surface,
Solution: Let, the height of the right cireular evlinder is k=10 em and radius
of the base is +.

i

- s volmne = weh

= 3.1416 x T x 10 = 1539.38 cube cm (approx.)
and the arven of the whole surface = 2mr(r+ h)

=2 x 3.1416 x T(7 + 10} = TAT.7 square metre (approx.)

Work: Make a right circular evlinder using a rectangular paper. Determine
the area of its whole surface and the volume,

Example 31. The outer measurements of a box with its top are 10 em, 9 e¢m
and 7 em respectively and the area of the whole inner surface is 262 square metre
and the thickness of its wall is uniform on all sides.

1) Find the volume of the hox.
2} Find the thickness of its wall.

3) Il the length of a diagonal of a rhombus having sides equal to the largest
length of the box 15 16 em, then find its area.

Solution:
1) The outer measurements of the box with top are 10 em, 8 em and T cm,
. The cuter volume of the box = L x'8 x 7 =630 cube ¢m

2) Let, the thickness of the box is . The outer measurements of the hox with
top are 10 ¢m, 9 ¢cm 7 ¢m.

-, The inside measurements of the box are respectivelv ¢ = (10 — 22), b=
(9—2z) and c = (7 — 22) cm.

The area of the whole surface of the inner side of the box = 2(ab + be 4 ca)
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As per question, 2(ab + be 4+ ca) = 262

or, (10 — 22)(9 — 2) + {9 — 22)(7 — 2z) + (7 — 22){10 — 22) = 131
or, 30 — 382 + Az + 63 — 322 + 42 + 70 — 34z + 42" — 131 =0
or, 1222 — 104x +92=10

of, 3x° — 262 + 23 =0

or, 3x> — 3z — 23x+23=10

or, 3z{zx — 1) —23(z — 1) =0

or, (#—1){3x—23) =0

or,t—1=0o0r3r—23=0
23

or; =1 or, &= -3— = T.67 (approx.)

But the thickness of a box cannot he greater than or equal to any of the
sitles.

The required thickness of the box is 1 cm

Let, length of each side of ABCD is 10 em and the diagonals intersect

each other at the point O,

We know, diagonals of rhombus biseet each other at

right angle. D C
LOA=0C, OB=0D

In the right-angled triangle AAOB. hypotenuse

AB =10

Here, AB* = 10° = 100 = 36 + 64 A B
= 6% 4 82 = (OB* + OA? [according to the Hgure]

5 OB=80A=8

codiagomal AC =2x8=16 cm and diagonal BD=2x6=12 em

1 1
carea of the thombus ABC'D = 5 »x AC ¥ BD = 5 3 16 x¢ 12 = 96 seuare
cCm
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Example 32. If the length of diagonal of the surface of a4 cube is 8y/2 cm,
determine the length of its diagonal and volume.

Solution:
Let, the side of the cube 15 a.

- The length of diagonal of the surface = /2a. Length of diagonal = +/3a and
volume = ¢*

As per question, v/2a = 8y/2 or, a = 8
. The length of the eube’s dingonal = /3 % 8 = 13.856 em  (approx,)

and valume = 8 = 512 cube em.

The required length of the diagonal is 13.856 cm (approx.) and volume 512
cubic cm.

Example 33. The length of a rectangle is 12 em and width 5 em. Determine
the area of its whole surface and the volume of the solid that is formed by revalving
the rectangle around its greater side,

Solution: Given that, the length of a rectangle is 12 ¢, and width 5 em. I it
is revolved around the greater side, a right circular eylinder is formed with height
h =12 em and radins of the baser = 5 om

The whaole surface of the produced solid = 2ar(r 4+ h)

= 2 % 3.1416 x 5(5 + 12) = 534.071 square ¢m (approx.)
and volume = rr2h

= 3.1416 x 5 x 12 = 942.48 cube cm  (approx.)

The required area of whole surface is 534.071 square em  (approx.) and volume
942,48 cube ¢ (approx.)
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Exercises 16.4

1,

2

The length and witdth of two adjacent sides of a parallelogram are 7 cm,
and § c.m. respectively. What is the hall of its perimeter in cm?
1) 12 2] 20 d) 24 4) 28

The length of the side of an equilateral triangle 12 6 em, What i= its area
(c:m®)?

1) 33 2) 43 3) 6v3 4) 93
In plane geometry:

(4} Bach angle of equilateral triangle is less than one right angle,

(14} Sum of acute angles of a right-angled triangle is one right angle.

(#8) An exterior angle of a triangle formed by extending one side of triangle
is grester than each of the opposite interior angle .

Which of the following is true?
1) 2 and # 2 i and @i 3) i and fu 4 i, and vi1
If the length of each side of a square is e and diagonal is d, then:
(@) Tts area is a? square units
(23) Perimeter is 2ad units
(128} d = 2a

Which of the lollowing is true”

1) ¢ and 43 2) 1 and u 3) 1 -and ff 4) 4,14 and i
Answer the following questions (5-7) as per information from the picture
hlomw E

10
b , c
)
¥ ﬂji T &cm
12em
A i B
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&

10).

11.

12,

13.

14.

15.

16.

What is the length of the diagonal of the rectangle ABCD in em?
1) 13 2) 14 3) 144 4) 15

What is the area of the triangle ADF in square em”?

1) 16 2) 32 3) 64 4) 128

What is the eirenmference of the hall cirele AGE in cm?

1) 18  2) 18.85 (approx.) 3) 37.7 (approx.) 4) 986

The length, width and height of a rectangular solid are 16 metre, 12 metre
and 4.5 metre respectively, Determine the area of its whole surface, length
of the diagonal and the volume.

The ratios of the length, width and height of o rectanpular solid are 21 : 16
12 and the length of diagonal 15 87 cm. Determine the area of the whole
surface of the solid,

A rectangular solid i standing on a hase of area 48 square metre Its height is 3 metre
and diagonal is 13 metre. Determine the length and width of the rectangular
solid.

The outer measurements of a rectangnlar wooden hox are 8 em,, 6 em. and
4 em., respectively and the area of the whole inner surface is 88em?. Find
the thickness of the wood of the hox.

The length of a wall is 25 metre, height is 6 metre, and breadth iz 30
cm. The length, breadth and height of a brick 15 10 em 5 em  and 3 em.
respectively, Determine the number of bricks required to build the wall with
the hricks.

The area of the surface of a cube is 2400 square em. Determine the diagonal of
the cube,

The radins of the base of 4 cylinder with height 12 em, ig & em. Find the
area of the whole surface and the volume of the cyvlinder.

The area of a curved surface of a right circular eylinder is 100 square e, ancd
its voluine is 150 cubie em. Find the height and the radius of the eylinder.

The aren of the enrved surface of & vight eireular evlinder is 4400 square em. 1f
its height is 30 em., find the area of its whole surface.



Mathematics (lasses 1X-X

17. The inner and outer diameter of a iron pipe is 12 em and 14 cm respectively
aned the height of the pipe is § metre Find the weight of the iron pipe where
weight of 1 em? iron is 7.2 gm.

18, The length and the breadeh of a rectangular region are 12 metre and 5 metre
respectively, There is a cirenlar region just around the reetangle. The places
which are not occupied by the rectangle, are planted with grass.

1)
2)

3)
19. The

Describe the information above with a figure,
Find the diameter of the cirenlar region.
If the cost of planting grass per sq. metre is Tk, 50, find the total cost.

fignre is composed of a square and a eiveular E

SCEINeNT.

1)

2)
3)

Determine the length of the diagonal and y 0
perimeter of the square. 12
Find the total area of the whole region.

If & regular hexagon having sides equal to the
length of the square is inseribed in a cirele, then

detennine the area of the unoceupied region of the circle. | <

20, ABCI is a parallelogram and BCEF is a rectangle and BC is the base of
both of them.

1)

2)

3

21, The

Diraw a ligure of the rectangle and the parallelogram assuming the same
height.

Show that the perimeter of ABCD is greater than the perimeter of
BCEF.

Ratio of length and width of the rectangle is 5 : 3 and its perimeter is
48 metre, Determine the area of the parallelogram

perimeters of a square region and a rectangular region are same, The

length of the rectangle is 3 times of its width and its area is 1200 square

metre.

1)
2)
3)

Determine the perimeter of the rectangle using the variable z.
Determine the area of the square region.

Consider a 1.5 metre wide path just around the rectangular region,
How many 25 »x 12.5 square em  bricks will be required to make the

path metalled 7
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Chapter 17

Statistics

Owing to the contribution of information and data, the world has become a
global willage for the rapid advancement of science and  information.
Globalization has been made possible due to rapid transformation and expansion
of information and data. So. to keep the contimmity of development and for
participating and contribute in globalization, it is essential for the students at
this stage to have clear knowledge about information and data. In the context,
to meet the demands of students in pequiring knowledge, information and data
have heen discussed from class VI and class-wise contents have been arranpged
step by step.  In continuation of this, the students of this class will know and
learn cumulative frequency, frequency polygon, ogive curve in measuring of
central tendency mean, median, mode ete. in short-cut method.

At the end of this chapter, the students will be able to

- cxplain cumulative frequency, frequency polvgon and ogive curve.

b explain data by the frequency polveon, and ogive curve.

p  oxplain the method of measuring of central tendency,

B explain the necessity of short-out method in the measurement of central
tendency,

p find the mean, median and mode by the short-eut method.

» explain the dingram of frequency polvegon and ogive curve,

Presentation of Data:  We know that munerical information which are not
qualitative are the data of statisties. The data under investigation are the raw
materials of statistics, They are in unorganized form and it is not possible to take
necessary decision directly from the unorganized data, It is necessary to organize
and tabulate the data. And the tabulation of data is the presentation of the data.
In previous class we have learnt how to organize the data in tabulation, We know
that it is required to determine the range of data for tabulation, Then determining
the class intervil and the number of elasses by using tally marks, the frequency

Forma-45, Mathematics, Class 9-10
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distribution table is made. Here, the methods of making frequency distribution
tahle are to be re-discussed through example for convenient nnderstanding.

Example 1. In a winter season, the temperature (in celsius) of the month of
January in the district of Srimangal is placed helow. Find the frequency
distribution table of the temperature.

145, 147, 147, 137, 127, 137, 107, 107, 117, 13% 11% 10% §° 8° 8% 11° 10°, 10°,
et LS A - R TR S | L e e

Solution: Here the minimum and maximum numerical values of the data of
temperature are 6 and 14 respectively.

Henee the range = (14 —6)+1=9

I the elass interval is considered to be 3. the numbers of elass will be % or 3
Conzidering 3 to be the class interval, if the data are arranged in 3 classes, the
frequency table will be;

Temperature (in celeius) | Tally | Frequency
6° — 8 NN 11
o - 11° VA
12° — 14° ML 7
- Total 31

Work: Form two groups of all the students studving in vour elass: Find the
frequency distribution table of the weights (in Kgs) of all the members of the
aroups,

Cumulative Frequency: In Example 1 considering 3 the class interval and
determining the number of classes, the frequency distribition table has been made.
The number of classes of the mentioned data is 3. The limit of the first class is
6 — 8%, The lowest range of the class is 6% and the highest range is 8°, The
frequeney of this elass ig 11 Similarly, The limit of the seeond class is 87 — 17
and the frequency of this class is 13, Now if the frequeney 11 of first class 1s added
to the frequency 13 of the second class, we get 24. This 24 will be the cumulative
frequeney of the second class and the enmmlative frequency of first class as begins
with the class will be 11, Again, if the cumulative frequency 24 of the second
¢lass is added to the frequeney of the thivd class, we get 24 + 7 = 31 which is the
cumulative frequency of the third cliss. Thus enmulative frequeney distribution
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table is made. In the context of the above diseussion, the cumulative frequency
distribution of temperature in Example 1 is as tollows:

Temperature (in celeius) | Frequeney | Cumulative Frequeney
6 —8" 11 11
9-—11° 13 (11 +13) =24
12° — 149 7 (24 4+ 7) =31

Example 2.  The marks obained in English by 40 students in an annual
examination are given below. Make a enmulative frequeéncy table of the marks
obtained.

70, 40, 35, 60, 55,

58, 45, 60, 65, 80, 70, 46, 50, 680, 65, 70, 58, 60, 48, 70, 36, 85,
60, 50, 46, 65, 55, 61

, 72, 85, 90, 68, 65, 50, 40, 56, 60, 65, 46, 76

Solution:
Range of the data = (highest ommerical valne — lowest numerical value) + 1 =
(90 —35)4+1=53+1=706

. | 56 _
Let the class interval be & then the number of classes = — = 11.2 or 12 [taking
the immediate next integer when class interval is fractional]

Henee the cumulative frequency distribution table at o class interval of 5 will he
as follows:

| Obtained marks | Tally | Frequeney | Cumulative frequency
35— 34 Il 2 2
0-4 | | 2 2+2=4
45 — 49 i 5 5+4=9

| 50—54 1T 3 34+90=12

| bo— oY M 5 h+12=1T7

60— 64 T T+17=24
65 — 69 M 6 G424 =30
70 —74 i b 5+430 =35
To—T9 | 1 1+ 36 =36
80 — 84 | L 1+ 36 =37
85 — 89 I 2 2437 =39

| 90 — 94 |‘ it 1439 = 40

Variable: We know that the numerical information is the data of statisties. The

1y
o~y
= numbers used in data are variable, Such as, in example 1 the numbers indicating
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temperatures are variable. Similarly, in example 2. the secured marks used in the
data are the varianbles,

Discrete and Indiscrete variable: The variables used in statistics are of two
types. Such as, discrete and indiscrete vari ables, The varinbles whose values
are only integers, are discrete varinbles. The marks obtained in example 2 are
discrete variables. Similarly, only integers are used in population indicated data.
That is why, the variables of data used for population are diserete variables, A
nd the variables whose numerical values can be any real number are indiscrete
variahles. Such as, in example 1. the temperature indicated data which can be
any real munber. Besides, any real number can be used for the data related to
are, height, weight ete. That is why, the variables used [or those are indiserete
variables. The number between two indiscrete variables can be the value of those
variables, Some times it becomes necessary to make elass interval mdiserete. To
make the class interval indiscrete, the actual higher limit of a class and the lower
limit of the next class are determined by fixing mid-point of a higher limit of any
clags and the lower limit of the next class, Such as, in example 1 the actual
higher-lewer limits of the first class are 8.5 and 5.5 respectively and that of the
second class are 11.5%  8.5° ete.

Work: Form a group of maximum 40 students of your class.  Form
frequency distribution table and cumulative frequency table of the group
with the weights/heights of the members.

Diagram of Data: We have seen that the collected data under investigation
are the raw materials of the statisties. I the frequency distribution and
cumulative frequency distribution tabile are made with them, it becomes clear to
comprehend and to draw a conclusion.  If that tabulated data are presented
through diagram, they become easier to understand as well as attractive. That
is why, presentation of statistical data in tabulation and diagram is widely and
frequently used method, In class VIIT, different types of diagram in the form of
line graph and histogram have been discussed elaborately and the students have
been tanght how to draw them. Here. how [requency polveon, pie-chart, ogive
curve are drawn from frequency distribution and cumulative frequency table will
b disenssed.

Frequency Polygon: In class VIIL we have learnt how to draw the histogram
of discrete data, Here how Lo draw frequency polygon from histogram of indiserete
data will be put for discussion through example.

2023
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Example 3. The frequency distribution table of the weights (in Kg) of 60

students of class X of a school is given below:

“Weight (Kg) 46 — 50 [ 51— 55 | 56 — 60 | 61 — 65 | 66 — 70
Frequency (No. of students) 3 10 20 | 16 10
1) Draw the histogram of frequency distribution.

2} Draw frequency polygon of the histogram.

Selution: The class interval of the data in the table is discrete. If the class
interval are made indiserete, the table will be ;

Class interval of the weight (in Kg) In Discrete class interval | Mid point of class T qunﬂm:).'“
46 - 50 45.5 - 50.5 48 B |
51 —5b 50.5 — B5.5 53 10
86 — 60 55.5 — G0.5 hid 20
61— 5 60.5 — 65.5 63 15
66 — 70 65.5— 705 68 10

1)

2)

Histogram has been drawn taking each square of graph paper as 5 unit of
elass interval along with z-axis and frequency along with y-axis. The class
interval along with g-axis has started from 45.5. The broken segments £S5
have been used to show the presence of previous sqmares starting from from
origin to 458.5.

X
25 = = R RS S S e
12'.]" A IR — il Q._" - il -l
15 - _I - I -
10f . T T [y 20 A o
ﬂ /\./A‘I- . —— - ] - . }K
45.5 50.5 555 60.5 65.5 70.5

The mid-points of the opposite sides parallel to the base of rectangle of the
histogram have heen tixed for drawing frequency polygon from histogram.
The mid-points have been joined by line segments to draw the frequency
polveon (shown in the adjacent figure). The mid-points of the first and the
last rectangles have been joined with z-axis representing the class interval
b the end points of line segments to show the frequency polvgon attractive
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25 l
16 e e —
10 A

45.5 505 5565 60.5 65.5 TO5

Frequency Polygon: The diagram drawn by joining [requency
indieated points opposite to the class interval of indiserete data by line
segments suceessively is frequency polygon.

Example 4. Draw polvgon of the following frequency distribution table,
Class interval| 10 — 20120 — 30/30 — 40[40 — 50|50 — 60[60 — 7070 — 80|80 — 90
Mid-point 15 25 | 35 45 55 Gh 75 85
Fregueney 3 10 | 15 30 45 41 15 T

Solution: Histogram of frequency distribution is drawn taking each square of
graph paper as 10 units of class interval along with z-axis and each square of
graph paper as & units of frequency along with g-axis. The mid-points of the
gides oppaosite to the base of rectangle of histogram are identified which are the
mid-points of the elass. Now the fixed mid-points are joined. The end-points of
the first and the last classes are joined to z-axis representing the class interval to
draw frequency polygon.
Y

45T ! ,
40 Y|
35 >

30| I
25— { :
20|

ol | ¢ \‘ [
1']' i — /.'ﬁ e itete et
5 'Fl'-i‘,'. I8 \’K_
0 020304050 60 70 80 90100 *~
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Work: Draw [requency polygon from the marks obltained in Bangla by the

stilents of your elass in first terminal examination.

Example 5. The frequency distribution table of the marks obtained by 50
students of class X in science are given. Draw the frequeney polygon of the data
(without using histogram):
Class 31 — 4041 — 50[51 — 60]61 — 70|71 — 80[81 — 9091 — 100
interval |
Frequency 68 | 8 10 12 ] T 2

Solution: Here the given data are diserete. In this case; it is convenient to draw
frequency polygon directly by finding the mid-point of class interval,
31 +40

The Mid-point of the first class interval (31 —40) is TR 35.5
Class 31 —40{41 — 50[51 — 60]61 — 70[71 — 80[81 — 90[01 — 100

interval |
Mid-point 3bh | 455 | 665 | 655 | Thh | 8&5.b 96.5
Frequency | 6 | 8 0 | 12 5 7 2

The polvgon is drawn by taking each squares of graph paper as 1 units of mid-
points of class interval along with z-axis and taking each square of graph paper
a8 2 units of frequency along with y-axis.

Y

14

12 :

10} /I4

6 ; o .'\'

A r - " Gt I -

ot 1L 1 \ .

0 "' , = X
10 20 30 40 50 60 70 80 20100

Work: Draw frequency polvgon from the frequency distribution table of
heights of 100 students of a college,

\Heights (in em.)| 141 — 150|151 — 160|161 — 170171 — 180|181 — 180

|  Frequency | 5 16 56 11 12
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Cumulative Frequency Diagram or Ogive curve: Cumulative frequency
diangram or Qgive curve is drawn by taking the upper limit of class interval along
with z-axis and cumulative frequeney along with ge-axis after classifieation of a
dala.

Example 6. The [requency distribution table of the marks obtained by 50
students out of 60 students is as follows:

Class |1 —10{11 —20{21 —30/31 — 4041 — 50
interval

of  marks|
obtained |
Frequency | 8 12 15 18

=1

Diraw the Ogive curve of this frequency distribution.

Solution: The cumulative frequency table of freguency distribution of the given

data 1s :

Clitss 1-10f 11-20 21 - 30 31 —40 41 — 50

interval

of marks

obtained - _ _ )

H]E‘rsﬂqlmnn}r '| 5 12 15 18 . 7
3 8+12=20[15+20=235|18 + 35 =233|7 + 53 = 60

- =

Clumulative

Frequency

Ogive curve of cumulative frequency of data is drawn taking each square of graph
paper as two units of upper limit of elass interval along with z-axis and cumulative

tfrequency along with y-axis,

Ly

L]
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60
20
40
30
20
10

S8 SRR RASE SR AEERNROAFYY:
10 20 30 40 30

Work: Make cumulative frequency table of the marks obtained 50 and
above in Mathematies by the students of vour elass in an examination and
draw an Ogive curve,

Central Tendency: Central tendency and its measurement have heen disenssed
in class VII and VIIT. We have seen if the data under investigation are arranged
in order of values, the data cluster round near any central value. A gain if the
disorganized data are placed in frequency distribution table, the frequeney is found
to be abundant in a middle class e frequency is maximum in middle elass. [n
fact, the tendency of data to be clustered around the central value is number
and it represents the data. The central tendency is measured by this number.
Generally, the measurement of central tendency s of three types (1) Arithmetic
means (2] Median (3) Mode ¢

Arithmetic Mean: We know if the sum of data is divided by the numbers of the
data, we get the arithmetic mean. But this method is complex, time consuming
and there is every possibility of committing mistake for large numbers of data. In
such cases, the data are tabulated through classification and the arithmetic mean
is determined by short-cut method.

Example 7. The frequency distribution table of the marks obtained by the
students of a class is as follows, Find the arithmetic mean of the marks.

Forma-46, Mathematics, Class 9-10
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 Class interval | 26— 34 | 35—44 | 4554 | 56— 64 | 66— 74 | 75 -84 | 85— 04
Frequenecy 5 10 15 20 al 16 4

Solution: Here class interval is given and that is why it is not possible to know
the individital marks of the students. In such case, it becomes necessary to know
the mid-value of the class.
Class upper value +class lower value

2
If the class mid-value is 2{(i = 1...k) the mid-value related table will be as
follows:

MNid-value of the class =

| Class interval | Class mid-value (x;) | Frequeney (i) | (fizg)
| 25 —34 29.5 3 147.5
3544 | 39.5 10 395
45 — 54 49.5 15 T42.5
55 — 64 59.5 20 1190
65— T4 69.5 a0 2085
-84 | 79.5 | 16 1272
&h — 04 89.5 4 485
Total C on=100 £190.0

The required arithmetic mesn

; e ]
— oy = — G194 = 61,
& iilf,_ll'i 100 (L9 il.9

Arithmetic mean of classified data (short-cut method): The short-cut
method is easy for determining arvithmetic mean of classified data. The steps to
determine mean by short-cut method are
1. To tind the mid-value of classes,
2. lo take convenient approximated mean (a) from the mid-values,
3. To determine steps deviation, the dilference bhetween class mid-values and
approximate mean are divided by the class interval i.e.

mid value — approximate mean

steps deviation u = :
class interval

4, To multiply the steps deviation by the corresponding class frequency.

To determine the mean of the deviation and to add this mean with
approximate mean to find the required mean.

2023
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Short-cut method: The formula used for determining the mean of the data by
this method is :

: ,2,: fitkg

E=n+ T * h
where, 2 = required mean, & = approximate mean. f; =class frequency of ith
elass, u; f; =-the product of step deviation with class mtervals of jth class and b =
class interval, k= number of class and n= fotal number of frequency.

Example 8. The production cost (in hundred taka) of & commodity at ditferent
stages is shown in the following table. Find the mean of the expenditure hy short-
et method.

Production|2 —6(6 — 10|10 — 1414 — 18{18 — 2222 — 2626 — 30/30 — 34
eist{in
hundred
taka)

_lf‘i'faqllen{:},' [T 79 | 20 "! 47 | 52 36 | 19 3

Solution: Tu determine mean in the light of followed steps in short-cut method,
the table will be :

Class interval Mid-value i | Frequeney [ Step deviation w, = Lr Frequency and step deviation f,-u,-l
2-6 | 4 | 1 | -4 -4 '
6-10 3 9 -3 ~27
n-14 12 2l -2 —42
14-18 1§ 47 1 —47

18-22 Wi a 52 0 f)

-2 4 36 1 36

26— 30 23 14 2 38

-¥ | w | 3 3 9

Total 188 -37
Mean g =a+ %.'f;ﬂi ¥ =20+ _—3{ x4d=20-079=19.21
7 188

. Mean prodnetion cost is Tk, 19 hundred.
Weighted mean: In many cases the numerical values @y, me, ..o %, of

statistical data under investigation may be influenced by dilferent reasons/
importance/ weight. In such case, the values of the data z,,%9,...,%, along
with their reasons/ importance/ weight wy,ws, ..., wy are considered to find the
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arithmetic mean. Tf the walues of n numbers of data are 2,99, ...,%, and their
weights are 1wy, Wa, . . ., We, the weighted mean will he

b

e =1 Ly
Ty = =
=1 Wi

Example 9. The rate of passing in degree Honowrs class and the munber of
students of some department of a University are presented in the table helow,
Find the mean rate of passing in degree Honours class of those departments of
the university.

Name of the department | Math | Statistics | English | Bangla | Zoology | Politieal Seience

~ Rateof passing (%) | 70 80 50 % | 60 85
Number of students 20 120 130 225 135 300

Solution: Here, the rate of passing and the number of students are given. The
weight of rate of passing is the number of students. If the variables of rate of
passing are z and numerieal varable of students 15w, the table for determining
the arithmetic mean of given weight will he as follows :

| Department Rate of passing #; | Number of students w; | 2w;

| Math 70 80 KGO0
| Satistics I 80 1 120 - 9600

| English 50 100 5000 |
| Bangla 90 225 20250
- Zoology 60 135 §L00

| Political Science 85 ' 300 25500
| Total 960 74050

S muw: 74050 -
Zf=1wi 960 '

:L!w —

.. Mean rate of passing 77.14

Work: Collect the rate of passing students and their numbers in 5.5.C.
examination of some schools in vour Upazilla and find mean rate of passing.

Median:

We have already learnt in elass VIII the value of the data which divide the data
when arranged in ascending order into two equal parts are median of the data,

2025
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We have also learnt if the numbers of data are noand nois an odd number, the
n+1

median will be the value of th term. But if nn is an even number, the median

. ; T n
will he numerical mean of the value of 5 and (r- + 1) th terms. Here we present
through example how mean is determined with or without the help formulae.

Example 10. The frequency distribution table of 51 students is placed below.
Find the median.

Hedght (em) | 150 | 155 | 160 | 165 | 170 | 175
Frequeney | 4 | 6 | 12|16 | 8 5

Solution: Cumulative frequency distribution table for finding mean is as follows

‘Height (cm) | 150 | 185 | 160 | 165 | 170 | 175 |
_"l"r:_umur_}* | 4 6| 12| 16 3 5
R 4| 10| 22| 38| 46| 51
| Frequency

Here, 1 = 51 is an odd number.

8l +1

= Median = the value of th term = the valne of26th term = 165

Required median 165 cm,

Note: The value of the terms [rom 23th to 38th is 165,

Example 11. The f(requency distribution table of marks obtained in
mathematics of 60 students is as follows, Fimd the median ;
Marks 40 | 45 | 50 [ 55 | 60 | 70 | 80 | 85 | 90 | 95 | 100

abtained

Frequency | 2| 4| 4| 3| 7|1 [16 |

6| 4] 3| 1

Solution: Cumulative frequeney distribution table for determining median is -

Marks 40 (45 | BO [ B5H | 60 | 70 | BO | 85 | 90 | 95 | 100
ol adned
Fregueney 2 4| 4
Cumulative| 2| 6101
Frequeney |

7,10 16 6 41 3 1

50 46 52 56|59 | 60

) a2
[
=

Here, m = 60, which is an even number.
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%—r':"’rh term 4 {%,q + 1)th term _ atth term + 31th term
2 2
_Tu+80
2

2 Medinn =

=75

.. Required median 75

Worlk:

1) Make frequeney distribution table of the heights (in em.) of 49 students
of vour class and find the mean withont using any formula.

2) From the above problem, deduct the heights of 9 students and then find
the median of heights (in em.) of 40 students.

Determining Iﬂ;llediﬂn of Classified Data: If the number of classified data is
i, the value of i-ih term ol classiied data is median, And the formula ased Lo

. ; n.. . . . n A

determine the median or the value of Eth term is : Median = L+ (E - F,_.,) b },—,

3 3 m

where L is the lower limit of the median class, n is the frequency, F. is the

comulative frequency of previous class to median class, fm is the frequency of
median class and R is the class interval.

Example 12, Determine median from the following frequency distribution
table :

Time(sec.) | 30— 35 | 36 —41 | 42 - 47 | 48— 53 | 54 — 59 | 60 — 65
- Frequency 3 10 18 26 8 ]

1} What is a frequency distribution table?
2} Determine median from the frequency distribution table given above.

3) Draw the frequency polygon of the given data.

Solution:

1) Frequeney distribution table refers to organize and tabulate a dataset by
determining specific class interval and number of elasses,

2) The frequency distribution table to determine median iz given below:

2025



2025

Chapter L7, Statistics 36T

Class interval | Frequency | Cumulative frequency
— | 1 T

36 —41 10 13

42 —47 13 a3l

48 — 53 25 56

54 — 59 8 G4

60 — 65 6 T

n =70

70
Hera, n = 70 and g = & or 356

Theretore, median is the valoe of 35th term. 36th term lies in the class
(48-53). Hence the median class is (48-53).

S L=48 F, =31 f,=2band h=¢6

So median = 48 + (35 — 31) x ;—r=48+4x 2% =48 +0.96 = 48.96
o

Required median 48,96,

The table useful to draw the frequency polveon is given below: The median
of the class prior to the first elass would be 26.3 and the median of the class
following the last class would he 68.5.

Now, taking convenient unit for median values in along the X axis where,
~ 4~ sign indicates 0 — 26.5 and taking length of side of each sqaure as 2 of
frequency along ¥ axis, the frequency polygon has been drawn,

i

| Class interval Median | Frequency

| 30-35 | 325 3
36—41 | 385 10
42— 47 | 445 18 -
48-53 | 505 | 25 -
5459 | 565 g H
60 —65 | 62.5 é S
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Work: Make two groups with all the students of vour class. (a) Make
a frequency distribution table of the time taken ly each of you to solve a
problem. (b) find the median from the table.

Maode:

In elass VIII, we have learned that the number which appears maximum times in
a data is the mode of the data, o a data, thers may be one or more than one
made, If there is no repetition of a wember in a data, data will have no mode.
Now we shall discuss how to determine the mode of classified data using formula,

Determining Mode of Classified Data: Mode =L 4 —‘fl—— w h, where

fi+ fa

L is the lower limit of mode-class i.e. the class where the mode les,
fi = requency of mode-class — [requency of the class previous

fo = frequency of minde class — frequency of next class of mode elass and h =class
interval,

Example 13. Following is a table,

| Class interval | 31 —40 | 41 —50 |51 —60 |61 —70 | TL—80 | 81 —950 | 91 — 100
|_ Frequency 4 | 6 8 12 g T 4

1) What is central tendeney?
2) Find mode from the above table.

3) Draw ogive curve of the given data.

Solution:

1) If the disorganized data of statistics are arranged according to the value, the
data eluster round near any central value. Moreover, abundance of data is
observed in a single class when these data are presented in some frequency
distribution table. This tendeney of data to cluster around central value is
known as central tendency,
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2} The tahle to determine mode is given below:

Class |31 — 40[41 — 50[51 — 60[61 — 70/71 — 80[81 — 90/81 — 100

Frequency| 4 6 | 8 12 9 7 4
fi
Mode = L + % h
h+fa

Here, the maximum numbers of repetition of frequency is 12 which lies in

the class (61 T0).

s L=6lfi=19-8=4f;=12-9=3 h=10

X 1E}=51—|—£E X lﬂ=ﬁl+@=ﬁl+5,?"=ﬁﬁ.'i'

,',Mnda=51+4+3 - -

Required mode 66.7

3) The table to draw the ogive curve is given below:

Class interval | Discontinuous class interval | Frequency | Cumnulative frequency

31 —40 30 — 40 4 4

41— 50 40 — b0 G 10
51— 60 | 50 — 60 | 18
61 — 70 80 — 70 12 30
T1 — 30 T0 — 80 9 39
81 — 480 80 — 90 7 46
91— 100 90 — 100 4 50

Using convenient scaling along X axis where —%— (sign indicates 0 — 30
and taking per square unit as & units of cumulative frequency along ¥ axis
points along higher limits of classes have been marked., Then these marked
points have been joined and thus the Ogive earve has been drawn.

Forma-47, Mathematice, Class 9-110
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Example 14. Find maode from the frequency distribution table given helow.
Class | 41 —350 | 51 —60 [ 61 —T70 | 71—80
| Frequency | 25 | 20 15 8

Solution: Here, maximum numbers of frequency are 25 which lie in the class
(41-50). So it is evident that mode is in this class. We know that

[i

Mode= L+Tf xh. Here, L =41, i =26—-0=25, f, = 25—-20=35]If the
3+ 2
frequency is maximum in the first class, the frequency of previous class is zero)
25 25
. Mode = 41 =4l + = x 10 =41+ 5833 =49.33
ode + 55 +E * o + 3

Reguired mode 49.33.
Example 15. Find mode from the frequency distribution table given helow.

Class 11 —20 | 21 —3D'| 31 —40 | 41 — 50
Frequency | 4 % | 20 | 25

Solution: The maximum numbers of Class Frequency frequency are 25 which lie
in the class (41 — 50). So it is obvious that this class is the class of mode. We

lenow that, Mode = L+ h %

i+ [z
Here, L=41, fi=25—-20=25, f =25—0= 25, h = 10|If the frequency is maximum

in the last elass, the frequency of following elass is zero]

S
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S Mode =41 +

5 . 5 9
) =41 4+ — x 1l =41 +} = =41 +1.67 = 42.67
B3 . | 50 * [ 3 +1.67 i

Required mode 42.67 (approximately]

If the frequeney is maximum in the first elass, the frequeney of previous class is
zero. If the frequency is maximum in the last class, the frequency of following
class i zero.

Exercise 17

1. Which one indicates the data inecluded in each class when the data are

classified?
1) Class interval 2) Mid-point of the class a) Number of
classes 4) Class frequency

2. I the disorganized data of statistics are arranged according to the valne, the
data cluster round near any central value. This tendency of data is called
1) Mode 2) Central 3) Mean 4} Median

tendency

3. Clonsider the table helow:

Temperature | 6% — 8 | 8% — 10° | 10° — 145 |
Frequency b 9 4

(i) Class interval is 3
{4d) Median class is 8° — 107

(#4d) Temperature is a discontinuous variable
Which of the following is true?
1) 4 and i 2) 4 and 3) i1 and §ii 4} 4, 44, and i3
4. To draw histograms we need -
(i) Discontinnous class interval along x axis
(i1) Frequeney along y axis
(i) Class mid-point

Which of the following is true?
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1) ¢ and = 2) 1 and in 3) 4t and s 4) 1, i, and tiz
In case of data, Mode is -

(#) Measures of central tendeney

(#1) Represented value which is mostly oceurred
(#88) May not unique in all respect
Which is correct on the basis of above information?

1) iand di 2) 4 and if 3) i and i 4) 4, 4 and it
In winter, the statistics of temperatures (in Celsius) of a region in

Bangladesh is 10°,9°, 8%, 6°, 11°,12°, 7°,13°.14°. 5°, In the context of this
statistics, answer questions(6- 8§,

Which is the mode of the above numerical data?
1) 12° 2} §° 3) 147 4} no mode

Which one is the mean of temperature of the above numerical data?
1) & 2) 8.5° 3) 9.5° 4) @

Which ome is the median of the data’
1) 9.5+ 2] @ 3) 8.5° 4) 8

The number of classified data ineluded in the table is n, the lower limit of
median class is L, the eumulative data of previous elass to median class is
Fr the frequency of median class is fmoand class interval is A, In the light
of these information, which one is the formula for determining the median

1) L+(§—F¢)x% 2) L+ (5 —Fn) x_%
3) L—(_?—;—FG)KF—?:‘ 4) L—(%—Fm)x%

The frequency distribution table of marks obtained in mathewnaties of 60
students of elass X is given bhelow. Draw frequeney diagram and ogive
curve.

Class interval|31 — 40[41 — 50[51 — 6061 — 70[71 — 80[81 — 90/91 — 100]

Frequeney 6 | 8 10 12 | & 7 2 |
Frequency distribution table of the marks obtained in mathematics of 50
students of class X are provided, Draw the frequeney polyvgon of the
provided data
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Frequency

_Wei_ght. (hp_;_}' 45_
2

50/55/60
68 16

65

7ol

'
G

373

12. The [ollowing are the marks obtained in Mathematics of lifty students of

class IX in a schonl:

T, 65, U8, 79, 64, 68, 56, 73, 83, 5T, 55, 92, 45, 77, 87, 46, 32, 75, 89, 48
97, 88, 65, T3, 93, 58, 41, 69, 63, 30, 84, 56, 46, 73, 93, 62, 67, 69, 65, 53

T8, 64, B, 53, 73, 34, TH, 82, 47, 62

1} What is the fype of the given information? What indicate frequency

in a ¢lass of distribution'?

2) Make frequency table taking appropriate class interval,

3) Determine the mean of the given number by short-cut method,

13.

v

i
L4

|

\

|

o SR O %, - e S O e el

oS

30405060708090100 -

1) In the above fignre, what is the mid-point value of the first class and
what is the frequency of the last class?

2)  Express by data of information demonstrated in the above figure.

3) Find the median of frequency obtained (rom 142

14. The frequency distribution table of weights (in kg) of 60 students of a class

are:

C'lass intwrwl%&i — 49150 — 54

56 — 89

G0 — 64 65 — 69

70— 74

Frequency 4 8

10

20

12

i
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1) Write the formula to determine median,
2) Find the mode of the data.
3) Draw histogram of the data.

15, Temperature is always changing. Usually in Bangladesh temperature is
comparatively lower during first week of January and comparatively higher
during fourth week of June. Following is the list of temperatures of 52 weeks
is celsins,

35, 30, 27, 42, 20, 19, 27, 36, 39, 14, 15, 38, 37T, 40, 40, 12, 10, 9, 7, 20, 21,
24, 33, 30, 29, 21, 19, 31, 28, 26, 32, 30, 22, 23, 24, 41, 26, 23, 25, 22, 17,
19, 21, 23, 8, 13, 23, 24, 20, 32, 11, 17

1) Caleulate the number of classes considering a class interval of 5.

2) Express the given data in a tabular form and tind the mean value of
temperatures,

3) Draw histogram using the table and find the mode.

2025
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Answers to exercises

Exercises 1

12, 1) 0.16 2) 0.63 3) 3.2 4) 3.53
2 35 2 71 769
o o fided ] %kl o ot A SO
B0 2 59 9 1 4 35 o) S35
14. 1) 2.333, 5.235 2) T.266, 4.237
3) 5.77TT777, B.343434, 6.245245  4) 12.3200, 2.1999, 43236
15 1) 0.589 2) 17.1179 3} 1.07009372
16, 1) 131 2) 1.665 3) 3.1334 4) 6.11602
17. 1) 0.2 2) 2 3) 0.2074 4) 12.185
18. 1) 05 2) 0.2 3) 5.21951 4) 4.8
19, 1) 3.4641, 3.464 2) 0.5025, 0.503
3) 1.1590, 1.160 4) 2.2650, 2.265
20. 1} rational 2) rational 3} irrational 4} irrational
5) irrational i) rational 7} rational 8) rational
23. 1) 9 2) 3

Exercises 2.1

1. 1) {4,5} 2) { . iiy=5,—4,-3, 3} 3) {6,12,18,36} 4) {3,4}
2. 1) {zeN:zoddand 1 <z < 13}

2) {z €N :zisa lactor of 36}

3) {z & N :zisamultiplier of 4 and x < 40}

4) {z€Z:2*> 16 and z* < 216}
3. 1) {1} 2) {1,2,3,4,a} 3) {2}
4) {2,3.4,a) 5) {2}
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11.

Mathematios Classes 1X-X

PiQ) ={@ {z}. v} {= v}

P(R) = {@.{m} {nt, {3, {m, n}k, {m, i} {n, i}, {m, n. 1}}

1) 2,3 2) (e a) 3) (1,5)

1} {[ﬂ,b},l:ﬂ.,ﬂ:l},{[b,ﬂ},[ﬂ;ﬂ.:l]' 2) {{4,5:],fﬂi-,!.fL{ﬁ,I],{ﬁ,yJ}
3) 1(3,8).(5,8).(7,3)}

{1,3,5,7,9,15,35,45} and {1,5}
{35,105}

3 persons

Exercises 2.2

10.
11,

L2.

17.

18.

{(3,2), (4.2)} 13. 2
{(2,4), (2,68)} 14 1lor2or3
s 2
T .
T.- -31 15 15, ;x:"’

1 {2}, {1,2,3}

A

9) {-2,-1,0,1,2}, {0,1,4}
1 5§
3) {5,1,5}, {-2,-1,0,1,2}
Tj' {{—I,E],{H,H,f'l.D},[E,—]}},{—].GJ,E'}-,{—L{],T,E}
2) 1(0,0),(L,2)}, {0,1}, {0,2}

Exercises 3.1

1.

; 427 4
1) 4a?+ 12ab + 9b* 2) wtt—+—
3) 16y? — 40zy + 2527 4) 267% — 102%y +¢°

5) 96% + 2502 + 4a? — 30be + 20ca — 12ab

6) a’z? + b y2 + 22% — 2abry + 2beyz — Poazr

7} 4da? + 92% + 4% 4 252° 4 120z — 8ay — 2002 — 122y — 3022 + 20v:2
8) 1014049

2025
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2. 1) p® +48¢% — 14pg 2) 36n% — 24pn + 4p°
3} 100 4) 3104
3, +16 11, 6
4, +3m 12. 9
1
6. 7 13. (Qa+b+e)? = (b—a—e¢)’
I 14. (z+52—12
10. 25 15.. 1) 3 21 1

Exercises 3.2

1, 1) 8z% 4 362%° +5da®y* +2Ty8 2) 343m® — 294m*n + 84m?n? — 8n?
3) 8a® — & — 27¢® — 12a%h — 36a’c+ Gab® + Bdac® — 9% — 27be? + 36abe

2. 1) 8° 2) 8(b+ c)? 3) 64mn?
4) 2{2® 4+ % 4 %) 5) 6dz?
3. G685 9, 1) 1332) 666
e 10, o —3e
5 8
.3 B
6. 42880 11, #*+3p
8 1) 32) 9 16. 4645

Exercises 3.3

Lo bz — y)a—c) 2. (3z+4)°

3. (a®+ 52 —1{e*—ba—1) 4, (2*+2zy — o* )2 — 2oy — )
5. (ex+ by + oy — bx)(ar + by — ay + bx)

6. (20— 36+ 2c)(20— 36— 2c) T (o+y+2)a—y+4)

8. (4z — 5y)(4z + by — 22) 9, (x+4)(z+9)

10. (z+ 2)(x —2)(x* +3) 11. (a - 18)(g —12)

12, (o*—2)(n*+1) 13. (z+ 13)(z — 50)

14, ¥z 4+ 1)(9z — 14) 15. (z+4+3)(zx—3)(422+9)

16, (r+a)(on+1) 17. (a® 4+ 2a — 4)(3a? + 6a — 10)

Forma-48, Mathematcs, Class 9-10
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18.
20.
22,

24,

26.
28.

(z+oy+y)lox — 2 +y)
{a —3)(d® —3a+3)
(20— 3)(42? + 12 + 21)

o? 2) A 2R,
(E“-“_ (TT*“)

(a+4)(19a* — 13a +7)
(z® — 8 + 20)(2? — 8z + 2)
(22 — 3z — 5)(10z + 72 + 3)

Exercises 3.4

1:
3
3.
e
9
11

13. (2z—1(2z+1){z+1){z+2)

15.

(a+1)(3a% —3a+5)
(2 —2)(z+ 1)(z + 3)
(o+3)(a® — 30 +12)
ka.+ {a —4)(a+ 2)
B)(0? — 6ab + 8
{:H- 1)(z 4+ 2){z + 3)

(dz —1)(2* — 2+ 1)

Exercises 3.5

4.
16.

I8.

2
E{p +r) days

6 days

dflL 1 :
Speed of enrrent 5 (— - —) km /hr and speed of boat —

15.

17.

Mathematios Clagses T-X

(z+2)(z +a+1)
— b)(2a® + 5ab + 8b%)
‘)—?{ﬁa + b){36a® — Bab + 1?)

(2a - %) (Ea - % + 2})
(2% + 7o +4) (22 + Tz +18)
(a+btc)(b+e—a)(e+a—b)(a+b—c)

(x + y)(z — 3y} (= +2y)
(z — L)(z+ 2}z +3)
[a.— 1){a — 1)(a®+ 20 + 3)
— (2 —z+72)
{1 — 3)(«* + 3z + 8)
(x — 2)(2z + 1)(2® + 1)
z{lz— Dz +z+1)zF -2+ 1)
(22 +1)(3% + 2)(3z — 1)

5 hours
100 persons

d i1 l)
—4+— | km/hr
2 (?3 g /

Speed of boat 8 km /hr and speed of current 2 km/hr

tils
fn —

mnte

Tk, 450
Tk. 48
Tk, 625
Tk. 600
Tk. 61

1) Tk 120 9) Tk 80

21.

24.
26.
28.
30.
32.

240 litre

3) Tk, 60

Tk. 10
4%

28%

T 800
Tk.

pr FARP -
TR WAT amount Tk. 300

2023
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36. Time required will be more in presence of iun'vm

37. 40

Exercises 4.1

1. 27 2. VT
3
5 “% 6. 1
L 8.
: 3

Exercises 4.2

1

L1 4 9)

} ) 3

2. 1) 125 9) 5
4 1) log2 2 =
» glu" 15

Exercises 4.3

11. 1) 6.530 x 109
4) 3.75 % 107

12. 1) 100000
4} 0.009513
13. 1) 3
4) 2
14. 1) Char 1. Mant .43136
3} Char 0, Mant .14768
5) Char 4, Mant .82802
15. 1) 166708
16. 1) 0.95424

9) 1.64562
2) 1.44710

28, SH hour
5 E ah
9 Ja+ 26
1
T. 4 8. =
a
19. B 200 1
1 5
3 = 4) 4 A) -
5 ) )3
3) 4
3) 0

2) 6.0831 x 10/ 3) 2.45% 1074

5) 14 x 1077

2) 0.00001 3) 25300
a) Q0000312

2) 1 30

) &

2) Char 1. Mant 80035
4) Char 2, Mant 65896

3) 0.81358
3) 1.62325

4) 3.78888
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Exercises 5.1

1. ab 2, G 3 g

5. “‘2—‘{’ b s 7 “;“h

9. {(40+v2)} 10 @ 11. {—%}

13. {—g} 14. {6} 15. 28,70

17. ‘m " 19. 3200 20. 18 "

22. 100, 20 23, 120 km 24. 10 km
8]

Exercises 5.2

. EY 12, — ;} ,T‘f
3 D
14. 1, ~B5 15. 0, 3
17, 0, a+b 18, 3, _E
20. —a, —b 21. 1,1
23. T8ord7 24. 16 m., 12 m.
26. 27 cm. 27. 21 persems, Tk. 20
32. Nabila's age 28 years, Shuvo's age 21 years
34. 4:30

Exercises 9.1

2. msﬂ:?,tan .-‘-'|=ﬁ,cot.4 = \Q-Tser A=
3 sin A= 13 see A= 1;
4. sinﬁ=15—3,mﬂ—l§ t&ﬂﬁ'——%
1
22. 2
-

13.
16.

22;
25.
28.
33

=
i

?

Mat hematics Classes IN-X

S
::ﬂh}:‘:{.ﬂ

™4

i
e

Dk | ma

(]

g

Vab 5
W
1k 3
Lo
Qem., 12 cm,
70 persons
9 persoms

4
ﬂ%ﬂﬂ-—g

2023
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q:z_hz

2':1. ;" r}_‘i

Exercises 9.2

1 3
5 %7
22

3

91. A= 3?;“, B= ?; 93. §=90°

25. 0 =60" 26. 0 =45" 60°

8.

11. 19. A=230", B=30

Exercises 10

10. 45.033 m. (approx) 11. 34.641 m. (approx)
13. 10 m. 14. 21.651 m. {approx)
16, 27.713 m. (approx) and 16 m,

18. 44.785 m. (approx)

Exercises 11.1

1. a%:d® 2. w1
4. E{J%S 5. 18:25
g8 1) : 2) +v2ab— 2

Exercises 11.2

10. 70%

11. A Tk 40, B Tk, 60, C Tk, 120, D Tk. 80
12, 200, 240, 250

13. 9, 15,31

14. 140

10:

20.

24.
27.

12.
15.

17.

381

12.728 m. {approx)
141.962 m. (approx)
34.298 m. (approx)
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16.
17.
18,
19,
20,
21.
22,

Muathemarivs Classes IX-X

81 runs, 54 runs, 36 Tuns

Officers Tk 24000, Clerks Th. 12000 and Assistants Tk, 6000
447

1% reduction

532 Quintal

§:9

1440 sq.m.

13212

Exercises 12.1

G Wl e

~ =

o

9,
L0k

consistent, independent, unigue solution
congistent, dependent, infinitely many solutions
inconsistent, independent, no solution
consistent, dependent, infinitely many solutions
consistent, independent, unique solution
inconsistent, independent, no solution
consistent, dependent, infinitely many solutions
consistent, independent, unigue solution
consistent, independent, unique solution
consistent, independent, unigue solution

Exercises 12.2

1.
4.

7

10.
13.

6 6
I:J'-I-',—I} 2. [g’_J 3 {G,bg

- ; clb—c} clc—a)
E*%—wl} 2 (1-3 & (ﬂ{b—a}‘b[ﬁ—aj)
(L 8 (2.3 9. (3.2)
L;—ES—EJ 11 (1,2) 12. (2, -1)
(2, ) 14. (2,4) 15. (~8,-3)

2025
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Exercises 12.3

1. (2,2
4. (4,5)

7. l:'l.,—}
10. 2

Exercises 12.4

10. i

13. §T or 73

kit
17. Tk. 4000, Tk. 125
22. 40 and 20 m./sec

b

Exercises 13.1

3. =T and —7h
: 0
11. 320
14. —62(
1T, 24446+
20. —(m+n)

Exercises 13.2

1l: ‘=0 g=>5872
14. 55log2

17. 0

1. 20

i

(g

12.
15.
18.
23.

(2,3) 3.

(2,3) G-

(2,6) g.
15
% =
30 years 15.
specd of boat 10 km /hr
11 and 6 21
& 24.

129th 7.

n? 10.
42 13.
18 16.
110 19.
Sl

3

—(34 -1 ¥

5 )

gth element 10.
86 13.
650log2 16.
ri=5.8=21 19.

24.47 mm. (approx)

383

27
length 17 m., width9
29

57
22 times

100th
360
1771
&0

Gth element

t=1band y=45

1
B=T
n=>55=55
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Exercises 16.1

20 m., 15 m, 2. 12m,

327.26 sq.em. (approx)

au® 7. 120r 16 m.

24.249 cm. (approx}, 254.611 sc.em. (approx)

LT I T =S

Exercises 16.2

1. 96 m. 2. 1056 sg.m.
4. 400 sq.m. 5. 6400
7. 165 m. and 22 m. 8. 35.35 m. (approx)

10. T2cm., 1944 sqoem. 11 17 em. and 9 em,
13, 6.363 sq.m, (appox)

Exercises 16.3

32087 em. (approx) 2. 31.513 . {approx)
128.282 sq.cm.(approx)
175.93 sq.m. (approx) 7. 20 times

cIVERE

Exercises 16.4

8. 636 sq.m., 20.5 m., 864 cubic m.
10. 12m, 4'm, 11. 1 om.

13. 34.641 em. (appox) 14 534.071 sqem,

(approx) 15. 5.305 cm., 3 cm.
17. 147027 kg. (approx)

Exercises 17

10, Do it vourself 11. 60 ke,

Mathematios Olusses TX-X

3. 12 sq.m.

o &m,

8. 44.44 km. (approx)

3. 30 m. and 20 m.

. 16 m. and 10 m.

4. 48.66 cm. (approx)
12, 95.75 sq.m. (approx)
3. 20.008° (approx)

g, T.003 m. (approx)

8. 49.517 m.(approx)

9. 14040 sq.cm.

12, 300000

{appox), 94248 cubic em.
16. 7823.591 sg.cm.

2025
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Appendix

Some additional content related to Chapter 3. 6 and 12 of Mathematics in Class nine
is added as annexure. Because in 2023, the students studying in the nineth prade
have studied in the previous grade (seventh and eighth grade) according to the
'Wational Curriculum 2022'. According to the 'National Curriculum 2022', the
above mentioned content was not included in the seventh and eighth grades.
Hence the above mentioned content is included for continuity of learning and
effective learning.

It should be noted that the continuous and summative evaluation will be
conducted according to the learning outcomes of grade nineth Mathematics.

Inclusion to Chapter 3

Reduction of fractions

Reduction of a fraction means to transfer the fraction to its lowest terms. For
this purpose, both the numerator and denominator are to be divided by their
common divisor or factor. If there 1s no common divisor or factor in between
numerator and denominator of a fraction, such fraction is said to be 1n its lowest
Lerms,

4a’he
E}mﬁzc‘
4a°be _ 2x2xaxaxbxe E
6ab’c 2x3xaxbxbx¢  3b

Example 1. Reduce the fraction

Solution :

4a”be _ 2abex2a _ 2a [H.C.F. of numerator and
6ablc 2abex3bh  3p  denominator is 2 abe]

Alternative method :

Forma-49, Mathematics, Class 9-10
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Fill in the blank spaces below through reduction of fraction :

9  3x3 3 23
12 2x2x3 4 o4
a*h - x3 XXXXX
F xz - XxX =
X = 2mn _
bxy 4
Example 2. Transform 2—aj+—3€? into its lowest terms.
4a” —9h

2a* +3ab _ 24 +3ab

4a’ -98  (2a)* —(3b)?

_ a(2a + 3b) _ a
(2a+3b)2a—3h) 2a-—3b

Solution :

2
Example 3. Reduce : ZLT—H&
x +3x+2

% +5x+6 B ¥+ 2x+3x+6

2 43x+2 X Ax+2c+2

_ Mx+2)+3(x+2) _ (x+2(x+3)
Mx+D+2(x+1)  (x+Dx+2)
_x+3
x+1

Solution :

Fractions with common denominators

Fractions with common denominator is also known as the fractions with
equal denominator, In this case, the denominators of the given fractions are

to be made equal.

) ; [ ;
We consider the fractions — and ﬁ:{ . L.C.M. of the denominators 2h and

In
3n is 6bhn.

ety = px—)

2023
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Appendix a7

Therefore. we are to make the denominators of the two fractions each equal 10 6bn .
a ax3n

Here, £ = === [ 6bn+2b=3n]
2b 2hx3n
= S
6br
and M =X [6pn3n=2p]
In 3nx2hb
el
) X . 3an 2bm
. The fractions with common denominator are —— and .
G 6bn

Rules for expressing the fractions with common denominator

e Find the L.C.M. of the denominators of the fractions.
e Divide the L.C.M. by the denominators of each fraction to tind the quotient.

* Multiply the numerator and denominator of the respective [raction by the
quotient thus obtained.

i ; ; a
Example 4. Express the fractions with common denominator : —, ——.

]

dx’ 2x?
Solution : L.C.M. of the denominators 4x and 2x? is 4x2

L S . T Az sd4x=1x,
And 4y  dxxx 4x°
n
bz = b:<2 - 2 : c4x2=2xi=2
2x% 2x'x2  4af
.. The fractions with common denominator are m; : E’
dx° 45

Example 5. Transform the fractions into its common denominator:

2 5
&=4" a* +3a=10
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Solution : Denominator of the first fraction = ¢* —4 = (a+2¥a—2)
Denominator of the second fraction

=a*+3a-10 = a®* —2a+5a-10
=ala—2)+5a—-2) = (a—2)0a+5)
L.C.M. of the two fractions = (a + 2)(a — 2)(a + 5)

Now let us express fractions with common denominators

2 . 2 - 2x(a+5) [Multiplying numerator
a—-4 (a+ 20a—2) (a+20a—2)x(a+5) and denominator by
(a+5)]
_ Aa+35)
(@® —4)(a +5)
And 5 _ 5 _ S5x(a+2) [Multiplying the
Fi0 1D @D XD
_  Sa+2) (a+2)]
(a* —4)(a+35)

2(a+3) ‘ S(a+2)
(@ —da+5) (@ —4)(a+5)

.. The required fractions are

Example 6. Transform the fractions into its common denominator:

1 2 3
x2+3xl P +5x+6 X —x—12

Solution: Denominator of the first fraction is = x* + 3x = x(x+3)

Denominator of the second fractionis = x* +5x+6=x> +2x+3x+06

=x(x+2)+3(x+2)=(x+2)x+3)

2023
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Appendix 89

Denominator of the third fractionis = x> —x—=12=x"+3x—4x—12

=x(x+3)—-Hx+3)=(x+3)(x—4)

L.C.M. of the three denominators is = x{(x + 2)(x + 3)(x — 4)

Now express fractions with common denominators

. First fractionis = ! = [ x(x+2)x—4)
¥ +3x x(x+3)x(x+2)(x—-4)

_ (x4+2)(x—4)
Mx+2)x+3)x—4)

Second fraction 1s = — 2 . 2 _ 2xx(x—4)
X +5x+6 (x+2)(x+3)  (x+2)(x+3)xx(x—4)

- 2x(x—4)
x(x+2)Nx+3)x—-4)

Third fraction is = — : - 3 _ 3x x(x+2)
X =x-12 (x4+3)x—-4) (x+3)(x—4)x x(x+2)

Ix{x+2)
x4 2)(x -+ 3)(x —4).

~. The required three fractions are respectively

(x+ 2)(1' —4) . 2x(x—4) Ix(x+2)
X(x+2)(x+3)x—4) x(x+2)(x+3)(x—4) x(x+2)(x+3)x—4).
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6-5 Addition, Subtraction and Simplification of Algebraic Fractions

Let us observe :

Arithmetic

Algebra

If the whole square region is taken as 1,
then its black coloured part

=] 2 f= 2 e
T4 g %
Line drawn part= — of 1 = i
2 1
.. Total coloured part ={ — + —
4 4
2+1 3

(Black and line drawn) = —— = —

4
. ( 3) 4

o Whitepart = | 1 —— | =|——
4 4

- 4-3

1
4 4

I |

If the whole square region is taken
as X, then its black coloured part

2 2x
= —ofx=—
4 4
: X

Line-drawn part = — of X = —

4 4
2% . %

. Total coloured part = +—
4 4
2x+x

(Black and line drawn)= -

3

4

hi Ix [4x x
* White part= x —— =s|———
¥ 4 |4 4
dx—3x x
4 4

We observe, the fractions written into above boxes have been made into common
denominators in case of addition and subtraction .

Rules for addition and subtraction of algebraic fractions

» Make the fractions to their lowest common denominator.

¢ Denominator of the sum will be the lowest common denominator and
the numerator will be the sum of the numerators of the transformed fractions.

e Denominator of the difference will be the lowest common denominator
and numerator will be the difference of the numerators of the transformed

fractions.

2025
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Addition of algebraic fractions
Example 7. Add : ~ and ¥ |
a a

Solution : i-}-i:ﬂ
a a a

Example 8. Find the sum : 3_“+i

2.1' Zy
3a+ b _ 3c:><y+ bxx _3ay+bx [Taking L.C.M, 2xy of
2% 2y 2x%xYy 2yxx  2xy  2%2V]

Solution :

Subtraction of Algebraic Fractions

a
Example 9. Subtract : — from —
X X
: a—b
Solution : 6.8 =
X X X

Example 10. Subtract : b from 2a, [ L.C.M. of 3x and 3y 1s 3xy]

3y 3x
Solution : 2a _ i - Zaxy_bxx _ 2ay—bhx
3x Sy Bxy 3;{;}: 3.1}’
Example 11. Find the difference : 1 - 1 [ L.C.M. of 3x and 3y is 3xy]
a+2 g -4
1% T G [ 1 o Ix@=2) !
a+2 a'—4 a+2 (a+2)a-2) (a+2)x(a-2) (a+2)a-2)
= (g=2)=1 = a-2-1 _ yz-3

(a+2)0a-2) (a+2)a-2) ;_4
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Activity : Fill in the following chart :

1,3 _ 4 2
o= —_——=
55 5 5
3.2 TN
m g ab g
2,3 . T _2z_
x 2x xXyz  xy
3.2 5 2.
m  ml P 3p

Simplification of Algebraic Fractions

Simplification of algebraic fractions means to transform two or more
tractions associated with operational signs into one fraction or expression. Here,
the obtained fraction is to be expressed in its lowest terms.

a+:‘:r

a+b g-bh

Example 12. Simplify :

Solution: _9_, b _ ax(a—h)+bx(a+bh) _ a*—ab+ab+b*

a+b ag-b (a+bYa—h) (a+b)a—b)
_a+b’
&b
Example 13. Simplify : Xty _y+z
Xy yz
Solution : XTY _Y+Z _ zx(x+y)—xx(y+z) zx+zy—xy—xz
Xy vz xyz yz
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X-y, y-z_z-x
Ay ¥z zZx

Example 14. Simplify :

X—y y-z_ 2z-X
Xy vz zX

Solution :

_ (x—y)xz+(y—2)xx—(z—x)xy

Ayz

_ EX— Y+ XY—EX— Y+ XY
Xyz

_ 2xy—2yz _ 2y(x—2) _ 2(x—2)
xyz xyz Xz

Forma-50. Mathematics, Class 9-10
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Inclusion to Chapter 6
Quadrilateral

In previous classes, we have discussed inangles and quadrlaterals. In
constructing a particular triangle, we have seen thal three measures are required.
So, naturally the question arises whether [our measures are enough to draw a
quadrilateral. In this chapter, we shall discuss this matter. Besides, different types
ol quadrilaterals, such as parallelograms, rectangles, squares and rhombuses
have wvarious properties. The properties of these quadrilaterals and their
constructions have also been discussed in this chapter.

At the end of the chapter, the students will be able to-

Verify and logically prove the properties of quadrilaterals.
Construct quadrilaterals from given data.

Find the area of quadrilaterals by the formula of tnangles.
Construct rectangular solids.

Find the area of surfaces of cubic and rectangular solids.

YV ¥V VY

Quadrilateral

A quadrilateral is a closed figure bounded by four line
segments. The closed region is also known as / e

quadnlateral. The quadrilateral has four sides. The four
line segments by which the region is bounded, are the s
sides of the quadrilateral.

In the figure any three points of the points 4, B, C. D are not collinear. The
quadrilateral ABCD is constructed by the four line segments 4B, BC, CD and DA.
The points 4, B, C and D are the vertices of the guadrilateral. ZABC, £BCD,
Z2CDA and #DAB are the four angles of the quadrilateral. The vertices 4 and B are
the opposite vertices of C and D respectively. The pairs of sides AR and €D, AD
and BC are sides opposite to each other. The two sides that meet at a vertex arc the
adjacent sides. For example, the sides, 48 and BC are the adjacent sides. The line
segments AC and BD are the diagonals of ABCD, The sum of the lengths of sides is
the perimeter of the quadrilateral. The perimeter of the quadrilateral ABCD is equal
to the length of (4AB+B8C+CD+D4). We often denotle quadrilaterals by the

symbol ‘7"

20125
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Types of Quadrilateral

Parallelogram: A parallelogram is a quadrilateral with
opposite sides parallel. The region bounded by a
parallelogram is also known as parallelogram.

Parallelogram

Rectangle: A rectangle is a parallelogram with a
right angle. The region bounded by a rectangle is a
rectangular region.

Rectangle

Rhombus:A rhombus is a parallelogram with equal
adjacent sides, 1.e., the opposite sides of a rhombus are
parallel and the lengths of four sides are equal. The
region bounded by a rhombus is also called thombus. Rhombs

Square: A square is a rectangle with equal adjacent
sides, i.e., a square is a parallelogram with all sides
equal and all right angles. The area bounded by square
is also called a square.

Trapezium: A trapezium is a quadrilateral with a pair
of parallel sides.The region bounded by trapezium is

also called a trapezium. Trapezium

Square

Kite: A Kkite is a quadrilateral with exactly two distinct
consecutive pairs of sides of equal lengths.

Kite
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Activity:

1. Identify parallelograms, rectangles, squares and rhombuses from objects
of your day to day life,

2. State whether True or False :

(a) A square is a thombus and also a rectangle.

(b) A trapezium is a parallelogram.

(c) A parallelogram is a trapezium.

(d) A rectangle or a rhombus 1s not a square.

3. A square is defined as a rectangle with equal sides. Can you define a square
by using a thombus?

Theorems related to Quadrilaterals

Different fypes of quadrilaterals have some common properties.
These properties are proved as theorems.

Theorem 1
The sum of four angles of a quadrilateral equals to four right
angles.

Proposition: Let 4BCD be a quadrilateral and AC be D G
one of its diagonals. It is to be proved that £4+ ZB8+
£C+ 2D =4 right angles.

Construction: Join 4 and C. The diagonal AC divides the ) B
quadrilateral into two triangles A4BC and A4DC.
Proof:
Steps Justification
(1) In A4BC [The sum of three angles of a
ZBAC + £ACB + 8= 2 right angles. triangle is 2 right angles]
(2) Similarly, in ADAC [ sum of three angles of a
ZDAC + £ACD + £D= 2 right angles, triangle is 2 night angles]
(3) Therefore, #DAC + £ACD + 2D+ [ From (1) and (2) ]
#BAC + ZACB + Z#B =(2+2) right angles.
(4) £ZDAC+ ZBAC = £A and £ACD + £ACB =C | [The sum of adjacent angles]
Therefore, Z4+/B+2C+ /D=4 right angles. | [The sum of adjacent angles] |
(Proved) [ from (3) ] ﬁg:'
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Theorem 2
The opposite sides and angles of a parallelogram are equal.

Proposition: Let ABCD be a
parallelogram and AC and BD be its two
diagonals. It is required to prove that
(a) AB = CD and AD = BC
(b) ZBAD =/BCD ,/ABC =/4DC ,

Proot:

Steps Justification

(1) 4B Il pC and AC 1s their transversal,

therefore. £BAC = A4CD . [alternate angles are equal |
(2) Again. BC|| AD and AC is their transversal,

therefore, LACB = /DAC . [alternate angles are equal ]

(3) Now in A4BC and AADC, =BAC= ACD.,
ZACE = 2DAC and AC is common.

S AABC = AADC.

Therefore, AB=CD,BC = ADand #ABC = ~ADC.| [ ASA theorem ]
Similarly it can be proved that AdBD = ABDC
Therefore, #BAD = ~BCD [Proved)].

Activity

1. Prove that if a pair of opposite sides of a quadrilateral is parallel and equal, it is a
parallelogram.

2, Given that in the quadinlateral ABCD, AB = CD and ZABD = ZBDC. Prove that

ABCD is a paralielogram. nmﬂ

Theorem 3

The diagonals of a parallelogram bisect each other.
Proposition: Let the diagonals AC and BD of A
the parallelogram ABCD intersect at O. It is
required to prove that 40 = CO, BO = DO.
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Proof:
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Steps

Justification

(1) The lines AR and DC are parallel and AC is
their transversal.

Therefore, ~BAC = allernate =4CD,

(2) The lincs BC and ADD are parallel and BD is
their transversal

Therefore, #BDC = alternate 4B

(3) Now, between AAOS and ACOD

048 = 0CD ., £ 0BA = 20DC and
AB=D(C,

50, AdOFE = ACOD,

Therefore, 40 =CO and BO = DO, (Proved)

[ Alternate angles are equal]
[Adtemate angles are equal]
W EBAC = £ ACD

and ZBDC = £ ABD
[ ASA theorem]

parallelogram.

1. Prove that, il the diagonals of a quadrilateral bisect each other, it is a

Theorem 4

Two diagonals of a rectangle are equal and bisect each other.
Proposition: : Let the diagonals AC and D C
BD of the rectangle 4BCD intersect at O.
It 18 required to prove that,
(i) AC =BD )
() AO=C0O, BO=D0O.

A B

Proof:

Steps Justification

(1) A rectangle is also a parallelogram.
Therefore, A0 =C0O, BO=D0.
(2) Now between AABD and AACD,
AB = D(
and AD = AD.
LDAR =24DC
Therefore, AABD = AACD.,
Therefore, 4AC =8BD (Proved)

[Diagonals of a parallelogram
bisect each other]

[ Opposite sides of a
parallelogram are equal |
[ each angle 1s a right angle ]

[ ASA theorem]

Activity : 1. Prove that every angle of a rectangle is the right angle.

2025
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Theorem 5
Two diagonals of a rhombus bisect each other at right angles.

Proposition: Let the diagonals AC and BD of the rhombus

ABCD intersect at 0. It 1s required to prove that, 2 ¢
(i) LAOB = ZBOC = £COD = £DOA = 1 right angle
(ii) A0 =CO, BO=DO.
Proof: 4 ¥
[tepR: Justification
(1) A rthombus is a parallelogram, Therefore, [Diagonals of a
A0 =C0, BO=DO. parallelogram bisect

each other]
(2) Now, in A A0B and ABOC,

AB = BC | sides of a rhombus
AQ=CO are equal |

and OB = OB . [ from (1) ]

S0 AAOB = ABOC . | common side |

[ SSS theorem |

Therefore, ZAOB =/BOC.

ZAOB + ZBOC = 1 straight angle = 2 night angles.

ZAOB = /BOC =1 right angle.

Similarly, it can be proved that, £COD = ZD0A4 = 1 right
angle. (Proved)

Activity

1. Prove that the diagonals of a square are equal and bisect each other.

2. A worker has made a rectangular concrete slab. In how many different
ways can he be sure that the slab is really rectangular?

8.4 Area of Quadrilaterals

A quadrilateral region is divided into two triangular region by one of ils
diagonals. So. the area of the quadrilateral region is equal to the sum of area of
the triangular regions. In our previous classes, we have learnt how to find areas
of square and rectangular regions. We have seen that rectangle and
parallelogram with same base and height have equal areas. Here, the methods of
finding the area of thombus and trapezium have been discussed.
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(a) The Area of Trapezium Region
ABCD is a trapezium, Where AB | CD, AB = a, CD = b and perpendicular
distance = h. Construct D4 || CE at C.

. AECD is a parallelogram. From the figure,
area of trapezium = area of parallelogram AECD + area of iriangle CEB
D b L

= bxﬁ+l{a—ﬁ}xh i .
2 h h
4l .

(a+byxh ] E

B3|
o
w

=

Area of trapezium region = average of the sum of two parallel sides x height

Activity :
1. Find the area of trapezium region by an alternative method.

{b) The Area of Rhombus
The diagonals of a rhombus bisect each other at right angles. If we know

the lengths of two diagonals, we can find the area of rhombus.

Let the diagonals AC and BD of a thombus ABCD iniersect each other
at 0. Denote the lengths of two diagonals by @ and b respectively.

Area of rhombus = area of triangle DAC + area of triangle BAC .
I 1,1 1 = yP
= —ax—b+—ax—b / ,«’7
2 2 2 .2 / o /
)
= _agxh \
2 /
bl N/

Area of thombus = half of the product of two diagonals.

8.5 Solid

Book. Box. Brick. Football etc. are solid bodies. Solid bodies

may be the forms of rectangular, square, spherical and also of

any other form. A solid body has its length, breadth and

height. .
gl Figure-1
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The solid of figure | is a rectangular solid. It has six rectangular faces or surfaces
each of which is a rectangular region. The two mutual opposite faces are equal
and parallel. So, the area of each pair of opposite faces are equal.

The solid ol figure 2 15 a square solid. It has six mutually
equal square faces or surfaces each of which 1s a square
region,

Figure-2

Again, two mutually opposite faces are parallel. The square solid is called cube.
The intersecting line segments of each of two faces are called the edges or sides
of the cube. All the edges or sides of a cube are equal, So, the area of all faces are
equal.

Determination of area of the faces of a solid

(a) Rectangular solid 3 Bl 6
(e

If the length, breadth and height ofa |2 . E_F 1 (2 e |4

rectangular solid are @ unit, b unit 51 .

and ¢ unit respectively, Then @ TTTa b lps | b

according to the figure, area of the
whole face of the solid = {(ab + ab) + (be + be) +(ac + ac)} sq. unit

= 2(ab + bc+ ac) sq. unit
(b) Cube

If the side of a cube 15 @ unit, then area of each of the six faces of the
cube=a x a sq. unit = @4 sq. unit.

Therefore, area of the whole faces of the cube = 6a¢ sq. unit,

Example : The length, the breadth and the height of a rectangular solid are
respectively 7.5 c¢m, 6 cm and 4 em. Find the area of the entire faces of the solid.

Solution : We know, if the length, the breadth and the height of a solid are
respectively a umit, b unit and ¢ unit, then the area of the entire faces of the

solid = 2(ab + bc + ac) 8q. unit.

Here,a=75cm, b=6cm, c = 4.

Forma-51. Mathematics, Class 9-10
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- Area of the entire faces of the given solid.
=2(75x6+6x4+75x%x4)sq.cm
=2(45+24+30)sq. cm
=2 % 99 5q. cm
= 198 sq. cm

Proof of the required theorem
Theorem 2:

If two straight lines intersect, the opposite angles formed are equal.
Special Nomination: Assume lines AD and CD intersect

at point O, As a result, angles ZAOC, ZCOB, ZBOD A D
and ZAOD are formed at 0.

We need to prove that ZAOC is equal to the opposite
ZBOD and ZCOB is equal to the opposite ZAOD.

Proof:

The ray OA infersects line CD at point 0,

Therefore, ZAOC + ZAOD = 1 straight angle = 2 right angle. [ Theorem 1]
Similarly, the ray OD intersects line AR at point O. Hence, ZAOD + ZBOD = 1
straight angle = 2 right angle, [ Theorem 1]

So, ZAOC + ZAOD = ZAOD + ZBOD

Therefore, ZAOC=/BOD [Subtracting Z£AOD from both sides]

Similarly. it can be shown that ZC0OB = ZAQD [Proved]

Theorem 6 (SAS Theorem):
If in two triangles, two sides of one are respectively equal to two sides of the

other, and the included angles are equal, then the two triangles are congruent.
Special Nomination: Suppose

in AABC and ADEF, AB =

DE, AC = DF, and the

included angle ZBAC = the A # CD - F
included angle ZEDF. We

need to prove that ZABC = ZDEF.
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Proof:

L; Place ZABC on ZDEF in such a way that point A coincides with point
D. and side AB coincides with side DE. Paint C will fall on the same side
of DE as point F. Since AB=DE, point B will coincide with point E.

2. Since ZBAC=SEDF and side AB coincides with side DE, side AC will
coincide with side DF (by angle equality).

3. Since AC=DF, point C will coincide with point I (by side equality).

4. Now. ginee point B coincides with point E and point C coincides with

point F, side BC will completely coincide with side EF.

Therefore, #ADBC comcides with ZDEF.
" EABC=£DEF (Proved)

Theorem 7

If two sides of a triangle are equal. then the angles opposite those sides are also
eqal.

Special Nomination: Suppose in triangle ABC, AB=AC.

We need to prove that ZABC=2ZACB.

Drawing: Draw the bisector of Z/BAC as AD such £
that it intersects BC at point D.
Proof: In triangles AABD and AACD:

1) AB=AC (Given) B 1 C

2) AD is a common side

Included angles A BAD=2CAD (By construction)
Therefore, AABD=AACD [HiLiE-Angle—Hide Theoren |
S ZABD=/2ACD

Hence, ZFABC=2ACHE (Proved)
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Theorem 9 (SSS Theorem)

If the three sides of one triangle are respectively equal to the three sides of
another triangle, then the two triangles are congruent.

Special Nomination:

Suppose in AABC and ADEF, o

AB = DE, AC = DF, and BC = EF. A

We need to prove that ZABC=ZDEF. i/ E § F
B L&

Proof: Assume BC and EF are the largest G

sides of AABC and ADEF respectively.

Now, place AABC on ADEL in such a way that point B coincides with point E
and side BC coincides with side EF, amd point A falls on the opposite side of D
with respect to EF. Assume point G is the new position of point A.

Since BC = EF, point C will coincide with point F. Therefore. AGEF will be the
new position of AABC. That is, EG = BA, FG = CA, and ZEGF=4BAC.
Connect D and G.

(1)In AEGD, EG = ED [Since EG = BA = ED, and the angles opposite the
equal sides of a triangle are equal.]

Therefore, ZEDG=2EGD.

(2) In AFGD, FG = FD.

Therefore. ZFDG=2FGD. [as the angles opposite the equal sides of a triangle
are equal. ]

(3) Hence, ZEDGH+AFDG=SEGD+ZFGD

or ZEDF=/EGF. ie., ZBAC=/EDF.

Therefore, in AABC and ADEF, AB = DE, AC = DF, and the included angle
ZBAC=/EDF. [Side-Angle-Side Theorem ]

JCOAABRBC=ADER (Proved).
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Theorem 10 (ASA Theorem):
If in one triangle, two angles and the included side are respectively equal to
two angles and the included side of another triangle, then the two triangles are

congruent.

Special Nomination: Suppose A R
in AABC and ADEF.
LB=/E. AC=/F, and the . \ \
B - " ¢ : .

included side BC=EF.
We need to prove that AABC = ADEF.

Proof:

I Place AABC on ADEF in such a way that point B coincides with point

E. and side  BC coincides with side EF, with point A falling on the same side of
EF as point D. Since BC=EF. point € will necessarily coineide with point F.
[Equality of sides]

4 Since ZB=~E, side BA will coincide with side ED., and since ZC=2F,
side CA will coincide with side FD. [Equality of angles]

3. Since BA and CA have common point A and ED and FD have common
point D, AABC will coincide with aDEF.

SCAABC = ADEF (Proved).

Theorem 11 (Hypotenuse-Side Theorem):

If the hvpotenuses of two right triangles are equal and one side of one trinngle
is equal to the corresponding side of the other triangle, then the two triangles
are congrient,

Special Nomination: Suppose in AABC and ADEF. the hypotenuse AC=DF
amnd AB=DE. We need to prove that AABC = ADEF.

Proof:

1 Place AABC on ADEF such that point B3 coincides with point K, side BA
coincides with side ED, and point C falls on the opposite side of F with respect
to DE. Assume G i8 the new position of point C.

2! Since AB=DE, point A will coincide with point D. As a result, ADEG
will be the new position of AABC, meaning DG=AC, ZG=:<C, and
LDEG=ZB=1 right angle.
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& Since  ZDEF+/DEG=1
right angle + 1 right angle = 2
right angles = 1 straight angle,
GEF forms a straight line,

: 7 " c O E
Therefore, ADGF 15 an isosceles

triangle with DG=DF. So,
LF=/G=/.C.

4. Now, in AABC and ADEF:
ZB=/E [Both 1 right angle]

£0=,F

AB=DE [By Augle-Side-Aungle Theorem |
Therefore, AABC=ADEF (Proved).

Theorem 12:
If one side of a triangle is greater than another side, the angle opposite the
sreater side will be greater than the angle opposite the smaller side.

Special Nomination: Suppose in AADBC, AC=AD. 8

We need to prove that ZABC>ZACE,

Drawing: From AC, cut off a part AD equal to AB and

join B and D, 8 c

Proof:

1. In AABD, AB=AD.

Hence, ZADB=/ABD [Since in an isosceles triangle, the angles opposite the
equal sides are equal ],

2. In ABDC, the external angle ZADB=/BCD [As an exterior angle is
sreater than either of the interior opposite angles],

Therefore, ZABD=./BCD or ZABD>/ACB.

3 ZABC=ZABD [because ZABD is part of ZABC.

Therefore, ZABC=/ZACD (Proved).
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Theorem 14:

The sum of the lengths of any two sides of a triangle is greater than the length
of the third side.

Special Nomination: Suppose in AABC, BC is

the largest side. We need to prove that v
(AB+AC)=BC.

Drawing: Extend BA up to D such that

AD=AC, Join C and D. 2 o
Proof:

L. In AADC, AD=AC. [The angles opposite the equal sides of an isosceles

triangle are equal].. ZACD=/ADC . ZACD=/BDC

7 ZBCD=>-ACD.

Therefore, ZBCD=/BDC.

3. In ABCD, £BCD>2BDC.

Henee, BD=BC. [The side opposite the greater angle is greater]

4. But BD=AB+AD=AB+AC [Since AC=AD]
SAABHAC)EBO. (Proved)
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Inclusion to Chapter 12

Method of solution of simple simultaneous equations of two
variables.

Here, the [ollowing two methods of the solution of simple simultaneous equations
of two variables have been discussed.

(1) Method of substitution
(2) Method of elimination

Method of substitution

Applying this method, we can solve the equations by following the steps below:

(a) From any equation express one variable in terms ol the other variable.

(b) Substitute the value of the obtained variable in the other equation
and solve the equation in one variable.

(¢) Put the obtained value in any of the given equations to find the
value of other variable.

Example 1. Solve the equations

x+y=7
x—y=3

Solution : Given equations are
x4y = Tosadl)
X—V=3 i (2)

X=¥y+3 (3
From (3) putting the value of x in (1) we get,y+3+y=7
or, 2y=7-3
or, 2y=4
or, y=7-3
=2
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Here, putting y=2 in equation (3) we get,
x=2+413
SS9

~. Required solution is (x, y) = (5.2).

[Verification : If we put x=5and v =2 in both the equations, L.H.S of
(1)185+2=7 =RH.Sand LHS of (2) 5-2=3 =RH.S/]

Example 2. Solve the equations
x+2y=9

2x—-y=3

Solution : The given equations are
x4+ 2y =0 00000

2x=p=3: 00 (2)
From (2)weget y = 2x—3......(3)

Putting the value of ¥ in equation (1) we get, x + 2(2x - 3) =9
or, x+4x—-6=29
o, 5x=6+9
or, 5x =15

-

or,
5

- x=3

Now putting the value of X in (3 ) we get,
y=2%x3-3
=6-3
=3

. Required solution : (x, ) =(3,3) .

Example 3 . Solve the equations
2y+5z=16
y—2r=-1

Forma-532. Mathematics, Class 9-10
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Solution : The given equations are
2948 =Thauwui (1)
y=2z=—licecn(2)

From (2 ) we get, ¥y =2z — ... (3)
Putting the value of YV in equation (1) we get, 2(2z—-1)+ 5z =16

or, 4z -2 4+5z=16
o, 9z =16 + 2

o, 9z =18
18
or r = —
9
Here, putting the value of z in (3) we get
y=2x2-1
=4-1
Soy=3

. Required solution is (3, z) = (3, 2),
Example 4. Solve the equations

2 1
—_ ke — = 1
X ¥
4
= 2 =—1
x oy
Solution : The given equations are
2 1
- + F = lusnssimnens (1)
i 9

Putting %—u and % = v, we get

from (1) and (2)
21 £y =Y asunnensias 13)
Gu=9v=—lorrrirnenririenne (4)

from (3), we get
S e | e Ty ) |
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Now, we get from (4) and (5)
4u-9(1-2u)=-1
or, 4y—9+18u=-1

or. 22u=9-1
H—i=i
22 11
M- 1 1
BF T =R Pepel
Putting the value of u in(5), we get
e |
V== 11
_ 11-8
11
.
= T
or EE=N ]
Yy
=£
Y73
1
[L =]
) , . 3 11 11
.. Required solution is (x, ¥) = ( 43 )
P |

(2) Method of Elimination

Applying by this method, we can solve the equations by following the steps
below :

(a) Multiply both the equations by two such numbers separately so that
the coefficients of one variable become equal.

(b) If the coelTicients of a variable are of the same or opposite sign, subtract
or add the equations. The equation after subtraction (or addition) will
be reduced to an equation of one variable.

(¢) Find the value ofa variable by the method of solution of simple equation.

(d) Put the obtained value of the variable in any one of the given equations
and find the value of the other variable.
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Example 5. Solve the equations
Sx=4y =0
x+2y=4

Solution : The given equations are

Sx—dy:= 6 (l)
x+2yp=4.........(2)

Here, multiplying equation (1) by 1 and equation (2) by 2. we get
S —d = Buaal@)

Adding (3) and (4) we get,
Tx=14

O, ¥ =— e 4)
Se=l

Putting the value of X in equation (2), we get
2+2y=4
or, 2y=4-12
2

or y=—
yz

Soyp=l
.. Required solution is (x, ¥) =(2,1) .

Example 6. Solve the equations

x+4y=14
Tx=3y=35

Solution : The given equations arc
x+dy=14.....(l)
TE—3¥ =0 (2)
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Now, multiplying equation (1) by 3 and equation (1) by 4, we get

FH12y = 4 cisciiniok)
28x =12y =20........0.....(4)

31x =62 (Adding)

62
or, X=—
31
SoX=2
Now, putting the value of X in equation (1), we get
2+4y=14
o, 4y=14 -2
or, 4y=12
or = 2
. 2
y = 3,

- Required solution is (x, y) =(2.3).

Example 7. Solve the following equations :

S5x=3y=9
Ix—5y=-1
Solution : The given equations are
5% =3y =% ()
Ix—Jy=—liiinn(2)
Multiplying equation (1) by 5 and equation (2) by 3 we get
25x—15p =45........ccc....(3)
Dx—15p= =3 i (4)
=) #H &)
l16x=48  [by subtracting]
48
or, x=—
16
x=3

413
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Putting the value of X in equation (1) we get
5%3-3y=9
or, 15 -3y=0
or, —3y=9-15
o, —3p=-9%

oL Jess

-

— 0
y=2.

.. Required solution is (x, ¥) = (3, 2),

Example 8. Solve the equations

+1=3

- L=2

y
6
y
Solution : The given equations are
3
S Tl (1)
6
¥

Multiplying equation (1) by 2 and then adding with equation (2), we get

x 6
2 * 7 =6 ()
x G
5 = L (8)
2x X
or, = L X _
Sl e
or, At Sx g
10
Ox
s | R
10 °
x— 80
9

2025
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Appendix

Putting the value of x = %ﬂ 1n equation (1), we get

| 80 , 3
i T
11 . 3

T, ? =+ ? o
3 16
Yy~

or 3 _ 21-16

3 ¥ — 9

3 11

or, JJ = EI
1 _1
y 27
yi= o

Required solution is (x, v) = ( %,

27
11’

The End
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